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Abstract
Full Text

Mathematics
A. V. Ivanov

A Priori Estimates for Solutions of Linear
Second-Order Equations of Elliptic and Parabolic
Types
(Presented by Academician A. D. Aleksandrov on 17 X 1964)

In this paper integral and pointwise estimates are formulated, obtained by the
author for classes of functions satisfying inequalities of a special form and in-
cluding solutions of various second-order differential equations. These results
are used in obtaining a priori estimates for solutions of linear second-order equa-
tions of elliptic and parabolic types. For linear equations of parabolic type an
existence and uniqueness theorem is established for a certain class of general-
ized solutions. Results close to certain special cases 1) and 4) of Theorem 3 are
contained in (6). Theorem 3, case 4), and Theorem 4 were proved in (7), but
for a narrower class of generalized solutions. In the paper the methods created
in (1,2) are developed.

Let Ω denote a certain domain in the space 𝐸𝑛, and let 𝑄 denote the cylinder
Ω × [𝑡1, 𝑡2]. By 𝐾𝜌 = 𝐾𝜌(𝑥0) we shall denote the ball

|𝑥 − 𝑥0| ≤ 𝜌, |𝑥 − 𝑥0| = (
𝑛

∑
𝑖=1

(𝑥𝑖 − 𝑥0𝑖)2)
1/2

,

and by 𝑄𝜌,𝜏 = 𝑄𝜌,𝜏(𝑥0, 𝑡0) the cylinder

𝐾𝜌(𝑥0) × [𝑡0 − 𝜏, 𝑡0].

If a certain set 𝐷 and a certain function 𝑣(𝑃 ), defined and measurable in 𝐷,
are given, then by {𝐷, 𝑣 > 𝑠} is denoted the set of those points 𝑃 in 𝐷 where
𝑣(𝑃 ) > 𝑠. We shall also denote by ‖𝑣‖𝑚,𝐷 the expression

‖𝑣‖𝑚,𝐷 = (mes−1 𝐷 ⋅ ∫
𝐷

|𝑣|𝑚𝑑𝑃)
1/𝑚

.

Let, as usual, the function 𝑣+(𝑃 ) denote the positive part of the function 𝑣(𝑃 ),
i.e.

𝑣+(𝑃 ) = 1
2(|𝑣(𝑃 )| + 𝑣(𝑃)).
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By 𝑊 1
𝑚(Ω) and 𝑊 1

𝑚(𝑄) are denoted the well-known spaces of S. L. Sobolev. We
introduce the spaces 𝑉 1,0

𝑚 (𝑄) and
∘
𝑉 1,0

𝑚 (𝑄). Let the norm ‖𝑢‖𝑉 1,0
𝑚 (𝑄) be defined

for all functions 𝑢(𝑥, 𝑡) continuously differentiable in the cylinder 𝑄 by

‖𝑢‖𝑉 1,0
𝑚 (𝑄) = max

𝑡∈[𝑡1,𝑡2]
(∫

Ω
|𝑢|𝑚𝑑𝑥)

1/𝑚
+ (∬

𝑄
|𝑢𝑥|𝑚𝑑𝑥 𝑑𝑡)

1/𝑚

. (1)

By the space 𝑉 1,0
𝑚 (𝑄) [

∘
𝑉 1,0

𝑚 (𝑄)] we shall mean the closure, with respect to
the norm (1), of the set of all smooth functions in 𝑄 (the set of all smooth
functions equal to zero near the lateral surface 𝑆lat of the cylinder 𝑄). We note
that functions from 𝑉 1,0

𝑚 (𝑄) have generalized derivatives 𝑢𝑥𝑖
∈ 𝐿𝑚(𝑄) and are

continuous in 𝑡 in [𝑡1, 𝑡2] as elements of 𝐿𝑚(Ω).
O. A. Ladyzhenskaya and N. N. Ural’tseva, in connection with the study of
properties of solutions of second-order elliptic equations in (2𝑒) (see also (2𝑎−2𝑑)),
considered the class of functions 𝑣(𝑥) ∈ 𝑊 1

