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Abstract
Full Text

MATHEMATICS
A. E. KOSULIN

ONE-DIMENSIONAL SINGULAR EQUA-
TIONS IN GENERALIZED FUNCTIONS
(Presented by Academician V. I. Smirnov, 1 II 1965)

Consider the equation

𝑎(𝜏)𝑓(𝜏) + 𝑏(𝜏)
𝜋𝑖 ∫

𝐿

𝑓(𝑡)
𝑡 − 𝜏 𝑑𝑡 = 𝑔(𝜏), (1)

where 𝑎(𝜏), 𝑏(𝜏), and 𝑔(𝜏) are known functions belonging to the basic* space
Φ; 𝐿 is a closed sufficiently smooth contour. The question of the existence of
solutions of equation (1) belonging to the space Φ was solved (1) under the
assumption that 𝑎2(𝜏) − 𝑏2(𝜏) ≠ 0 on 𝐿. Some results in this direction were
obtained (2) also under the assumption that either condition I or condition II
is satisfied.

Condition I. The quantity Δ1(𝜏) = 𝑎(𝜏) − 𝑏(𝜏) vanishes at the point 𝛼 ∈ 𝐿,
while Δ2(𝜏) = 𝑎(𝜏) + 𝑏(𝜏) vanishes nowhere on 𝐿.
Condition II. The quantity Δ2(𝜏) vanishes at the point 𝛼 ∈ 𝐿, while Δ1(𝜏)
does not vanish on 𝐿.
Both in condition I and in condition II it is assumed that 𝑏(𝜏) ≠ 0 on 𝐿 and
that 𝛼 is the only root, of integral multiplicity 𝑚, of the corresponding function.

The purpose of the present paper is to investigate the question of the existence
of solutions of equation (1) belonging to the space Φ′, conjugate to Φ, as well
as certain properties of these solutions.

1. Let Φ̃ be a countably normed space of functions infinitely differentiable on
𝐿, where 𝐿 is a closed infinitely differentiable contour, and let the system
of norms be introduced as follows:

‖𝜑‖𝑝 = max
𝑡∈𝐿

{|𝜑(𝑡)|, |𝜑′(𝑡)|, … , |𝜑(𝑝)(𝑡)|} (𝑝 = 1, 2, …).

Let, in the singular equation (1), 𝑎(𝜏), 𝑏(𝜏), 𝑔(𝜏) ∈ Φ̃ and 𝑎2(𝜏)−𝑏2(𝜏) ≠ 0 on 𝐿.
Using the results of (1), one can show that the solutions of equation (1) fall into
this same space Φ̃; the Cauchy operator maps Φ̃ into itself, and in this space
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Noether’s theorems are valid. In the case when the coefficients of equation (1)
satisfy one of conditions I or II, using the results of (2), one can also show that
the solutions of equation (1) belong to the space Φ̃.

2. Let us now consider the equation

𝑎(𝜏)𝑓 + 𝑏(𝜏)
𝜋𝑖 ∫

𝐿

𝑓
𝑡 − 𝜏 𝑑𝑡 = 0, (2)

where 𝑎(𝜏) and 𝑏(𝜏) are functions belonging to a certain countably normed
space Φ; 𝐿 is a closed contour such that the Cauchy operator maps Φ into itself;
𝑓 is the unknown functional belonging to the space Φ′. In this case, by the
expression

𝐹 = ∫
𝐿

𝑓
𝑡 − 𝜏 𝑑𝑡

* By a basic space we shall mean a normed or countably normed space of func-
tions differentiable a sufficiently large number of times.

we shall mean the functional 𝐹 ∈ Φ′, defined by the equality

(𝐹 , 𝜑) = (𝑓, − ∫
𝐿

𝜑(𝑡)
𝑡 − 𝜏 𝑑 ̄𝑡) (𝜑(𝑡) ∈ Φ).

Below all solutions of equation (2) belonging to the space Φ will be called clas-
sical. Suppose for the time being that 𝑎2(𝜏) − 𝑏2(𝜏) ≠ 0 on 𝐿 and that Noether’
s theorems are valid in the space Φ.

Theorem 1. Equation (2) has only classical solutions belonging to the space
Φ′.

