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Abstract
Full Text
MATHEMATICS

L. A. PETROSYAN

DIFFERENTIAL SURVIVAL GAMES WITH
MANY PARTICIPANTS
(Presented by Academician Yu. V. Linnik, 8 X 1964)

The games considered are models of pursuit in a certain convex set 𝑆 in the plane
with several participants: a group of pursuers 𝑃 = {𝑃1, … , 𝑃𝑛} and pursued
objects 𝐸1, … , 𝐸𝑛, which move in the set 𝑆 with constant linear speeds and
have the ability at each moment of time to change the direction of their motion.
A pursued object 𝐸𝑗 is considered caught as soon as there is an 𝑖 ∈ {1, 2, … , 𝑛}
such that the points 𝑃𝑖 and 𝐸𝑗 coincide. Each of the pursued objects is interested
in reaching the boundary of the set 𝑆 before being caught by one of the pursuers.

In what follows we shall use the definitions and notation of note (1).
1. The game Γ(𝑛, 1). The game Γ(𝑛, 1) is an antagonistic game of two players:
a group of pursuers 𝑃 = {𝑃1, … , 𝑃𝑛} and a pursued object 𝐸. In the plane there
is given a certain closed convex set 𝑆. Points 𝜉1, … , 𝜉𝑛, 𝜂 ∈ 𝑆, called the initial
positions of the pursued 𝑃1, … , 𝑃𝑛 and of the pursued object 𝐸, and 𝑛 + 1
numbers 𝑣1, … , 𝑣𝑛, 𝑢, 𝑣𝑖 > 𝑢 for all 𝑖 = 1, 2, … , 𝑛, are given.

The structure of the game is specified by the system of equations

̇𝑥 𝑖 = 𝜑𝑖[𝜓(𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, 𝑡)],

̇𝑦 = 𝜓(𝑥1, 𝑥2, … , 𝑥𝑛, 𝑡), 𝑖 = 1, 2, … , 𝑛,

with initial conditions 𝑥𝑖(0) = 𝜉𝑖, 𝑦(0) = 𝜂, 𝑖 = 1, 2, … , 𝑛.

The set 𝔈 of strategies of 𝐸 and the sets 𝔓𝑖 of strategies of 𝑃𝑖 satisfy con-
ditions 1—4 (1). From these conditions it follows directly that to each situa-
tion (𝜑1, … , 𝜑𝑛, 𝜓) and initial conditions 𝜉1, … , 𝜉𝑛, 𝜂 there correspond uniquely
2(𝑛 + 1) continuous functions 𝑥𝑖

1(𝑡), 𝑥𝑖
2(𝑡), 𝑦1(𝑡), 𝑦2(𝑡), 𝑖 = 1, 2, … , 𝑛.

The pair {𝑥𝑖
1(𝑡), 𝑥𝑖

2(𝑡)} will be called the trajectory of 𝑃𝑖. Let 𝑡𝑃 = min𝑖(𝑡𝑃 )𝑖.
The payoff function is defined in the same way as in the game Γ.

Theorem 1. The game Γ(𝑛, 1) has an equilibrium situation in pure strategies.
Moreover, the optimal strategy of the group 𝑃 = {𝑃1, … , 𝑃𝑛} consists in each 𝑃𝑖
pursuing 𝐸 according to the Π-strategy.
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Theorem 2. Suppose that in the game Γ(𝑛, 1) there exists a circle 𝐵, belonging
to 𝑆, of radius 𝑎, such that: a) 𝜉1, … , 𝜉𝑛 ∈ 𝐵 at the initial moment; b) 𝜂 ∈ 𝐵
at the initial moment; c) we radially project the points corresponding to the
positions of the pursuers at the initial moment onto the circumference of 𝐵;
denote these projections by 𝜉1

𝐵, 𝜉2
𝐵, … , 𝜉𝑛

𝐵, where the indices 1, 2, … , 𝑛 increase
in the clockwise direction; the distance between two neighboring projections must
be less than 𝑎/3.

