Soviet-era science, translated into English

R. A. Aleksandryan

Mathematics
1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.56884

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196501.56884

Abstract
Full Text

R. A. Aleksandryan

ON THE SPECTRAL EXPANSION OF ARBITRARY
SELF-ADJOINT OPERATORS IN EIGENFUNCTION-
ALS

(Presented by Academician S. L. Sobolev, 19 I 1965)
Mathematics

1. It is well known that if H is a separable Hilbert space, and A is a self-
adjoint operator acting in it with simple and purely continuous spectrum, then
there exists a continuous nondecreasing function p(A) on the real axis and an
isometric mapping V of the space H onto the Hilbert space LZ of complex
functions square-integrable with respect to the measure p(A), under which the
operator A corresponds to the operator of multiplication by the independent
variable. Moreover, if g is the so-called generating element, then the following
relations hold:

(f1.fa) = / ENBN (N, i f € H: 1)
Af = / AP\ dEsg,  feD,, @)

where D 4 is the domain of definition of the operator A; &, is the corresponding
resolution of the identity; F(A) = V f; p(A) = |€,9]°.

An analogous spectral expansion of arbitrary self-adjoint operators is also known,
which, in the presence of continuous spectrum, is carried out by means of so-
called differential solutions, without indicating the eigenfunctions themselves
with respect to which the expansion is to be performed. Therefore, in particular,
the spectral theory of differential operators continued to develop intensively
(1713) even after the establishment of the fundamental result contained in the
representation (1), (2). It should be noted that in most works the passage from
relations (1), (2) to expansions in eigenfunctions is effected by differentiating
the spectral family £,¢g with respect to the measure p(A), and that the first
general result, including differential operators of arbitrary type, was contained
in the work ('), where the method applied also made it possible to prove
that the eigenfunctionals obtained under the aforementioned differentiation are
generalized functions in the sense of Sobolev-Schwartz.
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In this note, by developing the method indicated by us earlier, a universal
procedure is described that makes it possible to construct a complete system of
eigenelements and eigenfunctionals for arbitrary self-adjoint operators, without
restrictions on the spectral family or on the structure of the Hilbert space.

2. Let K, be the resolvent of the operator A mentioned in Section 1; z = A+,
T > 0; g for the time being is an arbitrary fixed element of H with norm different
from zero. Form the expression

T.(p) = — (.~ R.)e.g). 3)

- 2mip’ (2
where p/(z) = _ R_g||?; then it is easy to verify that
here p’ .
T

(R.p,R.9)

5 1o 3*
.9 (57)

T.(p) =

and the following lemma is valid.

Lemma 1. For every non-real z, T, () is a distributive and bounded functional
in H and, for all ¢ € D 4, satisfies the identity

1 R.+R
T,(Ap) = AT, (o) + ( ,— = ) 4
(Ap) (¢) RoE\# =2 9 (4)

Definition. A real number )\, is called a generalized eigenvalue of the
self-adjoint operator A, if there exists an element g, € H such that

.o T
liminf —| Ry, 1i-g0l* > 0. (5)
The totality of all generalized eigenvalues is called the kernel of the spectrum

of the operator A, or its essential spectrum, which will be denoted by Si(A).

It is easy to see that the kernel of the spectrum Si(A) is a part of the spectrum;
nevertheless the following lemma holds.

Lemma 2. The kernel of the spectrum of a self-adjoint operator A with simple
and purely continuous spectrum has full spectral measure.

Indeed, it is easy to verify the inequality

A+7)—pA—1)
2T ’
(6)

+00 2
"IR 2 _ T G()] 1. 9P
7'['” )\+zrg|| ﬂ[ (t — )\)2 T 2 dp(t> == m |(;(t)|
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where G(t) = Vyg; therefore, by choosing the element g in the appropriate
manner, it is easy to conclude that, for all A not belonging to the kernel of
the spectrum, p’(\) exists and is equal to zero. Thus it is sufficient to prove
that the set M of such points A, where p’(A) = 0, has spectral measure zero.
On the other hand, by virtue of the continuity of p(A), one may conclude that
the p-measure of the set M coincides with the Lebesgue measure of the image of
the set M under the mapping p; therefore, invoking the known inequality (19),
we are convinced of the validity of the lemma.

p- 3. Let Q(Ag, go) be the set of ¢ € D, for which there exists

(R)\ +i7$07R>\ +'£Tg0)
lim —=° . =T, (p). (7)
70 1R, +ir90l? Ao
Obviously, for each fixed element g, € H, the functional T/\O(Lp), defined by
relation (7), is distributive on the linear manifold (X, gg)-

Lemma 3. If \; belongs to the kernel of the spectrum Si(A), then there exists
such a g, that Q()\g, gy) is everywhere dense in H and, on the linear manifold
Q(Ng, gg), the relation

Ty, (Ap) = ATy, (¢) (8)

holds.

Lemma 4. If the spectrum of the operator A is discrete (pure point), then,
with a suitable choice* of the element g, the linear manifold Q(), g) coincides
with the whole space H for every real A, and the functional T)(¢) defined by
relation (7) is isomorphic to the eigenvector of the operator A for those A which
are eigenvalues.

* It is enough that all coefficients of the expansion of g in the series with respect
to the eigenvectors of the operator A be nonzero.