𝑚(𝐾𝑟), 1 < 𝑚 ≤ 𝑛, satisfying, for all
𝑘 ≥ 𝑘′, 𝜎 ∈ (0, 1), 𝜌 ∈ [𝑟/2, 𝑟], the inequalities

of the form

∫
{𝐾𝜌−𝜎𝜌, 𝑣>𝑘}

|𝑣𝑥|𝑚 𝑑𝑥 ≤ 𝛾1(𝜎𝜌)−𝑚 ∫
{𝐾𝜌, 𝑣>𝑘}

(𝑣−𝑘)𝑚 𝑑𝑥+𝛾2𝑘𝛼𝜌−𝑛𝜀 mes1−𝑚/𝑛+𝜀{𝐾𝜌, 𝑣 > 𝑘},

(2)

where 𝑘′ ≥ 0, 𝛾1 ≥ 0, 𝛾2 ≥ 0, 0 ≤ 𝛼 < 𝑚 + 𝑚𝜀, and 𝜀 > 0. For functions of
such a class, an estimate of the maximum of the modulus has been obtained.
Here we consider inequalities (2) also for nonpositive values of 𝜀, and obtain
estimates in weaker norms than ‖𝑢‖ = max |𝑢|.
Lemma 1. Let the numbers 𝑟 > 0, 1 < 𝑚 ≤ 𝑛, and the numbers 𝜀, 𝛼 ≥ 0,
𝛾1 ≥ 0, 𝛾2 ≥ 0, 𝑘′ ≥ 0 be fixed. Suppose that the function 𝑣(𝑥) ∈ 𝑊 1

𝑚(𝐾𝑟) and,
for all 𝑘 ≥ 𝑘′, 𝜎 ∈ (0, 1), 𝜌 ∈ [𝑟/2, 𝑟], satisfies inequality (2).

1) Let −(𝑛 − 𝑚)/𝑚 < 𝜀 < 0, 0 ≤ 𝛼 ≤ 𝑚. Then

𝑟−𝑛 mes{𝐾𝑟/2, 𝑣 > 𝑠} ≤ 𝑐1𝑠−(𝑚−𝛼)/|𝜀|(‖𝑣+‖𝑚,𝐾𝑟
+ 1)(𝑚−𝛼)/|𝜀|;

𝑠 ≥ 𝑠0 = 𝑐(1)
0 (‖𝑣+‖𝑚,𝐾𝑟

+ 1). (3)

2) Let 𝜀 = 0, 0 ≤ 𝛼 ≤ 𝑚. There exists a number 𝛿 > 0, determined only by
the numbers 𝑛, 𝑚, such that, under the condition 𝛾2 ≤ 𝛿𝑒−𝑝, and for any
𝑝 > 1, the inequality
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𝑟−𝑛 mes{𝐾𝑟/2, 𝑣 > 𝑠} ≤ 𝑐2𝑠−𝑝(‖𝑣+‖𝑚,𝐾𝑟
+ 1)𝑝;

𝑠 ≥ 𝑠0 = 𝑐(2)
0 (‖𝑣+‖𝑚,𝐾𝑟

+ 1). (4)

holds.

3) Let 𝜀 = 0, 0 ≤ 𝛼 < 𝑚. Then

𝑟−𝑛 mes{𝐾𝑟/2, 𝑣 > 𝑠} ≤ 𝑐3 exp {−𝑐4(‖𝑣+‖𝑚,𝐾𝑟
+ 1)−(𝑚−𝛼)/𝑚𝑠(𝑚−𝛼)/𝑚} ,

𝑠 ≥ 𝑠0 = 𝑐(3)
0 (‖𝑣+‖𝑚,𝐾𝑟

+ 1). (5)

In (3)—(5), the constants 𝑐(𝑖)
0 and 𝑐𝑗 (𝑗 ≠ 2) are determined only by the numbers

𝑛, 𝑚, 𝛼, 𝜀, 𝛾1, 𝛾2, 𝑘′, while the constant 𝑐2 is determined by the same numbers
and by the number 𝑝.

