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We shall use the following notation. All letters, with the exception of
€,€05---50,0,..., denote integers; e€,¢q,...,0,0, are positive real quantities;
n > 10; 1 < r < n; p is a prime number. The notation A > B means that
A > C(n)|B|, where C(n) is a constant depending only on n; C,C},... are
absolute constants; Ji ,(Aq, ..., A,,) is the number of solutions of the system of
equations

i+ — Y=\
P+ —yp = A, (1)
1<y, <P; 1=1,2,...,k;

I} ,, is the number of solutions of the equation

P+t =yt A+ Y,

1<y, <P; 1=1,2,...,k

N, is the number of solutions of the system of congruences

Ty +...—y, =0,
i+ ... —y, =0,
o+ — y};H = (mod ¢,,4), (1)
4. —yp = (mod g,,),
1<z,,y, <P; 1=1,2,...,k

The mean value theorem of I. M. Vinogradov (1) asserts that for

E>n(n+1)/44+n1
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the inequality holds

ka(O, 70) = Ik:,n < PQk*TL(n+1)/2+5, (2)

where )
= in(n +1)/(1—1/n)".

It follows from this theorem that for k > n(n+1)/4 +nt, for Ny, the estimate

Nk,n & P2k7r(r+l)/2+6(q7l+1 --~qn)7l (3)

holds.

For any k we trivially have

Nk,n >> P2kin<n+1)/2 (qT'+1 A qn)il.

Thus, estimate (3) is sharp.

The problem arises of obtaining estimates of the form (3) for smaller values of
k.Let1<r<n PPr<q<P;q<q <2¢v=r+1,...,n,Q=q"". In(?),
for a certain special gy and ¢,,; = ... = q,, = q, the estimate

Nlc L < 132k77"n+r(r71)/2+517 (4)

if K > 6rnlnn. In the present article it is proved that, for k& > 6rnlnn, the
estimate (4) holds for almost all sets (g, 1, ..., ¢,). Moreover, a lower estimate
is given for the number of sets (¢,..1, ..., g,,) for which, when k < 6rnlnn, the es-
timate (4) cannot be obtained. In the last two theorems, estimates are obtained
for I, ,, and inequalities between the quantities I, ,, and I} ,,,, which refine the
corresponding theorems of (2).

Theorem 1. Among the @ sets of moduli (¢,,1,...,q,,) there exist Q(1—Q %)
such that, for these moduli, when k& > 6rnlnn, the estimate

Nk,n <« P2k7rn+r(r71)/2+5 an ,

holds, where € is arbitrarily small and ¢, is an arbitrary positive quantity, 0 <
gg < 1.

Proof. Arrange all N, , in increasing order. We shall use the fact that N,
corresponding to the set of moduli (¢, ,...,4q,), is equal to

> Ten(0,0,60 A1 @A)

ArgisoAn
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Summing the last Q' %0 terms of our nondecreasing sequence and applying the
estimates of Theorem 3 of article (), we obtain the assertion of the theorem.

Theorem 2. Let the set (g,,4,...,¢,) be such that
4 =p"g, 1<o;<i, (gp)=1, i=r+1..,n 2p<P.
Then for the corresponding Ny, ,, the following lower estimate holds:

Nk b, > P2k7rn+r(r71)/2p72k+ozr+1+'--+o¢n .

Proof. Estimating from below the number of those solutions of system (1”)
with the given (¢,,4,...,q,) which are multiples of p, we obtain the assertion of
the theorem.

Corollary. Let o,y + -+ a, > Crnlnn and p — oo as P — co. Then, for
k < Crnlnn, one cannot obtain an estimate for N ,, of the form (4).

In (?) the estimate
I, < P?-r (5)

was obtained for k > 6rnlnn.

Theorem 3. The estimate (5) holds for k > ¢;7%, if 1 < r < %n, and for

k> 02n21nn, if %n <r<n.

Proof. The second case follows trivially from the asymptotic formula in Waring’
s problem obtained by I. M. Vinogradov (see (1), p. 300). Consider the case
1<r< %n Let s = 2r and let p be a prime number satisfying the inequalities

ps/(s+1) <p< 9 ps/(s+l)

If Nkm is the number of solutions of the congruence

e+ —yp =0 (mod pth),

1 <xiayi <p1+1/sa i:172a"'ak7
then it is clear that

Jk,n < Nk,n’

Take z = py+2, 1 <z <p, y<p'/s. After the corresponding transformations
we obtain

2k
s+1
2k/s 2]@75711) 2mia s—1,,s
Nk‘,n <<p +p Z Z exp?(bly-l-...-l-bsp Yy ) <
a=1|y<pt/s

& p2k/s + kaNI;,'rN
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where N, is the number of solutions of the congruence
bu(yr + = yp) +Pbo(u + - = yR) + -+ P I (Y + e = yf) =
=0 (mod p®),

(blvp)::(b97p>:17 Ogyza yzgpl/s, 1:1727ak

The last congruence is equivalent to the system of equations (1) for A\; = ... =
A,, = 0. Applying estimate (2) and choosing 7 in a suitable way, we obtain the
assertion of the theorem.

Theorem 4. If k = c;m?Inm, 2 < m < n, then the inequality

Ik,n < Ik’m

holds.
The proof follows from Theorem 4 (see (2), Theorem 2).
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