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Abstract
Full Text

A. G. Kushnirenko
AN UPPER ESTIMATE OF THE ENTROPY OF A
CLASSICAL DYNAMICAL SYSTEM
(Presented by Academician A. N. Kolmogorov, October 7, 1964)

A classical dynamical system will mean a measure-preserving diffeomorphism 𝑇
of an 𝑛-dimensional compact Riemannian manifold 𝑀 (the measure 𝜇 is defined
by the Riemannian metric, and 𝜇(𝑀) = 1).

Let Δ be an (𝑛 − 1)-dimensional element on 𝑀 . Its (𝑛 − 1)-dimensional vol-
ume (unoriented) will henceforth be called its area and denoted by 𝑆(Δ). The
transformation 𝑇 changes 𝑆(Δ). From the compactness of 𝑀 it follows that the
coefficient of expansion of area is bounded above by some number. Denote this
number by 𝜆, so that

𝑆(𝑇 Δ) ≤ 𝜆𝑆(Δ). (1)

(In what follows we shall adhere to the notation of the survey (1).)
Theorem 1. The entropy ℎ(𝑇 ) of a classical dynamical system is finite and

ℎ(𝑇 ) ≤ 𝑛 log 𝜆 (2)

(the logarithm is binary).

Outline of the proof. We shall call 𝜉 a smooth partition if 𝜉 is a partition
of 𝑀 into a finite number of sets with piecewise smooth boundaries, and the
sum of the areas of the boundaries of these sets is finite. We shall call the sum
of these areas the area of the partition 𝜉 and denote it by 𝑆(𝜉). (With this
definition, each piece of boundary is counted twice, since it is the boundary of
two elements of the partition.)

The entropy ℎ(𝑇 , 𝜉) of a smooth partition 𝜉 is lim
𝑁→∞

𝐻(𝜂𝑁)/𝑁 , where 𝜂𝑁 =
𝜉 ⋅ 𝑇 𝜉 ⋅ … ⋅ 𝑇 𝑁−1𝜉. With the aid of a certain analogue of the isoperimetric
inequality it will be shown that 𝐻(𝜂𝑁) ≤ 𝑛 log 𝑆(𝜂𝑁) + 𝐶1, while from (1) it
follows that log 𝑆(𝜂𝑁) < 𝑁 log 𝜆+𝐶2, where 𝐶1, 𝐶2 do not depend on 𝑁 . Hence
ℎ(𝑇 , 𝜉) ≤ 𝑛 log 𝜆 for any smooth 𝜉; and since any partition can be approximated
by smooth ones, it follows that ℎ(𝑇 ) ≤ 𝑛 log 𝜆.

For convenience, we divide the proof itself into a number of points.

1. Lemma. Suppose
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𝑘
∑
𝑖=1

𝜇𝑖 = 1, (3a)

𝜇𝑖 > 0; 𝑖 = 1, … , 𝑘. (3b)

Then

−
𝑘

∑
𝑖=1

𝜇𝑖 log 𝜇𝑖 ≤ 𝑛 log
𝑘

∑
𝑖=1

𝜇(𝑛−1)/𝑛
𝑖 (𝑛 ≥ 2). (4)

For the proof, fix ⃗𝜇 and consider, as a function of ⃗𝑣 = (𝑣1, 𝑣2, … , 𝑣𝑘),

𝐹( ⃗𝑣) =
𝑘

∑
𝑖=1

(𝜇𝑖 log 𝜇𝑖 − 𝜇𝑖 log 𝑣𝑖),

where ⃗𝑣 satisfies the conditions ∑𝑘
𝑖=1 𝑣𝑖 = 1, 𝑣𝑖 > 0. It is easy to verify that the

minimum of 𝐹( ⃗𝑣) is attained at the point 𝑣𝑖 = 𝜇𝑖, i.e.

𝑘
∑
𝑖=1

(𝜇𝑖 log 𝜇𝑖 − 𝜇𝑖 log 𝑣𝑖) ≥ 0.