In the study of parabolic equations, in (2𝑒) (see also (2𝑎–2𝑑)) there was intro-
duced and studied a class of functions 𝑣(𝑥, 𝑡) from 𝑊 1

𝑚(𝑄𝑟,𝑟𝑚), 1 < 𝑚 ≤ 𝑛 (let
𝑄𝑟,𝑟𝑚 = 𝑄𝑟,𝑟𝑚(0, 0)), satisfying, for all 𝑘 ≥ 𝑘′, 𝜎 ∈ (0, 1), 𝜌 ∈ [𝑟/2, 𝑟], and for
almost all 𝑡 ∈ [−𝑟𝑚, 0], inequalities of the form

𝜕
𝜕𝑡 ∫

{𝐾𝜌−𝜎𝜌, 𝑣(𝑡)>𝑘}
(𝑣 − 𝑘)𝑚 𝑑𝑥 + 𝜈 ∫

{𝐾𝜌−𝜎𝜌, 𝑣(𝑡)>𝑘}
|𝑣𝑥|𝑚 𝑑𝑥 ≤

≤ 𝛾1(𝜎𝜌)−𝑚 ∫
{𝐾𝜌, 𝑣(𝑡)>𝑘}

(𝑣 − 𝑘)𝑚 𝑑𝑥 + 𝛾2𝑘𝛼𝜌−𝑛𝜀 mes1−𝑚/𝑛+𝜀{𝐾𝜌, 𝑣(𝑡) > 𝑘},

where 𝜈 > 0, 𝛾1 ≥ 0, 𝛾2 ≥ 0, 𝑘′ > 0, 0 ≤ 𝛼 < 𝑚 + 𝑚𝜀, 𝜀 > 0.

For the study of parabolic equations whose coefficients are subject to other
conditions, we introduce and study (see (8)) the class of functions 𝑣(𝑥, 𝑡) ∈
𝑉 1,0

𝑚 (𝑄𝑟,𝑟𝑚), satisfying, for all 𝑘 ≥ 𝑘′, 𝜎 ∈ (0, 1), 𝜃 ∈ (0, 1), 𝜌 ∈ [𝑟/2, 𝑟], 𝜏 ∈
[𝑟𝑚/2, 𝑟𝑚], inequalities of the form

max
𝑡∈[−𝜏,0]

∫
{𝐾𝜌−𝜎𝜌, 𝑣(𝑡)>𝑘}

(𝑣 − 𝑘)𝑚 𝑑𝑥 + ∬
{𝑄𝜌−𝜎𝜌,𝜏−𝜃𝜏, 𝑣>𝑘}

|𝑣𝑥|𝑚 𝑑𝑥 𝑑𝑡 ≤ (6)

≤ 𝛾1 [(𝜎𝜌)−𝑚 + (𝜃𝜏)−1] ∬
{𝑄𝜌,𝜏, 𝑣>𝑘}

(𝑣 − 𝑘)𝑚 𝑑𝑥 𝑑𝑡+
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+𝛾2𝑘𝛼𝜌−𝑛𝜀𝜏−𝜀 mes1−𝑚/(𝑚+𝑛)+𝜀{𝑄𝜌,𝜏 , 𝑣 > 𝑘}.

Lemma 2. Let the numbers 𝑟 > 0, 𝑚 ≥ 1−𝑛/2+
√

𝑛2 + 4/2, and the numbers
𝜀, 𝛼 ≥ 0, 𝛾1 ≥ 0, 𝛾2 ≥ 0, 𝑘′ ≥ 0 be fixed. Suppose that the function

𝑣(𝑥, 𝑡) ∈ 𝑉 1,0
𝑚 (𝑄𝑟, 𝑟𝑚), and for all 𝑘 ≥ 𝑘′, 𝜎 ∈ (0, 1), 𝜃 ∈ (0, 1), 𝜌 ∈ [𝑟/2, 𝑟] and

𝜏 ∈ [𝑟𝑚/2, 𝑟𝑚] satisfies inequality (6).

