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Abstract
Full Text
CYBERNETICS AND CONTROL THEORY
V. P. Zarovnyi

AUTOMATON SUBSTITUTIONS AND WREATH
PRODUCTS OF GROUPS
(Presented by Academician V. M. Glushkov on 17 VII 1964)

In the author’s paper (1) it was shown that the group 𝐴(𝑛) of all automaton
one-to-one mappings of the set 𝐹(𝑛) of words in the alphabet 𝔛 = (𝑥1, … , 𝑥𝑛) of
𝑛 letters onto itself, as well as its subgroup 𝐾(𝑛) of finite-automaton mappings,
are isomorphic to the direct products of the groups 𝐾(𝑛, 𝑟), 𝑟 = 1, 2, …, of
automaton substitutions of the sets 𝐹(𝑛, 𝑟) of words of length 𝑟 in the alphabet
𝔛. Below we give results of an investigation of the structure of the groups
𝐾(𝑛, 𝑟), the group 𝐴(𝑛), and, on this basis, obtain a new necessary and sufficient
criterion for finite-automatonness of automaton one-to-one mappings.

1. In connection with the study of Sylow subgroups of groups of substitutions,
a construction called the wreath product of groups (2) was studied: if
𝑉0, … , 𝑉𝑟−1 are given sets, and 𝐺0, … , 𝐺𝑟−1 are groups of substitutions
of these sets, respectively, then the wreath product of the groups
𝐺0 ≀ 𝐺1 ≀ ⋯ ≀ 𝐺𝑟−1 is the group of such substitutions 𝑔 of the set 𝑉 =
𝑉0 × ⋯ × 𝑉𝑟−1 that for any word 𝑝 = 𝑥𝑖0

⋯ 𝑥𝑖𝑟−1
the equality

𝑝𝑔 = [𝑥𝑖0
𝑔0(0𝑝)] ⋯ [𝑥𝑖𝑟−1

𝑔𝑟−1(𝑟−1𝑝)], (1)

holds, where 𝜇𝑝 = 𝑥𝑖𝜇+1
⋯ 𝑥𝑖𝑟−1

, and 𝑔𝜇(𝜇𝑝) is a function defined on 𝑉𝜇+1 × ⋯ ×
𝑉𝑟−1 with values in 𝐺𝜇, 𝜇 = 0, … , 𝑟 − 1. Thus the substitution 𝑔 is specified by
the sequence [𝑔0(0𝑝), … , 𝑔𝑟−1(𝑟−1𝑝)] and by the action rule (1). In this definition
replace 𝜇𝑝 by 𝑝𝜇 = 𝑥𝑖0

⋯ 𝑥𝑖𝜇−1
and 𝑉𝜇+1 × ⋯ × 𝑉𝑟−1 by 𝑉0 × ⋯ × 𝑉𝜇−1. The set

of substitutions ̄𝑔 of the set 𝑉 for which

𝑝 ̄𝑔 = [𝑥𝑖0
̄𝑔0(𝑝0)] ⋯ [𝑥𝑖𝑟−1

̄𝑔𝑟−1(𝑝𝑟−1)], (2)

where ̄𝑔𝜇(𝑝𝜇) are functions defined on 𝑉0×⋯×𝑉𝑟−1 with values in 𝐺𝜇, is a group,
which we shall call the dual wreath product of the groups 𝐺0 ̄≀𝐺1 ̄≀ ⋯ ̄≀𝐺𝑟−1.
Each substitution from the dual wreath product is determined by the sequence
of functions [ ̄𝑔0(𝑝0), … , ̄𝑔𝑟−1(𝑝𝑟−1)] and by the action rule (2).

Theorem 1. For 𝑛 ≥ 2 and any natural 𝑟 ≥ 1, the group 𝐾(𝑛, 𝑟) is the dual
wreath product of 𝑟 symmetric groups of degree 𝑛:
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𝐾(𝑛, 𝑟) = 𝑆𝑛 ̄≀𝑆𝑛 ̄≀ ⋯ ̄≀𝑆𝑛⏟⏟⏟⏟⏟
𝑟

.

