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MATHEMATICS
Yu. L. ERSHOV

ON THE ELEMENTARY THEORY OF MAXI-
MAL NORMED FIELDS
(Presented by Academician A. I. Mal’tsev on 9 VI 1965)

1. We shall consider objects of the form ⟨𝐹 , 𝑣, Γ⟩, where 𝐹 is a field; 𝑣 is
a (non-Archimedean) norming of the field 𝐹 ; Γ is the value group of the
norming 𝑣. We shall call these objects, not quite precisely, normings. 𝐹𝑣
will denote the residue field of the norming 𝑣. The notation ⟨𝐹1, 𝑣1, Γ1⟩ ⊆
⟨𝐹2, 𝑣2, Γ2⟩ will mean that 𝐹1 ⊆ 𝐹2, Γ1 ⊆ Γ2, 𝑣1(𝑎) = 𝑣2(𝑎) for 𝑎 ∈ 𝐹1;
in this case the norming 𝑣2 is called an extension of the norming 𝑣1. If
𝑛 = [𝐹2 ∶ 𝐹1] is finite, then 𝑒 = [Γ2 ∶ Γ1] is the ramification index of
the norming and 𝑓 = [(𝐹2)𝑣2

∶ 𝐹1𝑣1
] is the relative degree of the norming,

finite, and 𝑛 ≥ 𝑓 ⋅ 𝑒 (2).
If ⟨𝐹1, 𝑣1, Γ1⟩ ⊆ ⟨𝐹2, 𝑣2, Γ2⟩ and 𝐹2𝑣2

= 𝐹1𝑣1
, Γ2 = Γ1, then 𝑣2 is called an

immediate extension of 𝑣1. If a norming has no proper immediate extensions,
then it is called maximal. Examples of maximal normings are provided by fields
of formal power series ⟨𝐹(𝑡Γ), 𝑣, Γ⟩ (3) and local fields (4).
We shall call a norming ⟨𝐹 , 𝑣, Γ⟩ algebraically complete if: 1) for every finite
algebraic extension 𝐹1 of the field 𝐹 there exists a unique (up to the naturally
defined equivalence of normings over ⟨𝐹 , 𝑣, Γ⟩) norming of the field 𝐹1 such that
⟨𝐹 , 𝑣, Γ⟩ ⊆ ⟨𝐹1, 𝑣1, Γ1⟩; 2) for every finite algebraic extension 𝐹1 of the field 𝐹
and norming ⟨𝐹1, 𝑣1, Γ1⟩ satisfying condition 1), the equality 𝑛 = 𝑓 ⋅ 𝑒 holds,
where 𝑛 = [𝐹1 ∶ 𝐹 ], 𝑒 is the ramification index, 𝑓 is the relative degree.

Lemma. If ⟨𝐹 , 𝑣, Γ⟩ is a maximal norming, then it is algebraically complete.

Let ⟨𝐹 , 𝑣, Γ⟩ be a norming; a well-ordered sequence {𝑎𝜌} of elements of 𝐹 , having
no last element, is called pseudo-convergent if 𝑣(𝑎𝜌 − 𝑎𝜎) > 𝑣(𝑎𝜎 − 𝑎𝜏) for
𝜌 > 𝜎 > 𝜏 . An element 𝑎 ∈ 𝐹 is called a limit of the pseudo-convergent sequence
{𝑎𝜌} if 𝑣(𝑎 − 𝑎𝜌) = 𝑣(𝑎𝜌+1 − 𝑎𝜌) (3). A norming ⟨𝐹 , 𝑣, Γ⟩ is called 𝜉-complete,
where 𝜉 is an ordinal number, if every pseudo-convergent sequence {𝑎𝜌}𝜌<𝛽≤𝜉
of elements of 𝐹 has a limit in 𝐹 (3). If 𝜉 is the least ordinal of cardinality ℵ𝛼,
then instead of 𝜉-completeness we shall speak of ℵ𝛼-completeness.

2. We shall regard normings ⟨𝐹 , 𝑣, Γ⟩ as models of the signature
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𝜎 = ⟨𝐹 1, Γ1, 𝑉 2, 𝑄2, 𝑆′3, 𝑆3, 𝑃 3⟩,

where the predicate 𝐹 1 singles out the elements of 𝐹 , Γ1 the elements of Γ;
𝑉 2(𝑥, 𝑦) means that 𝑥 ∈ 𝐹 , 𝑦 ∈ Γ, and 𝑣(𝑥) = 𝑦; 𝑄2 is the order relation ≤ on
Γ; 𝑆′3 is the addition predicate in Γ; 𝑆3, 𝑃 3 are the predicates of addition and
multiplication in the field 𝐹 .