1) Let −𝑛/(𝑚 + 𝑛) < 𝜀 < 0, 0 ≤ 𝛼 ≤ 𝑚. Then

𝑟−(𝑚+𝑛) mes{𝑄𝑟/2,𝑟𝑚/2, 𝑣 > 𝑠} ≤ 𝑐1𝑠−(𝑚−𝛼)/|𝜀| (‖𝑣+‖𝑚,𝑄𝑟,𝑟𝑚 + 1)(𝑚−𝛼)/|𝜀| ;

𝑠 ≥ 𝑠0 = 𝑐(1)
0 (‖𝑣+‖𝑚,𝑄𝑟,𝑟𝑚 + 1) . (7)

2) Let 𝜀 = 0, 0 ≤ 𝛼 ≤ 𝑚. There exists a number 𝛿 > 0, determined by the
numbers 𝑛, 𝑚, such that under the condition 𝛾2 ≤ 𝛿𝑒−𝑝, for any 𝑝 > 1 the
inequality

𝑟−(𝑚+𝑛) mes{𝑄𝑟/2,𝑟𝑚/2, 𝑣 > 𝑠} ≤ 𝑐2𝑠−𝑝 (‖𝑣+‖𝑚,𝑄𝑟,𝑟𝑚 + 1)𝑝 ;

𝑠 ≥ 𝑠0 = 𝑐(2)
𝜃 (‖𝑣+‖𝑚,𝑄𝑟,𝑟𝑚 + 1) . (8)

holds.

3) Let 𝜀 = 0, 0 ≤ 𝛼 < 𝑚. Then

𝑟−(𝑚+𝑛) mes{𝑄𝑟/2,𝑟𝑚/2, 𝑣 > 𝑠} ≤ 𝑐3 exp {−𝑐4 (‖𝑣+‖𝑚,𝑄𝑟,𝑟𝑚 + 1)−(𝑚−𝛼)/𝑚 𝑠(𝑚−𝛼)/𝑚} ,

𝑠 ≥ 𝑠0 = 𝑐(3)
0 (‖𝑣+‖𝑚,𝑄𝑟,𝑟𝑚 + 1) . (9)

4) Let 𝜀 > 0, 0 ≤ 𝛼 ≤ 𝑚. Then

vrai max
{𝑄𝑟/2,𝑟𝑚/2, 𝑣>0}

𝑣 ≤ 𝑐5 (‖𝑣+‖𝑚,𝑄𝑟,𝑟𝑚 + 1) . (10)

In inequalities (7)—(10) the constants 𝑐(𝑖)
0 , 𝑐𝑗(𝑗 ≠ 2) depend on 𝑛, 𝑚, 𝜀, 𝛼, 𝛾1, 𝛾2, 𝑘′,

and the constant 𝑐2 on 𝑛, 𝑚, 𝜀, 𝛼, 𝛾1, 𝛾2, 𝑘′, 𝑝.

2. Consider in the cylinder 𝑄𝑇 = Ω × [0, 𝑇 ] the equation
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𝜕𝑢
𝜕𝑡 −

𝑛
∑
𝑖=1

𝜕
𝜕𝑥𝑖

(
𝑛

∑
𝑗=1

𝑎𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

+ 𝑎𝑖𝑢 + 𝑓𝑖)+
𝑛

∑
𝑖=1

𝑏𝑖
𝜕𝑢
𝜕𝑥𝑖

+𝑐𝑢+𝑔 = 0, 𝑛 ≥ 1, (11)

where

𝜈
𝑛

∑
𝑖=1

𝜉2
𝑖 ≤

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ≤ 𝜇
𝑛

∑
𝑖=1

𝜉2
𝑖 , 𝜈, 𝜇 > 0; 𝑎𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 );

𝑏𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ); 𝑐 ∈ 𝐿(𝑛+2)/2(𝑄𝑇 ); 𝑓𝑖 ∈ 𝐿2(𝑄𝑇 ); 𝑔 ∈ 𝐿2(𝑛+2)/(𝑛+4)(𝑄𝑇 ).