The following proposition makes it possible to apply to the study of the groups
𝐾(𝑛, 𝑟) (taking Theorem 1 into account) the results—still rather few—on wreath
products of groups.

Proposition 1. The wreath product 𝐺0 ≀𝐺1 ≀⋯≀𝐺𝑟−1 and the dual wreath product
𝐺𝑟−1 ̄≀𝐺𝑟−2 ̄≀ ⋯ ̄≀𝐺0 are similar groups of substitutions. Moreover, the indicated
similarity can be realized as follows: if

𝑝 = 𝑥𝑖0
⋯ 𝑥𝑖𝑟−1

∈ 𝑉0 × ⋯ × 𝑉𝑟−1,

then 𝑝 → ̄𝑝 = 𝑥𝑖𝑟−1
⋯ 𝑥𝑖0

∈ 𝑉𝑟−1 × ⋯ × 𝑉0,

and if 𝑔 = [𝑔0(𝑝0), … , 𝑔𝑟−1(𝑝𝑟−1)], then 𝑔 → ̄𝑔 = [ ̄𝑔0(𝑝0), … , ̄𝑔𝑟−1(𝑝𝑟−1)], where

̄𝑔𝜇(𝑝𝜇) = 𝑔𝑟−𝜇−1(𝑝𝑟−𝜇−1).

2. If 𝑔 = [𝑔0(𝑝0), … , 𝑔𝑟−1(𝑝𝑟−1)] ∈ 𝐺0 ≀ ⋯ ≀ 𝐺𝑟−1, then the action of 𝑔 can be
extended to any word 𝑝 from 𝑉0 × ⋯ × 𝑉𝜇, 0 ≤ 𝜇 < 𝑟 − 1, by setting

𝑝𝑔 = (𝑥𝑖0
… 𝑥𝑖𝜇

)𝑔 = [𝑥𝑖0
𝑔0(𝑝0)] … [𝑥𝑖𝜇

𝑔𝜇(𝑝𝜇)]. (3)

Thus the dual wreath product 𝐺0 ≀ ⋯ ≀ 𝐺𝑟−1 can be regarded as a group of
substitutions of the set

𝑟−1
⋃
𝜇=0

(𝑉0 × ⋯ × 𝑉𝜇).

We generalize this approach to the case of a countable set of groups 𝐺𝜇, 𝜇 =
0, 1, 2, …; namely, we shall call the set of substitutions 𝑔 (which turns out to be
a group) of the set

∞
⋃
𝜇=0

(𝑉0 × ⋯ × 𝑉𝜇),

for which, for any 𝑟 and any 𝑝 ∈ 𝑉0 × ⋯ × 𝑉𝑟−1, an equality of the form (3)
holds, the dual wreath product of the groups 𝐺0, 𝐺1, …. Together with such
an action rule, a sequence of functions

[𝑔0(𝑝0), … , 𝑔𝑟(𝑝𝑟), …]

completely determines the substitution 𝑔.

Theorem 2. The group 𝐴(𝑛), for any 𝑛 ≥ 2, is the dual wreath product of a
countable set of symmetric groups of degree 𝑛:

𝐴(𝑛) = 𝑆𝑛 ≀ 𝑆𝑛 ≀ ⋯ ≀ 𝑆𝑛 ⋯ .
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3. We fix the following numbering of the words of each length in the alphabet
𝔛 = (𝑥1, … , 𝑥𝑛) (each word is numbered by two indices, the first of which
denotes the length of the word, and the second its number among the
words of this length):

1) 𝑝1𝑖 = 𝑥𝑖, where 𝑖 is the number of the letter in the alphabet 𝔛;

2) if 𝑝 = 𝑝𝑟−1;𝑗𝑥𝑖, then 𝑝 = 𝑝𝑟; 𝑛(𝑖−1)+𝑗.