Let 𝑇0 be a system of first-order sentences of the signature 𝜎, whose models are
precisely all algebraically complete normings. 𝑇0 can be chosen recursively (1).
If 𝔄 is an arbitrary formula, then 𝔄Γ will denote the formula obtained from 𝔄
by relativizing the quantifiers with respect to the predicate Γ1. If 𝑇 is a set of
formulas, then 𝑇 Γ = {𝔄Γ ∣ 𝔄 ∈ 𝑇 }. If 𝔄 is arbitrary—

free formula, then 𝔄𝐹𝑣 will denote the formula obtained from 𝔄 by relativizing
the quantifiers with respect to the formula

𝐴𝑣(𝑥) = 𝑉 2(𝑥, 𝑦) & 𝑄2(0, 𝑦) (𝑣(𝑥) ≥ 0)

and replacing 𝑥 = 𝑦 by

(∃𝑧)𝑆3(𝑦, 𝑧, 𝑥) & (∃𝑡)(𝑉 2(𝑧, 𝑡) & 𝑄2(0, 𝑡) & (𝑡 ≠ 0)) (𝑣(𝑥 − 𝑦) > 0).

If 𝑇 is a set of formulas, then

𝑇 𝐹𝑣 = {𝔄𝐹𝑣 ∣ 𝔄 ∈ 𝑇 }.
3. Theorem 1. Let ⟨𝐹 , 𝑣, Γ⟩ and ⟨𝐹1, 𝑣1, Γ1⟩ be two algebraically complete

normings, 𝐹𝑣 ≃ 𝐹1𝑣1
fields of characteristic 0, Γ ≃ Γ1, Ext1(𝐴, 𝐹 ∗

𝑣 ) = 0
for every torsion-free abelian group 𝐴. If 𝐹 = 𝐹1 = ℵ𝛼+1 and
⟨𝐹 , 𝑣, Γ⟩, ⟨𝐹1, 𝑣1, Γ1⟩ are ℵ𝛼-complete, then ⟨𝐹 , 𝑣, Γ⟩ is isomorphic to
⟨𝐹1, 𝑣1, Γ1⟩.

Theorem 2. Let ⟨𝐹 , 𝑣, Γ⟩ and ⟨𝐹1, 𝑣1, Γ1⟩ be two algebraically complete norm-
ings; 𝐹𝑣 a field of characteristic 0. ⟨𝐹 , 𝑣, Γ⟩ is arithmetically equivalent to
⟨𝐹1, 𝑣1, Γ1⟩ if and only if 𝐹𝑣 is arithmetically equivalent to 𝐹1𝑣1

, and Γ is arith-
metically equivalent to Γ1.

The proof of Theorems 1 and 2 uses the results of the papers (1,3,4), and the
idea of the proof of these theorems is analogous to the idea of the proof of the
corresponding theorems in (3); in particular, the proof uses the technique of
ultraproducts.

Theorem 3. Let 𝔉 be a class of fields of characteristic 0; 𝔊 a class of ordered
abelian groups;
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𝔉(𝔊) = {⟨𝐹 , 𝑣, Γ⟩ ∣ ⟨𝐹 , 𝑣, Γ⟩

is a maximal norming, 𝐹𝑣 ∈ 𝔉, Γ ∈ 𝔊}. If 𝑇1 is a system of axioms of the theory
of the class 𝔉; 𝑇2 is a system of axioms of the theory of the class 𝔊, then

𝑇0 ∪ 𝑇 𝐹𝑣
1 ∪ 𝑇 Γ

2

is a system of axioms of the class 𝔉(𝔊).
Theorem 4. Let 𝔉 be a class of fields of characteristic 0, 𝔊 a class of ordered
abelian groups. If the theory of the class 𝔉 is decidable, and the theory of the
class 𝔊 is decidable, then the theory of the class 𝔉(𝔊) is also decidable.

4. Let 𝐹 be a field of characteristic 𝑝 ≠ 0. We shall say that 𝐹 satisfies
assumption A (4) if, for every equation of the form

𝑥𝑝𝑛 + 𝑎1𝑥𝑝𝑛−1 + ⋯ + 𝑎𝑛𝑥 = 𝑏, 𝑎𝑖, 𝑏 ∈ 𝐹 ,

there is at least one root in 𝐹 .

Theorem 1′. Let ⟨𝐹 , 𝑣, Γ⟩ and ⟨𝐹1, 𝑣1, Γ1⟩ be two algebraically complete norm-
ings; 𝐹𝑣 ≃ 𝐹1𝑣1

; 𝐹, 𝐹1 fields of characteristic 𝑝 ≠ 0; 𝐹𝑣 satisfies assumption
A; Γ ≃ Γ1; 𝑝Γ = Γ; Ext1(𝐴, 𝐹 ∗

𝑣 ) = 0 for every torsion-free abelian group 𝐴.
If 𝐹1 = 𝐹 = ℵ𝛼+1 and ⟨𝐹 , 𝑣, Γ⟩, ⟨𝐹1, 𝑣1, Γ1⟩ are ℵ𝛼-complete, then ⟨𝐹 , 𝑣, Γ⟩ is
isomorphic to ⟨𝐹1, 𝑣1, Γ1⟩.
Theorem 2′. Let ⟨𝐹 , 𝑣, Γ⟩ and ⟨𝐹1, 𝑣1, Γ1⟩ be two algebraically complete norm-
ings; 𝐹, 𝐹1, 𝐹𝑣 fields of characteristic 𝑝 ≠ 0; 𝐹𝑣 satisfies assumption A; 𝑝Γ = Γ.
⟨𝐹 , 𝑣, Γ⟩ is arithmetically equivalent to ⟨𝐹1, 𝑣1, Γ1⟩ if and only if 𝐹𝑣 is arithmeti-
cally equivalent to 𝐹1𝑣1

, and Γ is arithmetically equivalent to Γ1.