A generalized solution (g.s.) of equation (11) of the class 𝑉 1,0
2 (𝑄𝑇 ) ( ̇𝑉 1,0

2 (𝑄𝑇 ))
is a function 𝑢(𝑥, 𝑡) ∈ 𝑉 1,0

2 (𝑄𝑇 ) ( ̇𝑉 1,0
2 (𝑄𝑇 )) satisfying, for all 𝑡1 and 𝑡2 from the

interval [0, 𝑇 ] and Φ(𝑥, 𝑡) ∈ 𝑊̇ 1
2 (Ω × [𝑡1, 𝑡2]), the equality

∫
Ω

𝑢Φ 𝑑𝑥∣
𝑡2

𝑡1

+∫
𝑡2

𝑡1

∫
Ω

[−𝑢Φ𝑡 + (𝑎𝑖𝑗𝑢𝑥𝑗
+ 𝑎𝑖𝑢 + 𝑓𝑖)Φ𝑥𝑖

+ (𝑏𝑖𝑢𝑥𝑖
+ 𝑐𝑢 + 𝑔)Φ] 𝑑𝑥 𝑑𝑡 = 0.

Theorem 1. Every g.s. of equation (11) of the class ̇𝑉 1,0
2 (𝑄) satisfies the

inequality

‖𝑢(𝑥, 𝑡)‖𝑉 1,0
2 (𝑄𝑇 ) ≤ 𝑐 [

𝑛
∑
𝑖=1

‖𝑓𝑖(𝑥, 𝑡)‖𝐿2(𝑄𝑇 ) + ‖𝑔‖𝐿2(𝑛+2)/(𝑛+4)(𝑄𝑇 ) + ‖𝑢(𝑥, 0)‖𝐿2(Ω)] ,

where 𝑐 = 𝑐(𝜈−1, 𝑇 /𝜏); 𝜏 is determined from the equality

sup
0≤𝑡1≤𝑇 −𝜏

𝑖=1,…,𝑛

‖𝑎2
𝑖 + 𝑏2

𝑖 + 𝑐‖𝐿(𝑛+2)/2(Ω×[𝑡1,𝑡1+𝜏]) = 𝜈 min(1, 𝜈)𝛿, 𝛿 = 𝛿(𝑛) > 0.

Theorem 2. For every 𝜑(𝑥) ∈ 𝐿2(Ω) there exists a unique g.s. of equation (11)
of the class ̇𝑉 1,0

2 (𝑄𝑇 ), equal to 𝜑(𝑥) for 𝑡 = 0.

If the g.s. 𝑢(𝑥, 𝑡) of equation (11) of the class 𝑉 1,0
2 (𝑄𝑇 ) satisfies the condition

‖𝑢(𝑥, 𝑡 + ℎ) − 𝑢(𝑥, 𝑡)‖𝐿2(𝑄𝑇 ) = 𝑜(ℎ1/2), then it will be called a g.s. of the class
𝑉 1,1/2

2 (𝑄𝑇 ).
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Theorem 3. Let 𝑢(𝑥, 𝑡) be an arbitrary generalized solution of equation (11)
from the class 𝑉 1,1/2

2 (𝑄𝑇 ). There exists a quantity 𝑑 (depending only on 𝑛 and
𝜈 in cases 1), 3), and 4) singled out below, and only on 𝑛, 𝜈, 𝑝 in case 2)) such
that, if the constant 𝑟0 > 0 is determined from the equality

sup
𝑄𝑟0,𝑟2

0
⊂𝑄𝑇

𝑖=1,…,𝑛

∥𝑎2
𝑖 + 𝑏2

𝑖 + 𝑐∥𝐿(𝑛+2)/2(𝑄𝑟0,𝑟2
0

) = 𝑑,

then in every cylinder 𝑄𝑟,𝑟2 , 𝑟 ≤ 𝑟0, the following estimates hold for the solution
𝑢:

1) Let 𝑎𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ), 𝑏𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ), 𝑐 ∈ 𝐿(𝑛+2)/2(𝑄𝑇 ), 𝑓𝑖 ∈ 𝐿𝑞(𝑄𝑇 ),
2 < 𝑞 < 𝑛 + 2, 𝑔 ∈ 𝐿𝑝(𝑄𝑇 ), 2(𝑛 + 2)/(𝑛 + 4) < 𝑝 < (𝑛 + 2)/2. Then, for
any 𝜎 > 0,

‖𝑢‖𝑝∗−𝜎,𝑄𝑟/2,𝑟2/2
≤ 𝑐1(‖𝑢‖2,𝑄𝑟,𝑟2 + 1); 𝑝∗ = min [ 𝑞(𝑛 + 2)

𝑛 + 2 − 𝑞 , 𝑝(𝑛 + 2)
𝑛 + 2 − 2𝑝] .