Introduce the function
𝜔(𝑟, 𝑖, 𝑡; 𝑘1, … , 𝑘𝑡−1) =

= 𝑛𝑡−1(𝑖 − 1) + 𝑛𝑡−2(𝑘1 − 1) + ⋯ + 𝑛(𝑘𝑡−2 − 1) + 𝑘𝑡−1,
where 1 ≤ 𝑖 ≤ 𝑛𝑟−1; 𝑡 = 0, 1, 2, … ; 1 ≤ 𝑘1, 𝑘2, … , 𝑘𝑡−1 ≤ 𝑛; 𝑟 = 1, 2, …. It can
be shown that

𝜔(𝑟, 𝑖, 𝑡; 𝑘1, … , 𝑘𝑡−1) < 𝑛𝑟+𝑡−1. (4)

Now let 𝜑 = [𝜑0(𝑝0), … , 𝜑𝑟−1(𝑝𝑟−1), …] be an automaton mapping from 𝐴(𝑛),
written as an element of the dual wreath product of a countable set of symmetric
groups (see Theorem 2) through the function 𝜑𝑟(𝑝𝑟), defined on

𝑟
⋃
𝑖=1

𝐹(𝑛, 𝑖)

with values in 𝑆𝑛. Consider the sets of the following values of these functions
for fixed 𝑟 and 𝑖:

𝜑𝑟+1(𝑝𝑟+𝑡−1; 𝜔(𝑟,𝑖,𝑡; 𝑘1,…,𝑘𝑡−1)),
where 𝑡 runs through the natural series, 𝑡 = 1, 2, …, and 𝑘𝑗, 𝑗 = 1, … , 𝑡−1, vary,
for each 𝑡, within the limits from 1 to 𝑛. We denote the system of these values
by 𝐸(𝜑, 𝑟, 𝑖):

𝐸(𝜑, 𝑟, 𝑖) = {𝜑𝑟+1[𝑝𝑟+𝑡−1; 𝜔(𝑟,𝑖,𝑡; 𝑘1,…,𝑘𝑡−1)]; 𝑡 = 1, 2, … ; 𝑘𝑗 = 1, … , 𝑛}.

This notation is meaningful for all values of 𝑡 and 𝑘𝑗 in the indicated limits,
since, according to (4), any corresponding value of the function 𝜔 for given
fixed 𝑟 and 𝑖 can serve as the number of a word of length 𝑟 + 𝑡 − 1: the number
of these words is exactly 𝑛𝑟+𝑡−1. For any natural nonzero number 𝑟 and any
natural number 𝑖 lying between 1 and 𝑛𝑟−1, we shall call the system 𝐸(𝜑, 𝑟, 𝑖)
an element, or the (𝑟, 𝑖)-element, of the mapping 𝜑.

On the set of all possible (𝑟, 𝑖)-elements of the mapping, define two relations:
𝑥𝑙≃ (𝑥𝑙-similarity), where 𝑥𝑙 ∈ 𝔛, and ∼ (similarity of blocks), by the following
conditions:

𝐸(𝜑, 𝑟, 𝑖)
𝑥𝑙≃ 𝐸(𝜑, 𝑠, 𝑗) ⟺
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⟺ ∀𝑘 ∀(𝑘1, … , 𝑘𝑡−1) ∀𝑡
⎧{
⎨{⎩

[(𝑥𝑘𝜑𝑟+𝑡(𝑝𝑟+𝑡−1; 𝜔(𝑟,𝑖,𝑡; 𝑘1,…,𝑘𝑡−1)) = 𝑥𝑙) ⇒
⇒ (𝑥𝑘𝜑𝑠+𝑡(𝑝𝑠+𝑡−1; 𝜔(𝑠,𝑗,𝑡; 𝑘1,…,𝑘𝑡−1)) = 𝑥𝑙)] &

[(𝑥𝑘𝜑𝑟+𝑡(𝑝𝑟+𝑡−1; 𝜔(𝑟,𝑖,𝑡; 𝑘1,…,𝑘𝑡−1)) ≠ 𝑥𝑙) ⇒ (𝑥𝑘𝜑𝑠+𝑡(𝑝𝑠+𝑡−1; 𝜔(𝑠,𝑗,𝑡; 𝑘1,…,𝑘𝑡−1)) ≠ 𝑥𝑙)]

⎫}
⎬}⎭

;

𝐸(𝜑, 𝑟, 𝑖) ∼ 𝐸(𝜑, 𝑠, 𝑗) ⟺ ∀𝑘1, … , 𝑘𝑡−1 ∀𝑡 {𝜑𝑟+𝑡(𝑝𝑟+𝑡−1; 𝜔(𝑟,𝑖,𝑡; 𝑘1,…,𝑘𝑡−1)) =

= 𝜑𝑠+𝑡(𝑝𝑠+𝑡−1; 𝜔(𝑠,𝑗,𝑡; 𝑘1,…,𝑘𝑡−1))}.

