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CYBERNETICS AND CONTROL THEORY
R. R. VARSHAMOV

ON AN ARITHMETIC FUNCTION HAVING
AN APPLICATION IN CODING THEORY

(Presented by Academician V. S. Kulebakin, 13 VII 1964)

Of great importance in coding theory and cybernetics is the study of the arith-
metic function K,  (z), defined by the equality

Kn’q(z) = Z 1,

a,+2ay+...4na, =z (mod n+1)
0<a; integer <q

the nature of which has been poorly studied. Thus, for example, a connection
has been established between the function K, ,(z) and the power of certain

special, most effective, asymmetric error-correcting codes (2)

In addition, of special interest (in connection with technical applications) is an
a priori indication of at least one zero of the numerical function

v, (Z) = Kn,q(z) - m?X{Kn,q(g)}v

n,q

whose behavior is very irregular.

Denoting the variable quantity by x and expanding the product

Py () =[] +ak+ .. 42t

k=m

as a sum in powers of x, we obtain

N(n,m) .
Prg(x)= Y Sp,G)
i=N(n,m)

The coefficients of z?, in view of
Py () =0 +z™ + .+ 2P} ()

(taking P/, ,(v) = 1), satisfy the recurrence equation

sovietrxiv.org/items/ru-196501.60109 Machine Translation


https://sovietrxiv.org/items/ru-196501.60109

q
Z m+1 q —mj).
=0

Hence, in particular, for any integer § > 0 we find

%q (62-9)

Z b5 q (S ,\q Z - -])
The quantities bs ,(¢)*, connected by the relation

bsiq 4(t) = Z bs,(t—0i),  taking by (k) =0 (k+0), (1)

possess a number of interesting properties and are closely connected with the
classical additive functions A\(n), fi(n), ete. (})**.

* Here and below it is assumed that the integer ¢ > 0.

** Thus, for example, for any integer § (—oo < 6 < n/2) the equality holds

n92 Z)‘

An analogous formula can also be obtained for the function p(n), ete.

b

Let

M; 4n Z bs o(t +ih).

1=—00

Then:

Lemma 1. For any positive integers p, H,7 | ¢ + 1 and

h(8,p, H,7) = (q+ 1)108ar2 (0= Hrl-log, ., H

the identity

My () = (g +1)° 1100y HOett) 2)
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holds.
Proof. By the definition and by virtue of (1), we have

00 q q P
M6/+p,q,7'5’(t) = Z Z Z bé’,q (t + 700 — Z((S/ + p_j)vj) ’

i=—ocov;=0 v,=0 Jj=1

whence, since p > 0 and 7 | ¢ + 1, we obtain

o 4 q (g+\)7T'=1,1 p—1
Mg gz (t) = Z Z Z by’ 4 (t + 0 (1i —v) —urd — Z((S' +p —j)v]) ,

Jj=1

q q (g+)7T'-1 p—1
My s p,q,re (t) = Z Z Z My 45 (t - (p _j)vj> - (3
v,=0 Jj=1

v,_1=0 u=0

It is clear, by virtue of (1), that M; ,4(f) = 1, and this together with (3)
convinces us of the validity of (2). The lemma is proved.

Let o, p be nonnegative integers, and let ay, ay, ..., a,,_; be real numbers. Denote

by Jz , :(a) the sum

—

n—

Jg,p,t(a‘> = a; (aan(ifpj) - as"(ifijrt)) ;

i=0 j=0

o

Il
[=}

where £"(z) is the least positive residue of z modulo n.

Lemma 2. Whatever the numbers ag, ay, ..., ay, 1,

J2

o,p,t

(a) 0. (4)

Proof. Setting o’ = [(c + 2)/2] and ¢” = [(c + 1)/2], write

2p—1 2p—1
2p 7 ”
Jg’p’t(a) =0 E a; (ai — agzp(Ht)) +o g a; (anﬂ(ifp) — a52p<i7p+t>) .
i=0 i=0

Hence, denoting A; = a2p(;) + 20 (4 ) and taking into account that A4; = A
we obtain

i+p)

p—1 2p—1
Jif;,t(a) =o” Ai(A; —Aiy) + (0" = 0”) Z a; (ai - %%(m&)) 5
i=0 i=0
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or, equivalently,

Tobi(@) = 0" I8 1(A) + (o — 0”) I 4 (a). ()

We shall show that for any numerical sequence &, &5, ..., &1,

Jc,t(g) = J(io,t(f) > 0.