§ 4. In this section we again assume that the spectrum of the operator A is simple
and purely continuous. Let C;, be the linear space of functions continuous on the
real axis and finite (vanishing outside certain compact sets), in which a sequence
is convergent if it vanishes outside a fixed compact set on which it converges
uniformly. Put Q, = V~1Cy; then convergence in C,, naturally induces in Q4
the corresponding topology and makes €2, into a linear space which, evidently,
is everywhere dense in H and invariant with respect to the operator A, while
convergence in {2, entails convergence in H.

Lemma 5. With an appropriate choice of the element g, the linear manifold
Q(A, g) contains the space Q4 for all real A, and the functionals T\(p) defined
by the limiting relation (7) are continuous in the topology of the space 2 4.
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Taking into account the lemmas formulated above, it is natural to call the func-
tionals T\ (¢), obtained by the limiting relation (7) for A € Si(A), the eigen-
functionals of the operator A. Thus, one and the same relation (7) makes
it possible to construct, for all A belonging to the core of the spectrum, eigen-
functionals T € %, satisfying (8) for all ¢ € Q,, independently of whether A
is a point of the discrete or of the continuous spectrum.

§ 5. It turns out that the functionals Ty, constructed by means of relation (7),
form a complete collection of eigenfunctionals of the self-adjoint operator A,
whatever the character of its spectrum.

Let \
) T
p(z) =p(A+ir) = |—|/ ||RUH-Tg||2 do,
u —00

then the following is valid.

Lemma 6. For every 7 > 0 and for an appropriate choice of the element g, for
all v, belonging to H, the identity holds

(r9) = / T, () T2 (@) dyp(A + ir)+

+o0 —
+ / (.0 R.v) (R297 RZQ) (R, RZQ)(RZw’ Rzg) dypA+i1).  (9)

IRql*

It is known (7) that for any interval (a, 3)

lim[p(5 + i7) — pla +i7)] = p(B) = p().

At the same time, one can prove that, for fixed ¢, belonging to €4, the
integrand of the second integral in relation (9) tends to zero as 7 — 0 at all
points A belonging to the core of the spectrum Si(A). An investigation of the
nature of this convergence, based on the use of a number of known results (17
on the behavior of the resolvent in a neighborhood of the real axis, as well as
a certain refinement of Lemma 3, makes it possible to carry out the limiting
passage under the integral sign in relation (9), which leads to the important
formula

(0, 9) = / T T dp(N), o€ . (10)

From formula (8) it follows, in particular, that if f € Q4 and T)(f) = 0 for all
A € Si(A), then f =0, i.e. completeness.

Thus we arrive at the following theorem.

Theorem 1. Let A be a self-adjoint operator with simple and purely continuous
spectrum; then the collection of functionals {Ty; X € Si(A)}, constructed by
formula (7), forms a complete system of eigenfunctionals, continuous in the
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topology of the space 1, and every functional from %, isomorphic to an
element of Q 4, admits an expansion into a generalized Fourier-Stieltjes integral
with respect to these functionals.

§ 6. Let now A be an arbitrary self-adjoint operator; then it is known !7 that
the space H can be represented as an orthogonal sum of at most a countable
number of subspaces H, invariant with respect to the operator A, in each of
which the spectrum of the operator A is simple; therefore the transfer of the
results formulated to this general case requires no additional considerations. We
note that it is apparently expedient to classify points of the spectrum depending
on the rate at which

2
sup [ Ry.irg (11)
lgl=1

tends to infinity as 7 — 0. In the generally accepted classification, a real point
A is regular if expression (11) does not tend to infinity at all, and belongs to
the spectrum if this expression tends to infinity arbitrarily slowly. It follows
from Lemma 2 that, in constructing spectral expansions, it is quite sufficient to
restrict oneself to those A for which expression (11) tends to infinity no more
slowly than 1/7 (it is precisely such A that form the essential spectrum Si(A)).

Moreover, Lemma 4 can be supplemented as follows:

Lemma 4*. A point A is an eigenvalue of the operator A if and only if expression

(11) is O(1/72).

On the other hand, one can prove that if the spectrum of the operator is
Lebesgue, then expression (11), for almost all A in the sense of Lebesgue mea-
sure, is O(1/7). Apparently the converse is also true; however, we can prove
this only under the additional assumption that the constant in O(1/7), as a
function of A, is summable in the Lebesgue sense.

§ 7. Thus, the results formulated in this note show that one and the same
procedure (the limiting relation (7)) makes it possible to construct a complete
system of eigenfunctionals for an arbitrary self-adjoint operator, without dis-
tinguishing between points of the discrete or continuous spectrum; however,
only at points of the discrete spectrum do the eigenfunctionals obtained turn
out to be isomorphic to elements of H. We note that the method we propose
for constructing eigenfunctionals, in contrast to the methods mentioned in § 1,
does not presuppose the preliminary construction of a spectral family &£, which
proves advantageous in the study of a number of concrete operators, especially
in those cases when the structure of the complete system of eigenfunctionals is
known in advance.

In conclusion we note that we arrived at the indicated considerations, which
concern general self-adjoint operators, as a result of our attempts to investigate
qualitative properties of solutions of certain systems of the type of S. L. Sobolev;
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this turned out to be equivalent to investigating spectral properties of hyperbolic
operators, where the eigenfunctions are, as a rule, discontinuous functions and
therefore must be treated as functionals.
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