2) Let 𝑎𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ), 𝑏𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ), 𝑐 ∈ 𝐿(𝑛+2)/2(𝑄𝑇 ), 𝑓𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ),
𝑔 ∈ 𝐿(𝑛+2)/2(𝑄𝑇 ). Then, for any 𝑝 > 1,

‖𝑢‖𝑝,𝑄𝑟/2,𝑟2/2
≤ 𝑐2(‖𝑢‖2,𝑄𝑟,𝑟2 + 1).

3) Let 𝑎𝑖 ∈ 𝐿𝑞(𝑄𝑇 ), 𝑏𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ), 𝑐 ∈ 𝐿𝑞/2(𝑄𝑇 ), 𝑓𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ), 𝑔 ∈
𝐿(𝑛+2)/2(𝑄𝑇 ), 𝑞 > 𝑛 + 2. Then

𝑟−(𝑛+2) ∬
𝑄𝑟/2,𝑟2/2

exp {𝑐3(‖𝑢‖2,𝑄𝑟,𝑟2 + 1)−1|𝑢(𝑥, 𝑡)|} 𝑑𝑥 𝑑𝑡 ≤ 𝑐4.

4) Let 𝑎𝑖 ∈ 𝐿𝑞(𝑄𝑇 ), 𝑏𝑖 ∈ 𝐿𝑛+2(𝑄𝑇 ), 𝑐 ∈ 𝐿𝑞/2(𝑄𝑇 ), 𝑓𝑖 ∈ 𝐿𝑞(𝑄𝑇 ), 𝑔 ∈
𝐿𝑞/2(𝑄𝑇 ), 𝑞 > 𝑛 + 2. Then

vrai max𝑄𝑟/2,𝑟2/2
|𝑢| ≤ 𝑐5(‖𝑢‖2,𝑄𝑟,𝑟2 + 1).

In the inequalities given above, the constants 𝑐𝑖 are determined by the numbers
𝑛, 𝜈, 𝜇 and by the norms ‖ ⋅ ‖𝐿𝑝(𝑄𝑟,𝑟2 ) of the coefficients 𝑎𝑖, 𝑐, 𝑓𝑖 and 𝑔 with those
exponents 𝑝 which are indicated in the hypotheses of these inequalities. In
addition, the constant 𝑐1 also depends on 𝜎 and 𝑟0, and the constant 𝑐2 on 𝑝.

Theorem 4. Under the assumptions of Theorem 3, 4), the estimate

|𝑢|𝐶𝛼,𝛼/2(𝑄𝑟/2,𝑟2/2) ≤ 𝑐 (vrai max𝑄𝑟,𝑟2 |𝑢|, 𝑛, 𝜈, 𝜇) , 𝛼 > 0,
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is valid, where

|𝑢|𝐶𝛼,𝛼/2(𝑄𝑟/2,𝑟2/2) = vrai max(𝑥,𝑡),(𝑥′,𝑡′)∈𝑄𝑟/2,𝑟2/2

|𝑢(𝑥, 𝑡) − 𝑢(𝑥′, 𝑡′)|
|𝑥 − 𝑥′|𝛼 + |𝑡 − 𝑡′|𝛼/2 ,

and the constant 𝑐 also depends on the norms ‖𝑎𝑖, 𝑓𝑖‖𝐿𝑞(𝑄𝑟,𝑟2 ), ‖𝑐, 𝑔‖𝐿𝑞/2(𝑄𝑟,𝑟2 ),
𝑞 > 𝑛 + 2.

3. With the aid of Lemma 1, results analogous to Theorem 3, cases 1), 2),
and 3), are obtained for generalized solutions from the class 𝑊 1

2 (Ω) of
uniformly elliptic equations. Results close to some elliptic analogues of
Theorem 3, cases 1) and 2), were obtained in (3𝑎, 4, 5). A result close to
the special case of the theorem corresponding to Theorem 3, case 3), was
obtained in (3𝑏).

In conclusion, the author expresses sincere gratitude to O. A. Ladyzhenskaya
and N. N. Ural’tseva for their attention to this work.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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