3. Let us now consider equation (1) under the assumption that 𝑔 ∈ Φ′ and
𝑎2(𝜏) − 𝑏2(𝜏) ≠ 0 on 𝐿. Denote by Φ0 the set of all functions 𝜑0(𝑡) ∈ Φ
representable in the form

̄𝑎(𝜏)𝜑(𝜏) + 1
𝜋𝑖 ∫

𝐿

𝑏̄(𝑡)𝜑(𝑡)
𝑡 − 𝜏 𝑑 ̄𝑡 = 𝜑0(𝜏); 𝜑(𝑡), 𝜑0(𝑡) ∈ Φ. (3)

It is easy to show that any element of Φ can be represented in the form

𝜑(𝑡) =
𝑘

∑
𝑗=1

𝜑𝑗(𝑡)(𝜑, 𝜑𝑗) + 𝜑̂(𝑡), 𝜑̂(𝑡) ∈ Φ0,
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where 𝜑𝑗(𝑡) (𝑗 = 1, 2, … , 𝑘) is a complete system of classical solutions of equation
(2), and 𝜑𝑗(𝑡) ∈ Φ are such that (𝜑𝑖, 𝜑𝑗) = 𝛿𝑖𝑗 (𝑖, 𝑗 = 1, 2, … , 𝑘).
Theorem 2*. In order that equation (1) be solvable in the space Φ′, it is
necessary and sufficient that the conditions

(𝑔, 𝜑 𝑗) = 0, (𝑗 = 1, 2, … , 𝑘̃), (4)

be satisfied, where 𝜑 𝑗(𝑡) (𝑗 = 1, 2, … , 𝑘̃) are solutions of the homogeneous equa-
tion adjoint to (2).

Let 𝜑(𝑡) be a solution of the equation

̄𝑎(𝜏)𝜑(𝜏) + 1
𝜋𝑖 ∫

𝐿

𝑏̄(𝑡)𝜑(𝑡)
𝑡 − 𝜏 𝑑 ̄𝑡 = 𝜑̂(𝜏)

and let conditions (4) be satisfied; then it is easy to show that the functional
𝑓0, defined by the equality

(𝑓0, 𝜑) = (𝑔, 𝜑), (5)

is a particular solution of equation (1), while the general solution of equation
(1) in the space Φ′ has the form

𝑓 = 𝑓0 +
𝑘

∑
𝑗=1

𝑐𝑗𝜑𝑗(𝑡).

Let a sequence of functionals 𝑔𝑛 ∈ Φ′ be such that conditions (4) are satisfied
for all 𝑔𝑛, and let 𝑓𝑛

0 be the elements of the space Φ′ corresponding to 𝑔𝑛 from
(5).

Theorem 3. If the sequence 𝑔𝑛 converges strongly (weakly) to 𝑔 in the topology
of the space Φ′, then the sequence 𝑓𝑛

0 also converges strongly (weakly) to 𝑓0 in
the topology of the space Φ′. If 𝑝 is the order of the functional** 𝑔, then the
order of the functional 𝑓0 does not exceed 𝑝.

4. In paper (2) it was shown that both under condition I and under condition
II, on the assumption that the given functions belong to the class*** 𝐻,

* For 𝜒 ≥ 0 (𝜒 is the index of equation (1) in the space Φ), the assertion of the theorem follows easily from Theorem 5 of paper (5).

** For the definition of the order of a functional, see (3).
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*** 𝐻 is the class of functions satisfying on 𝐿 a Hölder condition with positive exponent.

equation (1) reduces to an equation of Fredholm type

𝑓(𝜏) + ∫
𝐿

𝑃(𝑡, 𝜏)𝑓(𝑡) 𝑑𝑡 = 𝐴𝑔, (6)

where the explicit form of the operator 𝐴—an unbounded regularizer of equation
(1)—was written out in (4).

Suppose that 𝐿 is a sufficiently smooth contour, and the given functions 𝑎(𝜏),
𝑏(𝜏), and 𝑔(𝜏) have 𝑚 + 1 continuous derivatives, where 𝑚 denotes the multi-
plicity of the root 𝛼 for Δ1(𝜏), and let 𝑔(𝜏) be such that the conditions

(𝑔, 𝜑 𝑗) = 0 (𝑗 = 1, 2, … , 𝑠); (𝐴𝑔, 𝜓 𝑖) = 0 (𝑖 = 1, 2, … , 𝑝), (7)

are satisfied, where 𝜑 𝑗(𝑡) (𝑗 = 1, 2, … , 𝑠) are the classical solutions of the homo-
geneous equation adjoint to (1), and 𝜓 𝑖(𝑡) (𝑖 = 1, 2, … , 𝑝) are all the solutions
of the homogeneous equation adjoint to (6) that do not belong to ∗𝐷(𝐴∗).
Theorem 4. In order that equation (1) be solvable in the space Φ, it is necessary
and sufficient that conditions (7) be fulfilled.