Putting now

𝑣𝑖 = 𝜇(𝑛−1)/𝑛
𝑖 /

𝑘
∑
𝑖=1

𝜇(𝑛−1)/𝑛
𝑖 ,

we obtain (4).

2. The following assertion is proved without difficulty. There exists a smooth
partition 𝜉0 of the manifold 𝑀 such that for every set with piecewise
smooth boundary, lying entirely in one of the elements of 𝜉0, the isoperi-
metric inequality

𝑉 (𝑛−1)/𝑛 ≤ 𝐶𝑆, (5)

holds, where 𝑉 is the volume of the set, 𝑆 is the area of its boundary, and
𝐶 depends on the original manifold 𝑀 and on the choice of 𝜉0, but does
not depend on the set.

3. In [1] it is proved that if a sequence of finite measurable partitions of the
space 𝑀 has the following two properties:

𝜉0 ≤ 𝜉1 ≤ 𝜉2 ≤ ⋯ , (6)

∞
∏
𝑖=0

𝜉𝑖 = 0 (mod 0), (7)
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then for any measure-preserving transformation 𝑇 of the space 𝑀 ,

ℎ(𝑇 ) = lim
𝑖→∞

ℎ(𝑇 , 𝜉𝑖). (8)

4. For the given 𝑀 and the 𝜉0 already constructed in item 2, it is easy
to construct a sequence of smooth partitions 𝜉1, 𝜉2, … which will satisfy
conditions (6), (7). Let 𝜉 be one of the 𝜉𝑖. From (1) it is clear that
𝑆(𝑇 𝜉) ≤ 𝜆𝑆(𝜉), 𝑆(𝑇 2𝜉) ≤ 𝜆2𝑆(𝜉), … , 𝑆(𝑇 𝑁−1𝜉) ≤ 𝜆𝑁−1𝑆(𝜉). For

𝜂𝑁 = 𝜉 ⋅ 𝑇 𝜉 ⋅ … ⋅ 𝑇 𝑁−1𝜉

we obtain

𝑆(𝜂𝑁) ≤ (1 + 𝜆 + … + 𝜆𝑁−1)𝑆(𝜉) < 𝑆(𝜉)
𝜆 − 1𝜆𝑁 . (9)

Now note that each element of the partition 𝜂𝑁 lies in one of the elements of
the partition 𝜉0, and therefore the area and volume of this element are related
by inequality (5). Denoting now the volume of the 𝑖-th element of the partition
𝜂𝑁 by 𝜇𝑖, in view of (5), (9), we shall have

∑ 𝜇𝑖 = 1, 𝜇𝑖 > 0, ∑ 𝜇(𝑛−1)/𝑛
𝑖 ≤ 𝐶𝑆(𝜂𝑁) < 𝐶𝑆(𝜉)

𝜆 − 1 𝜆𝑁 .

Hence, by the lemma,

𝐻(𝜂𝑁) ≤ 𝑛 log (𝐶𝑆(𝜉)
𝜆 − 1 𝜆𝑁) , lim

𝑁→∞
𝐻(𝜂𝑁)

𝑁 ≤ 𝑛 log 𝜆,

i.e. ℎ(𝑇 , 𝜉𝑖) ≤ 𝑛 log 𝜆.

Now from (8) it follows that ℎ(𝑇 ) ≤ 𝑛 log 𝜆. Theorem 1 is proved.

Theorem 1 is also true for endomorphisms (the quantity 𝜆 is determined by the
condition 𝑆(𝑇 −1Δ) ≤ 𝜆𝑆(Δ), where 𝑇 −1Δ is the full preimage of Δ). In the
case of an endomorphism the estimate (2) is attained in every dimension.

Theorem 1 is also true for manifolds with boundary having finite area, if estimate
(1) is valid for 𝑇 . In this class of dynamical systems, in every dimension there
exist systems for which ℎ(𝑇 ) = (𝑛 − 1) log 𝜆.

I express my gratitude to V. I. Arnold for posing the problem.
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