If conditions a), b), c) are fulfilled, then 𝐸 is caught in 𝑆 for any 𝑣𝑖/𝑢 ≥ 1, 𝑖 =
1, 2, … , 𝑛.

2. The games Γ′, Γ′
𝑇 , Γ̄′

𝑇 , Γ′(1, 2). The game Γ′ differs from Γ only in the
payoff function, which is defined as follows.

Let 𝑦(𝑡𝑃 ) be the point of capture in the situation (𝜑, 𝜓). Suppose that it be-
longs to 𝑆. Denote by 𝜌[𝑦(𝑡𝑃 ), 𝑆] the distance from the point of capture to the
boundary of 𝑆. Let 𝑓(𝜌) be a certain function having the following properties:
a) 𝑓(𝜌) is a strictly decreasing function of 𝜌; b) let 0 < 𝜀 < 1, then 𝑓(0) = 𝜀;
c) let 𝜌0 be the distance from 𝜂 to 𝑆; if capture occurs at the point 𝜂, then
𝑓(𝜌0) = 0.

The payoff function in the game Γ′, 𝐾′(𝜉, 𝜂, 𝜑, 𝜓), is defined through 𝑓(𝜌) as
follows.

𝐾′(𝜉, 𝜂, 𝜑, 𝜓) =
⎧{
⎨{⎩

−1, if 𝑡𝑃 > 𝑡𝑆𝐸
,

1 − 𝑓(𝜌), if 𝑡𝑃 ⩽ 𝑡𝑆𝐸
,

0, if 𝑡𝑃 = 𝑡𝑆𝐸
= ∞.

Theorem 3. In the game Γ′ there exists an equilibrium situation in pure strate-
gies. The player 𝑃 has, moreover, a unique optimal strategy—the 𝑃 -strategy.

Consider a certain generalization Γ′
𝑇 of the game Γ′, in which 𝑃 can begin

pursuit only after some time 𝑇 has elapsed from the start of the game. The
game Γ′

𝑇 obtained in this way will be called the game with delay 𝑇 , or simply
the game with delay.

Lemma 1. In the game Γ′
𝑇 the 𝑃 -strategy is optimal for 𝑃 .

Suppose further that in the time interval [0, 𝑇 ] the player 𝐸 may use only some
subclass ℭ𝑇 of his strategies. Denote this game by Γ̄′

𝑇 .

Lemma 2. In the game Γ̄′
𝑇 the 𝑃 -strategy is optimal for 𝑃 ; for any 𝜀 > 0, 𝐸

has an 𝜀-optimal strategy.

We now turn to the solution of the game Γ′(1, 2). The game Γ′(1, 2) is a three-
person game: the pursuer 𝑃 and the pursued 𝐸1 and 𝐸2. We shall assume that
the players 𝐸1 and 𝐸2 are forbidden to form a coalition. The strategy spaces
are the same as in the game Γ′. 𝑣 is the linear velocity of the pursuer 𝑃 ; 𝑢1

sovietrxiv.org/items/ru-196501.59488 Machine Translation

https://sovietrxiv.org/items/ru-196501.59488


is the linear velocity of the pursued 𝐸1; 𝑢2 is the linear velocity of the pursued
𝐸2.

The inequality 𝑣 > 𝑢𝑖, 𝑖 = 1, 2, holds. As in the game Γ′, the strategies of the
players are denoted by 𝜑, 𝜓1, 𝜓2.

The payoff of 𝐸𝑖, 𝑖 = 1, 2, is defined as the negative of the payoff of 𝑃 in the
game Γ′(𝑃 , 𝐸𝑖). Let 𝐾𝑖 be the payoff of 𝐸𝑖, 𝑖 = 1, 2. Then the payoff of 𝑃 is
given by the expression 𝐾𝑃 = −𝐾1 − 𝐾2.

