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Abstract
Full Text

CYBERNETICS AND CONTROL THEORY
B. S. FLEISHMAN

PARALLEL DECODING

(Presented by Academician V. M. Glushkov, 25 I 1965)

Consider a discrete stationary channel with independent noise, defined by the
matrix of transition probabilities p = |p!| from input symbols i = 1,...,a to
output symbols j = 1,...,b. The practical implementation of the procedure of
optimal, in the Shannon sense, coding and decoding for such a channel (}~3)
encounters difficulties connected with the exponential growth (with the length n
of the input words) of the number N of computations in decoding (exponential
difficulties).

Sequential decoding (*%), for transmission rate R substantially less than the
channel capacity C, 0 < R < R.y,,/2 < C/2, and for the special tree-like
random coding case, leads to a power-law, as a function of n, growth of the
mean number of computations N.

In (7) a procedure was proposed for the simultaneous decoding of m > 1 parts of
the received output word (parallel decoding). Under this procedure the growth
of the mean number of computations Nm is also exponential, but, for the same
probability P of correct decoding, substantially slower than the growth of NV in
the interval 0 < R < C, and substantially slower than the growth of N in the
interval R.,,,,/2 < R < C (with the exception of a small neighborhood of the

comp

point R_../2)-

In the present work a number of new estimates of the parameters of parallel
decoding are given.

The procedure of parallel decoding is as follows. The received output word
Y= (Jq1,-- s Jn) of length n is divided into m subwords yy, ..., y,., ..., y,,, of lengths

n{, ..., ..., n, respectively,

m

an‘:n .

r=1
Analogously, the input word =z = (iy,...,i,) is divided into m subwords
Tyyewes Lpyoee s Ty, €ach of which encodes one of N, =~ exp(n*R) distinct

highly probable and equiprobable source subwords of length n™ > n, > 5 (?).
Next, the procedure of simultaneous enumeration of the NV, possible values z,
(r = 1,...,m) is carried out by the method indicated in (*®), in which the
“composite” subwords z,. = (zq,...,x,) of length n] = nJ* + .- + n" are fed
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Fig. 1

Figure 1: Fig. 1

to each decision device. The decision to pass the composite subword z;. on to
the next decision device is made on the basis of comparing it with the output
subword y,. = (yy,...,¥,) and a one-threshold comparison (with threshold X™)
of the quantity

s J
m;. D;
1,
/J In =%,
n,. q;

l, = le
s=1 13

where m;; = m;;(z,,y) is the number of symbols (4,) in the corresponding
positions of the subwords =, and y.;

q; = Zpl-pg, p; = Prob(i), C =max E|,

{p;}
! R

Y Pt =Ey < X" < By =Y pilln=t < —E.
i 4q; i 4q;

Using the results of (>7), one can find, asymptotically for large values of n, N,
and the other parameters of the proposed procedure:

-1
Nm = §mn71n exp(n’ln )a n71n ~ hl(l - P)il/k%a
na~In(l—P)1/kL: (1)
(KOKS . KO)Y™ = R(1+ K} /R)Y™, X< .. < X7 <X}, (2)

where k0 = k%X — Ey) = kp, p(X" — E,) and k! = k{XP — Ey) =
kp, p(X]" — Ey) are the so-called k-functions (*%) with parameters

J

Po=lpigjl,  Py=Ipp’l, D=|n

i

Xl :Xl and XrJrl:XT +W+1_1 (Tzl,...,m—l).

Fig. 1

The threshold values X" are uniquely determined by the system of recurrence
relations:
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k1
1+E)/R’

ky = Fy(XT")

kl

kL, =F.(X") =
v T ) S R LR

T

—~

r=2,..,m—1),

R
(ko /K ) (L= K g, 1) — 1

whose geometric interpretation is given in Fig. 1.

k= G(Xm) =

m

Next, from X" and n, the lengths n]’* of the subblocks are determined from the
relations

1 1 1
1 r+1 T

The quantities n and m satisfy the inequalities

oo RLR In(k/k)

R i Wik VA —1
=M K T (1 + kR = ®)

for

In the particular case m = 1, from (1) and (2) we obtain the known () relations

1
N, = 571% exp(niR),  ni~In(l—P)"!/ky; (7)

k) = R+ k. (8)

Comparison of (1) and (2) with (7) and (8) shows that, for one and the same
P, the relations

InN,,/InN; ~n*/nl ~ kH/EP < 1. (9)

hold.
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Block decoding (1), based on the maximum-likelihood principle, leads to a
number of computations N ~ N;. In the range of high transmission rates
Y/oRomp < R < C, it leads to a somewhat smaller, than nj, value of the word
length n ~ In(1 — P)"1/k} (X — E,), where X, < X7 satisfies the relation
KXy — Ey) = R (see Fig. 1).

If R < C' is fixed, then as m increases there quickly occurs a limiting decrease
in the exponential order of growth of N _:

N, /InN, ~ k'(X} — C)/(—E,) < k'(X! — C)/C, (10)

which is practically attained already at m = 10.

If m is fixed, then as R — C, in the limiting case we have from relations (2)
X =..=X"=X!=Cand InN,,/InN, = 1, ie., the effectiveness of
parallel decoding is leveled out.

For the most difficult case of a high noise level, determined by an arbitrary
matrix p, for which C' — 0, we have

ki%1/40(1—§7@)2, k2%1/4c<1+f?)7 5%%7% _E()%Elzcv

where £ = X /C and n = R/C. In this case condition (6) is always satisfied,
and it can be shown that, however small the number € > 0, there will always

such that

8
be a sufficiently large number m < — In 1
5

N, = fomnf expl(n +)n(1 = P)1] (0 ~In(1— P)1/0),  (11)

whereas

— —lnlex 4n 0l — Py n1N41n(1—P)’1
W= griee o -p| (ne g ) 02

Putting P = 1 —107°/" from (11) and (12) we obtain

N,, ~1/omn103, n" ~5/Cn, n =~ 20/Cn(l —&m)?,

m

N, ~1/ynl1020/0-1)7 ni ~ 20/Cn(1 —n)2.

It follows from this that N lies beyond the limits of feasibility, whereas N, is
feasible with the aid of an electronic computer and is acceptable for a number
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of cases of receiving signals against a background of noise, such as, for example,
when reception and decoding may take place at different times.

Preliminary experiments have shown that the total machine time necessary for
carrying out parallel decoding on an electronic computer does not exceed real-
istic limits.
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