It is easy to verify that both these relations are equivalences on the set of all
elements of the mapping 𝜑. The equivalence classes with respect to 𝑥𝑙 will
be called the 𝑥𝑙-blocks of the mapping 𝜑, and the equivalence classes with
respect to ∼ simply blocks of the mapping.

4. We now have the possibility of formulating a necessary and sufficient cri-
terion for the finite-automaton property of an automaton mapping.

Lemma 1. If 𝜑 ∈ 𝐴(𝑛), then the following assertions are equivalent:

a) 𝜑 is a finite-automaton mapping (i.e. 𝜑 ∈ 𝐾(𝑛));
b) the number of 𝑥𝑙-blocks of the mapping 𝜑 is finite for every 𝑥𝑙 ∈ 𝔛;

c) the number of blocks of the mapping 𝜑 is finite.

The idea of the proof is as follows. We consider the equivalence
𝑥𝑙≃ on 𝐹(𝑛), for

𝑥𝑙 ∈ 𝔛, defined by the condition

𝑝
𝑥𝑙≃ 𝑞 ⟺ ∀𝑢[(𝑝𝑢 ∈ 𝑆𝑥𝑙

⇒ 𝑞𝑢 ∈ 𝑆𝑥𝑙
) & (𝑝𝑢 ∈ 𝑆𝑥𝑙

⇒ 𝑞𝑢 ∉ 𝑆𝑥𝑙
)],

where 𝑆𝑥𝑙
is the event marked by the letter 𝑥𝑙 under the mapping 𝜑, i.e. the

set of words of 𝐹(𝑛) whose images under the mapping 𝜑 end in 𝑥𝑙. Further, to
each word 𝑝 = 𝑝𝑟𝑖 under the numbering 1), 2) of item 3 we assign the element
𝐸(𝜑, 𝑟, 𝑖) of the mapping 𝜑. This gives a one-to-one correspondence between
the classes with respect to

𝑥𝑙≃ on 𝐹(𝑛) and the 𝑥𝑙-blocks of the mapping 𝜑. To
show this, it is necessary to establish that, for 𝑢 = 𝑥𝑘1

⋯ 𝑥𝑘𝑡
,

𝑝𝑢 = 𝑝𝑟+𝑡; 𝜔(𝑟,𝑖,𝑡+1; 𝑘1,…,𝑘𝑡−1,𝑘𝑡)

and that

(𝑝𝑢)𝜑 = [𝑝𝑟𝑖𝜑] [𝑥𝑘1
𝜑𝑟(𝑝𝑟; 𝜔(𝑟,𝑖,1; ∅))] [𝑥𝑘2

𝜑𝑟+1(𝑝𝑟+1; 𝜔(𝑟,𝑖,2,𝑘1))] × ⋯
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⋯ × [𝑥𝑘𝑡
𝜑𝑟+𝑡−1(𝑝𝑟+𝑡−1; 𝜔(𝑟,𝑖,𝑡; 𝑘1,…,𝑘𝑡−1))].

After this it is not difficult to see that the condition 𝑝𝑢 ∈ 𝑆𝑥𝑙
is equivalent to

the condition

𝑥𝑘1
𝜑𝑟+𝑡(𝑝𝑟+𝑡−1; 𝜔(𝑟,𝑖,𝑡; 𝑘1,…,𝑘𝑡−1)) = 𝑥𝑙.