Thus the game Γ′(1, 2) is a zero-sum game. In what follows, we shall denote by
𝜓𝑖(𝑡) the optimal strategy of 𝐸𝑖 in the game Γ′(𝑃 , 𝐸𝑖), beginning at time 𝑡, and
by 𝜑𝑖,3−𝑖, 𝑖 = 1, 2, the strategy of the pursuer 𝑃 consisting in the fact that 𝑃
successively applies the 𝑃 -strategy first to 𝐸𝑖, and then to 𝐸3−𝑖.

Consider two situations ( ⃗𝜓 1, ⃗𝜓 2, 𝜑1,2) and ( ⃗𝜓 1, ⃗𝜓 2, 𝜑2,1). Let 𝐾1,2
𝑃 be the payoff

in one situation, and 𝐾2,1
𝑃 in the other.

Theorem 4. If 𝐾1,2
𝑃 ⩾ 𝐾2,1

𝑃 , then an 𝜀-Nash equilibrium situation in the game
Γ′(1, 2) is constructed as follows:

a) the optimal strategy of 𝑃 , 𝜑1,2, until the moment while the inequality

𝐾𝑃 ( ⃗𝜓 1, ⃗𝜓 2, 𝜑1,2) ⩾ 𝐾( ⃗𝜓 1, 𝜓2, 𝜑2,1), (1)

holds, and 𝜑2,1 as soon as 𝐸2 begins to apply the strategy 𝜓2 that violates (1);

b) the optimal strategy of 𝐸1, 𝜓1;

c) an 𝜀-optimal strategy 𝐸2 is defined as an 𝜀-optimal strategy 𝜓𝜀2 in the
game Γ′

𝑝(𝐸2, 𝑃 ) under the restrictions on the class of admissible strategies

𝐾𝑃 ( ⃗𝜓 1, 𝜓2, 𝜑1,2) ⩾ 𝐾𝑃 ( ⃗𝜓 1, 𝜓2, 𝜑2,1), (2)

𝐾𝐸2
(𝜓1, 𝜓2, 𝜑1,2) ⩾ 𝐾𝐸2

( ⃗𝜓 1, 𝜓2, 𝜑2,1).

The game Γ(𝑚, 𝑛). Under the preceding conditions there are 𝑚 pursuers
𝑃1, … , 𝑃𝑚 and 𝑛 evaders 𝐸1, … , 𝐸𝑛. We shall denote this game by Γ(𝑚, 𝑛). For
solving this game, so far, using methods of integer linear programming, it has
been possible only to estimate from below the value of the game Val Γ(𝑚, 𝑛).
The estimate of Val Γ(𝑚, 𝑛) is obtained as follows. Suppose that the set of
pursuers 𝑃1, … , 𝑃𝑚 is divided into 𝑛 pursuing squads 𝑀1, … , 𝑀𝑛 in such a
way that, by the end of the game, each of the squads 𝑀1, … , 𝑀𝑛 can pursue
only one of the evaders 𝐸𝑖 according to a 𝑃 -strategy. For each fixed partition
of the set of pursuers into squads 𝑀1, … , 𝑀𝑛, the greatest payoff of the set of
pursuers 𝑓(𝑀1, … , 𝑀𝑛) is obtained as the solution of the following integer linear
programming problem [2]:
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max
𝑚,𝑛
∑
𝑖,𝑗

𝜉𝑖𝑗𝑎𝑖𝑗 (3)

under the conditions

𝑚
∑
𝑖=1

𝜉𝑖𝑗 ⩽ 1,
𝑛

∑
𝑗=1

𝜉𝑖𝑗 ⩽ 1

for all 𝑖, 𝑗 (here 𝑎𝑖𝑗 is the payoff of the 𝑖-th squad 𝑀𝑖 from pursuing 𝐸𝑗).

The evaders cannot enter into coalitions.
It is clear that

Val Γ(𝑚, 𝑛) ⩾ max
{𝑀1,…,𝑀𝑛}

𝑓(𝑀1, … , 𝑀𝑛), (4)

where {𝑀1, … , 𝑀𝑛} is the set of all possible partitions of 𝑃1, … , 𝑃𝑚 into 𝑛
groups.
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