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MATHEMATICS

Academician Yu. V. LINNIK

AN APPLICATION OF A THEOREM OF A.
CARTAN TO MATHEMATICAL STATISTICS

In the theory of analytic sheaves, the theorem (A) of A. Cartan is well known
(*)-
Let X be an arbitrary K. Stein manifold, and let F' be a coherent analytic sheaf

over X. Then, for any point x € X, the image of the zero cohomology group
H°(X, F) in F, generates F, as an O, -module.

From this theorem it follows, in particular, that in the ring O, of functions
of complex variables f(zq,...,z;), holomorphic on a compact simply connected
polycylinder, all ideals are finitely generated.

The indicated corollary can be applied to the investigation of phenomena of
identical distribution and independence of various kinds of statistics.

Let (X,2, 1) be some probability space, and let Q,(x) and Q,(z) (for z € X)
be two scalar statistics, each of which measurably maps X onto the abscissa
axis with the Borel o-algebra of measurable sets. Suppose, further, that some
family of continuous functions {®,(u)} (k = 1,2,...) of a real variable u is given,
possessing property (D) with respect to the statistics Q; and Qs:

(D) Determinacy of the analogue of the moment problem. All math-
ematical expectations E,(®,(Q;)) exist (i = 1,2; k= 1,2,...), and their
specification determines the distributions of @) and @5 up to a y-measure
zero set. We shall call them ®-moments.

Assume now that the statistics @ and @, have the following property (T').

Property (I'): “holomorphic connectedness” of the statistics @, and Q, with
respect to the family {®, (u)}. The statistics @, and Q5 can be “joined by a path”
in the following sense: one can construct a family of statistics Q(X;aq,...,a,),
where (aq, ..., a) are real parameters such that

QX;a, ... ad”)=Qi(z), QX;al,...a") = Qy(x),

and moreover the ®-moments

E;L(q)k(Q(X;alw“vas))) :(pk(alw"vas) (1)
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exist and are all holomorphic on some compact and simply connected com-

plex polycylinder containing inside it the segment between (a(lo), s a<so>) and
(@D, . o).

Under this condition, the property of the statistics J; and Q4 being identically
distributed turns out to be “finitely generated by ®-moments.” More precisely,
the following theorem holds:

Theorem 1. There exists a finite integer constant R, depending only on
(X,2, 1) and on the family {¢, = (aq,...,a,)} (k = 1,2,...), such that if the
first R ®-moments of @; and @, coincide,

Eu<(I)k(Ql>) = E;L<(I)k(Q2>) (k = 17 27 ceey R)a (2)

then the statistics (), and @), are identically distributed: @; = @5. The constant
R plays the same role for detecting identical distribution of any two statistics
Q(X;aq,...,a,) of the previously constructed family.

To characterize the property of independence of two statistics @; and @ by a
“finite number of uncorrelatednesses,” one can propose an analogous theorem.

Introduce two families of continuous functions: {®,(u)} and {¥;(u)} such that,
from the countable set of equalities

E(24(Q1)¥(Qy)) = E,(®(Q1))E,(V,(Q2)) 3)

(k,1=1,2,...), the independence of the statistics @; and @, follows. Further, let
the statistics @, and @5 possess the property (I") of holomorphic connectedness,
analogous to the preceding one, in the sense that the functions

E(2p(Q(X5 0y, .., a,))) W (Q(X; a), ., a5)) —

—E(2(Q(X5 a1, -, 0)) B, (¥ (Q(X5 61, s a9))) = (e, a”)  (4)

are holomorphic for k,I = 1,2,... on one and the same compact simply con-
nected polycylinder of the complex variables (aq,...,a,;al,...,a,), containing

the product of the real intervals indicated earlier. Then the following theorem
holds:

Theorem 2. There exists a finite integer constant M, depending only on
(X, ) and on the family vy (a,a’), such that for the independence of the
statistics Q1 and Q4 it is sufficient that the relations

E,(2(Q1)V(Q2)) = B, (24(Q1))EL(V1(Q5))
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hold for k,l not exceeding M.

Thus, in our family the independence of statistics is equivalent to a bounded
number of “uncorrelatednesses.”

Theorems 1 and 2 are derived directly from the above-mentioned corollary of
theorem (A) of H. Cartan. In the case of theorem 1 we consider the ideal
generated by functions of the form

Wk,(ala"'?as)7(pk(a/1a'-'aa‘/s>7 k:172a'-'a (5)

on the topological product of the previously introduced polycylinders. It has a
finite basis consisting of R terms of the indicated form, where R depends only
on the objects specified in the assumptions of the theorem. Put

(agy...,a,) = (a<10)’ ey a(s())), (ay,...,a%) = (a(ll), . a(51>).
If, in this case, the first R functions of the form (5) vanish, then all functions
of the ideal vanish, and we obtain what was required. Theorem 2 is proved

analogously.

Let us give some particular cases of the theorems proved (see (2,%)).
Let (%X,2,p) correspond to a repeated normal sample X = (zq,...,2,);
x; € N(m,0?) (normal law); Q(z) and Q,(z) are polynomial statistics of
degrees m; and m,. The parameters (aq,...,a,) here may be the coefficients
of the polynomials; the “path” joining the statistics consists in a continuous
change of the coefficients. Let G(x) be a nonnegative polynomial of degree
> 2.  As the family {®,(u)} in theorem 1 one may take the functions
®,(u) = uFexp(—G(u)). As the families {®,(u)} and {¥;(u)} in theorem 2
one may take

Oy (u) = uP exp(—Gy(u)), ¥ (u) = u' exp(—Gy(u)),

k,l=1,2,...; Gi(z); Go(x) are nonnegative polynomials of degrees > 2.

Let (X,%, 1) be any Euclidean probabilized space E, with a Borel o-algebra.
One may take ®,(u) = u” exp(—u?) and, as the family of statistics of theorem

1, polynomials Q(X;aq,...,a,) under the condition

QX5 ays s a)l = ||+ o A |2, |°

for aq, ..., a4 restricted to a real domain, some € > 0, and X = (zq,...,z,) € E,.

There exist many other examples.
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