The situation is analogous with 𝑞𝑢. Comparing the last condition with the
definition of

𝑥𝑙≃, we find that the relation 𝑝
𝑥𝑙≃ 𝑞 is equivalent to the relation

𝐸(𝜑, 𝑟, 𝑖)
𝑥𝑙≃ 𝐸(𝜑, 𝑠, 𝑗).

By theorem 2 of paper (3), representability of the event 𝑆𝑥𝑙
in a finite automaton

is equivalent to finiteness of the index of the equivalence
𝑥𝑙≃, or, as

we see the finiteness of the index of the relation
𝑥𝑙∼. Thus the implication a) ⇒

b) is obtained.

The proof of the implication b) ⇒ c) is based on the equality

𝑛
⋂
𝑙=1

𝑥𝑙∼ = ∼∶

since 𝑙 ranges over a finite set, the finiteness of the index of each of the relations
𝑥𝑙∼, on the basis of this equality, gives the finiteness of the index of the relation
∼.

Without difficulty, from the finiteness of the index of the relation ∼, one now
obtains the finiteness of the index of each of the relations

𝑥𝑙∼, whence, by Theorem
2 from (3), it follows that each 𝑆𝑥𝑙

is regular, i.e. 𝜑 is finite-automaton.

5. The obtained criterion for being finite-automaton can be made more trans-
parent as follows. Let 𝜑 = [𝜑1(𝑝1), … , 𝜑𝑟(𝑝𝑟), …] ∈ 𝐴(𝑛). For 𝑝 ∈ 𝐹(𝑛, 𝑟)
denote by 𝜑𝑝 the mapping 𝜓 = [𝜓1(𝑢1), … , 𝜓𝑟(𝑢𝑟), …], for which, for
𝑢 ∈ 𝐹(𝑛, 𝑠),

𝜓𝑖(𝑢𝑖) = 𝜑𝑟+𝑖[(𝑝𝑢)𝑟+𝑖], 𝑖 = 1, … , 𝑠.

Introduce the binary relation ∇ on the set 𝐴(𝑛) by the condition:

(𝜑∇𝜓) ⟺ ∃𝑝 ∈ 𝐹(𝑛) (𝜓 = 𝜑′
𝑝).

This relation is a partial quasi-order. We shall agree to say that the mapping 𝜑
is covered by the mapping 𝜓, if 𝜑∇𝜓.
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From the equivalence of a) and b) of Lemma 1 there now follows

Theorem 3. In order that a mapping 𝜑 ∈ 𝐴(𝑛) be finite-automaton, it is
necessary and sufficient that it be covered by a finite number of mappings from
𝐴(𝑛). Moreover, if some finite-automaton mapping is covered by a mapping
𝜑 ∈ 𝐴(𝑛), then 𝜑 also is finite-automaton.

6. On the basis of the results of Sec. 1 and of the work (1) the following can
be proved

Theorem 4. The groups 𝐴(𝑛) and 𝐾(𝑛), for 𝑛 ≥ 2, do not possess finite
systems of generators.

The idea of the proof is as follows: according to (1), each of the groups 𝐴(𝑛)
and 𝐾(𝑛) is isomorphic to a certain subdirect product of the groups 𝐾(𝑛, 𝑟),
𝑟 = 1, 2, …, as a result of which the least number of generators in 𝐴(𝑛) and
in 𝐾(𝑛) is no smaller than the same number for any 𝐾(𝑛, 𝑟), 𝑟 = 1, 2, …, and
therefore, in order to complete the proof of Theorem 4, taking Theorem 1 into
account, the following lemma is sufficient:

Lemma 2. The least number of generators of the group

𝑆𝑛 ≀ 𝑆𝑛 ≀ … ≀ 𝑆⏟⏟⏟⏟⏟⏟⏟
𝑟

is not less than the number 𝑟, so that this number for 𝐾(𝑛, 𝑟) increases with the
growth of 𝑟 and can become arbitrarily large.

The proof of this lemma was kindly communicated to the author by L. A. Kaluzh-
nin.

The author expresses deep gratitude to Academician V. M. Glushkov and L. A.
Kaluzhnin for valuable advice and comments.

Ivanovo-Frankovsk
State Pedagogical Institute
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