5. Let us now consider equation (2), and suppose that the functions
𝑎(𝜏), 𝑏(𝜏) ∈ Φ satisfy the conditions of the preceding item, and that the
unknown functional 𝑓 ∈ Φ′. Let Φ0 be the set of functions 𝜑0(𝑡) ∈ Φ
representable in the form (3), and let

𝜓(𝜏) + ∫
𝐿

𝑃(𝑡, 𝜏)𝜓(𝑡) 𝑑𝑡 = 𝐴𝜓0, (8)

𝜓(𝜏) = 𝑏(𝜏)𝜑(𝜏), 𝜓0(𝜏) = 𝑏(𝜏)𝜑0(𝜏)

be the Fredholm-type equation obtained from (3) by regularization with the
corresponding unbounded operator 𝐴. Define the functionals 𝑓𝑖 ∈ Φ′ as follows:

(𝐴𝜑, 𝜓𝑖) = (𝑓𝑖, 𝜑) (𝑖 = 1, 2, … , 𝑝),

where 𝜓𝑖(𝑡) (𝑖 = 1, 2, … , 𝑝) are solutions of the homogeneous equation adjoint
to (8), not belonging to 𝐷(𝐴∗).
Theorem 5. The general solution of equation (2) in the space Φ′ has the form
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𝑓 =
𝑝

∑
𝑖=1

𝛼𝑖𝑓𝑖 +
𝑠

∑
𝑗=1

𝛽𝑗𝜑𝑗(𝑡),

𝜑𝑗(𝑡) (𝑗 = 1, 2, … , 𝑠)

is a complete system of classical solutions of equation (2); moreover, 𝑓𝑖 (𝑖 =
1, 2, … , 𝑝) and 𝜑𝑗(𝑡) (𝑗 = 1, 2, … , 𝑠) are linearly independent.

From this we readily obtain an expression for finding the index 𝜘 of equation
(2) in the space Φ′:

𝜘 =
⎧{
⎨{⎩

𝑝, 𝑘 ≥ 0,
𝑝 − 𝑝1, −𝑚 ≤ 𝑘 ≤ 0,
−𝑝1, 𝑘 ≤ −𝑚;

𝜘 =
⎧{
⎨{⎩

𝑝, 𝑘1 ≥ 𝑚,
𝑝 − 𝑝1, 0 ≤ 𝑘1 ≤ 𝑚,
−𝑝1, 𝑘1 ≤ 0,

where the formula on the left applies when Δ1(𝛼) = 0, while Δ2(𝜏) ≠ 0 on 𝐿,
and the formula on the right when Δ2(𝛼) = 0, while Δ1(𝜏) ≠ 0 on 𝐿; 𝑝 is the
number of classical solutions of the homogeneous equation adjoint to (8), and
𝑝1 is the corresponding number for the equation adjoint to (2), and

𝑘 = − 1
2𝜋𝑖 ln

Δ2(𝜏)
Δ1(𝜏)(𝜏 − 𝛼)−𝑚 ∣

𝐿
; 𝑘1 = − 1

2𝜋𝑖 ln
|Δ2(𝜏)|

Δ1(𝜏)(𝜏 − 𝛼)𝑚 ∣
𝐿

.

* It follows from (4) that such 𝜓 𝑖(𝑡) (𝑖 = 1, 2, … , 𝑝) will be found.

Theorem 6. If in equation (1) 𝑔 ∈ Φ′, and the coefficients satisfy one of
conditions I or II, then, for equation (1) to be solvable in the space Φ′, it is
necessary and sufficient that the conditions

(𝑔, 𝜑 𝑗) = 0 (𝑗 = 1, 2, … , 𝑠′)

be satisfied, where 𝜓 𝑖(𝑡) are the classical solutions of the equation adjoint to
(2). In this case the general solution of equation (1) is given by the formula

𝑓 = 𝑓0 +
𝑝

∑
𝑖=1

𝛼𝑖𝑓𝑖 +
𝑠

∑
𝑗=1

𝛽𝑗𝜑𝑗(𝑡).

Here the functional 𝑓0 is defined by equality (5).
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In conclusion we note that all the results remain valid if Δ1(𝜏) or Δ2(𝜏) vanish
not at one point, but at several points belonging to 𝐿, provided that their
number is finite.

I express my gratitude to Prof. S. G. Mikhlin for valuable comments during the
preparation of this work.

Leningrad Electrotechnical Institute
named after V. I. Ulyanov (Lenin)

Received
25 I 1965

REFERENCES
1. N. I. Muskhelishvili, Singular Integral Equations, 2nd ed., 1962.

2. D. I. Sherman, Prikl. matem. i mekh., 15, 75 (1951).

3. I. M. Gel’fand, G. E. Shilov, Generalized Functions, Vol. 2, 1958.

4. E. Presdorf, Vestn. Leningrad. Gos. Univ., Matem. Ser., No. 13, issue 3
(1965).

5. V. S. Rogozhin, DAN, 152, No. 6 (1963).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196501.62796 Machine Translation

https://sovietrxiv.org/items/ru-196501.62796

	Abstract
	Full Text
	MATHEMATICS
	A. E. KOSULIN

	ONE-DIMENSIONAL SINGULAR EQUATIONS IN GENERALIZED FUNCTIONS
	REFERENCES