Indeed, let d = (¢, t) and

Ai,j = gs“(iijt) — §sc<i+<j,1)t) (Z =0,1,...,d—1; j=1,2,... ,Cdil).

Then the expression J,.,(£) can be written in the form

d—1 cd™?!
J £€c Z+ ] 1 ,J)
=0 j=1
but, since
J—1 cd -1
Coeintirny =G+ DAy, DNiegr=— > A,
v=1 v=1
we have
d—1 [ed'-1 j—1 cd-1-1
Jeu(Q) =— ( > (Cﬁr Az,v) A+ (gﬁ > Aw) N )
1=0 J:1 v=0 v=1
d-1 cd -1 2
- Z - Al JlAl J2 + Az v)
i=0 J1<ja<cd™l v=1
d-1 cd -1
= 2
- ( AilhAi’jz + Ai,v) )
=0 \j;<jp<cd! v=1
i.e.
2
d-1 ed -1 ed1-1
21,0-5 (o) e,
1=0 v=1 v=1
Je.(€) = 0. (6)
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From (5) and (6), in view of ¢” > 0, ¢’ —¢” > 0, (4) follows. The lemma is
proved.

Consider the expression

N(n, n
Z hg(Das =Y, (i) (7)
N

It is easy to observe that the coefficients of the unknown z* on the right-hand
side of equality (7) are the numbers of distinct solutions of the congruence

Zvav =4 (modn+1),

where 0 < «, are integers, < ¢ (so that giq(t) = K,, ,(t)), and they satisfy the
recurrence equation

q
=D S (e i —my)). (8)
§=0

From (8), analogously to the preceding, for any integer § > 0, taking

S5 4(e™(1)) = S5 4(1) and ag  (e"T1(1)) = ag,4(1), it is not difficult to obtain
the formula

t) =3 ay,(i)S; 4t — i), (9)
1=0

as well as the recurrence relation

q
a5ea0) = 3yt — i) (10)
=0
Theorem 1. Let the integer n = (¢ + 1)"7°%1# _1 (H > 0); then

Ko g(t) = (g 1) 25000,

Proof. One may show that a,_ ,(t) = M, 4 ,,1(t) and, moreover, in view

of (9), a,41,4(t) = gzq(t). Meanwhile, giq(t) = K, ,(t); therefore K, (t) =
M, (t), and, by virtue of Lemma 1 (6 = h(d,p, H,7) = n + 1),

n+1,q,n+1

K, 4(t) = (q+ 1) 8 ),

n7
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The theorem is proved.

* The formulas given make it possible to obtain a comparatively convenient
method of recurrent computation of the values of the function K, ,(t).

Corollary. The function V,, ,(¢) is identically equal to zero if and only if n =
h(n+1,p,H,7)— 1.

Theorem 2. For any integer {—a root of the congruence z = 0 (mod n + 1)—
the equality

Vi q(§) =0
holds.

Proof. From (8), (9), and (10) one can obtain the formula
Apt1 q Z as q n+275,q (t + ’L)
or, putting d = [(n+2)/2] > 0

Upi,q(t Z Unt2)/2,q (1) (13) 2], (L + 1) (11)
=0

If n=2(p—1), then [(n+2)/2] =[(n+3)/2] =p

a’n+1,q(t) = Z ap,q@) ap,q<t - Z)a
=0
and, by virtue of (6) (a, ,(7) = &;),
an+1,q(0) - an+1,q(t> = J;;+1,t<a’p,q(')) = 0. (12)

If n =2p—1, then [(n+2)/2] = p, [(n+3)/2] = p+ 1, and, by virtue of (10),
(11), as well as (4),

2p—1 ¢
a’n-‘rl,q(t) = Z Z ap,q t +i— p.])7
i=0 j=0
api1,0(0) = ay g () = TP (a, () > 0. (13)

Inequalities (12) and (13) make it possible to write the relation

an+1,q(0) - an+1,q(t) > 07

valid for any n > 0. Hence, in view of a,, , ,(t) = K,, ,(t), and also the period-
icity of the numerical function a,, 4 ,(t), we find

Vn,q<§> =0.
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The theorem is proved.

Corollary. For any pair of positive integers n and g,

K, 4(0) 2 (g +1)" 80D,
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