Theorem 3′. Let 𝔉 be a class of fields of characteristic 𝑝 ≠ 0 satisfying
assumption A; 𝔊 a class of ordered abelian groups Γ such that 𝑝Γ = Γ;

𝔉(𝔊) = {⟨𝐹 , 𝑣, Γ⟩ ∣ ⟨𝐹 , 𝑣, Γ⟩

is a maximal norming, 𝐹 is a field of characteristic 𝑝, 𝐹𝑣 ∈ 𝔉, Γ ∈ 𝔊}. If 𝑇1 is
a system of axioms of the theory of the class 𝔉; 𝑇2 is a system of axioms of the
class 𝔊, then

𝑇0 ∪ 𝑇 𝐹𝑣
1 ∪ 𝑇 Γ

2 ∪ {(∀𝑥)(𝑝𝑥 = 0)}

is a system of axioms of the theory of the class 𝔉(𝔊).
Theorem 4′. Let 𝔉 be a class of fields of characteristic 𝑝 ≠ 0 satisfying
assumption A; 𝔊 a class of ordered abelian groups Γ such that 𝑝Γ = Γ. If
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the theory of the class 𝔉 is decidable, and the theory of the class 𝔊 is decidable,
then the theory of the class 𝔉(𝔊) is decidable.

5. All ordered abelian groups Γ considered in this section will satisfy the
following restriction:

There exists a least positive element in Γ.

(∗)

We shall denote this element by 𝑙.
We shall say that the norming ⟨𝐹 , 𝑣, Γ⟩ is absolutely unramified if, in the
case when 𝐹𝑣 has characteristic 𝑝 ≠ 0,

𝑣(𝑝) = 𝑣(1 + ⋯ + 1⏟⏟⏟⏟⏟
𝑝 times

) = 𝐼.

Theorem 2″. Let ⟨𝐹 , 𝑣, Γ⟩ and ⟨𝐹1, 𝑣1, Γ1⟩ be two algebraically complete abso-
lutely unramified normings. ⟨𝐹 , 𝑣, Γ⟩ is arithmetically equivalent to ⟨𝐹1, 𝑣1, Γ1⟩
if and only if 𝐹𝑣 is arithmetically equivalent to 𝐹1𝑣1

, and Γ is arithmetically
equivalent to Γ1.

Let 𝑇 ′
0 = {𝔄𝑝 ∣ 𝑝 is a prime number; 𝔄𝑝 is the formula meaning that if 𝑣(𝑝) > 0,

then 𝑣(𝑝) = 𝐼}.

Theorem 3″. Let 𝔉 be a class of fields; 𝔊 a class of ordered abelian groups
satisfying condition (∗); 𝔉(𝔊) = {⟨𝐹 , 𝑣, Γ⟩ ∣ ⟨𝐹 , 𝑣, Γ⟩ is an absolutely unramified
maximal norming; 𝐹 ∈ 𝔉, Γ ∈ 𝔊}. If 𝑇1 is a system of axioms for the theory
of the class 𝔉; 𝑇2 is a system of axioms for the theory of the class 𝔊, then
𝑇0 ∪ 𝑇 ′

0 ∪ 𝑇 𝐹
1 ∪ 𝑇 Γ

2 is a system of axioms for the theory of the class 𝔉(𝔊).
Theorem 4″. Let 𝔉 be a class of fields, 𝔊 a class of ordered abelian groups
satisfying condition (∗). If the theory of the class 𝔉 is decidable and the theory
of the class 𝔊 is decidable, then the theory of the class 𝔉(𝔊) is decidable.

6. All results on the decidability of elementary theories of fields obtained
in (1,3 ) are consequences of the theorems indicated above. For example,
from Theorem 4″ it follows that, for any prime number 𝑝, the theory of
the field 𝑄𝑝 of 𝑝-adic numbers is decidable.

Theorems 4, 4′, 4″ make it possible to indicate many different fields and classes
of fields with decidable theory; for example, an infinite field of characteristic
𝑝 ≠ 0 with decidable theory that is not algebraically closed. The class of
fields of formal power series {𝐹 , 𝐹{𝑡1}, … , 𝐹{𝑡1}, … , … {𝑡𝑛}, …} has a decidable
theory if the field 𝐹 of characteristic 0 has a decidable theory, or the class of
fields of formal power series {𝐹(𝑡Γ) ∣ Γ ∈ 𝔊}, if 𝐹 is a field of characteristic
0 with decidable theory, 𝔊 is an arbitrary class of ordered abelian groups with
decidable theory, etc.
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