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Abstract
Full Text

CYBERNETICS AND CONTROL THEORY
R. G. BUKHARAEV
A CRITERION FOR THE REPRESENTABILITY OF
EVENTS IN FINITE PROBABILISTIC AUTOMATA
(Presented by Academician V. M. Glushkov, March 4, 1965)

In the work of M. O. Rabin “Probabilistic Automata”(1) it is shown that the
class of events representable in finite probabilistic automata by a set of states (in
this paper we shall call them simply representable) is broader than the class of
regular events. The method consists in the fact that the cardinality of the set of
all representable events is found, and it turns out to be equal to the cardinality
of the continuum. From this, in particular, it follows that it is impossible to
construct a constructive criterion for characterizing the class of representable
events of the kind that we have for the class of regular events. A criterion in
one form or another must contain“discontinuity.”The criterion given below for
the representability of events in finite probabilistic automata is formulated in
the language of finite-dimensional vector functions.

A probabilistic automaton is an object

𝐴⟨𝑋, 𝑌 , 𝐴, 𝜇(𝑎), 𝜇(𝑎′, 𝑦/𝑎, 𝑥)⟩,

where 𝑋, 𝑌 , 𝐴 are, respectively, the sets of input symbols, output symbols, and
the set of states; 𝜇(𝑎) is the probability distribution of the initial states of the
automaton; 𝜇(𝑎′, 𝑦/𝑎, 𝑥) is the conditional probability distribution describing
the functioning of the automaton. 𝑋 and 𝑌 are finite or countable sets, while
the set 𝐴 is finite in the present paper. Put

𝜇(𝑎1𝑎2 … 𝑎𝑛𝑦1𝑦2 … 𝑦𝑛/𝑥1𝑥2 … 𝑥𝑛) = ∑
𝑎0

𝜇(𝑎0)
𝑛

∏
𝑖=1

𝜇(𝑎𝑖𝑦𝑖/𝑎𝑖−1, 𝑥𝑖),

and further

𝜇(⋅𝑎/𝑥1𝑥2 … 𝑥𝑛) = ∑
𝑎1…𝑎𝑛−1𝑦1…𝑦𝑛

𝜇(𝑎1𝑎2 … 𝑎𝑛−1𝑎𝑦1 … 𝑦𝑛/𝑥1𝑥2 … 𝑥𝑛).

Definition (M. O. Rabin). An event 𝑆 is representable in a finite probabilistic
automaton 𝐴 with initial distribution 𝜇(𝑎), set of states 𝑀 , and constant 𝜆, if
for words from 𝑆, and only for them, the inequality
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∑
𝑎∈𝑀

𝜇(⋅𝑎/𝑝) > 𝜆

holds.

In what follows we shall consider the stochastic vectors

̄𝜇(𝑝) = {𝜇(⋅𝑎1/𝑝), 𝜇(⋅𝑎2/𝑝), … , 𝜇(⋅𝑎𝑁/𝑝)}, 𝑝 ∈ 𝐹𝑥,

assuming that 𝜇(⋅𝑎/𝑒) = 𝜇(𝑎), where 𝑒 is the empty word, and 𝐹𝑥 is the free
semigroup with identity over the alphabet 𝑋. ̄𝜇(𝑝) is a certain vector function
defined everywhere on the free semigroup 𝐹𝑥. We shall call a function 𝜑(𝑝),
𝑝 ∈ 𝐹𝑥, finite-automaton if it is isomorphic

a finite-dimensional vector function of the form {𝜇(𝑝), 𝑝 ∈ 𝐹𝑥}, where
𝜇𝑖(𝑝) ≥ 0, 𝑖 = 1, 2, … , 𝑁 , ∑𝑁

𝑖=1 𝜇𝑖(𝑝) = 1, and there exist stochastic matrices
𝐴(𝑥1), 𝐴(𝑥2), … , 𝐴(𝑥𝑚), … such that

𝜇(𝑥𝑖1
𝑥𝑖2

… 𝑥𝑖𝑠
) = 𝜇(𝑒)𝐴(𝑥𝑖1

) × 𝐴(𝑥𝑖2
) … 𝐴(𝑥𝑖𝑠

).

We shall say that a vector n is regular if its coordinates are equal either to zero
or to one.

In order that an event 𝑆 be representable in a finite probabilistic automaton,
it is necessary and sufficient that there exist a finite-automaton vector function
𝑧(𝑝), 𝑝 ∈ 𝐹𝑥, 𝑆 ⊂ 𝐹𝑥, and a regular vector n such that, for some vector 𝑧0, the
equivalence

𝑝 ∈ 𝑆 ∼ (𝑧(𝑝) − 𝑧0) ⋅ n > 0
holds.

Theorem 1. In order that a multivalued mapping {𝑧(𝑝), 𝑝 ∈ 𝐹𝑥} of finite-
dimensional stochastic vectors define a finite-automaton vector function, it is
necessary and sufficient that the following conditions be satisfied:

1. For any finite set of words 𝑝1, 𝑝2, … , 𝑝𝑠 and numbers 𝛼1, 𝛼2, … , 𝛼𝑠,
∑𝑠

𝑖=1 𝛼𝑖 = 0, the equivalence

𝑠
∑
𝑖=1

𝛼𝑖𝑧(𝑝𝑖) = 0 ∼ (𝑟) (𝑟) ∈ 𝐹𝑥 →
𝑠

∑
𝑖=1

𝛼𝑖𝑧(𝑝𝑖𝑟) = 0

holds.

2. If ∑𝑠
𝑖=1 𝛼𝑖𝑧(𝑝𝑖), ∑𝑠

𝑖=1 𝛼𝑖 = 1, is a stochastic vector, then for any word
𝑟, 𝑟 ∈ 𝐹𝑥, the sum ∑𝑠

𝑖=1 𝛼𝑖𝑧(𝑝𝑖𝑟) is a stochastic vector.

sovietrxiv.org/items/ru-196501.54444 Machine Translation

https://sovietrxiv.org/items/ru-196501.54444


Another form of the representability criterion, which we give below, is analogous
to the criterion for representability of events in finite deterministic automata
proposed by M. O. Rabin and D. Scott (2). For brevity of exposition and
for clarity of the minimization process, we shall formulate the definitions and
results in geometric terminology. We shall consider the countable-dimensional
vector space 𝐸∞ of sequences whose sums converge to unity. We shall denote
by 𝑇 ∞ the simplex whose point coordinates are nonnegative. Mappings 𝐾 of
the simplex 𝑇 ∞ into itself will be called countably linear if they satisfy the
condition

𝐾 (
∞

∑
𝑖=1

𝛼𝑖𝑣𝑖) =
∞

∑
𝑖=1

𝛼𝑖𝐾(𝑣𝑖).

Every semigroup 𝐺 of countably linear mappings of the simplex 𝑇 ∞ into itself,
having a generating set 𝐾𝑥1

, 𝐾𝑥2
, … , 𝐾𝑥𝑚

, … , 𝑥𝑖 ∈ 𝑋, induces in 𝑇 ∞ a point
multivalued mapping 𝐺 = {𝑧(𝑝), 𝑝 ∈ 𝐹𝑥}, if an initial point 𝑧(𝑒) ∈ 𝑇 ∞ is speci-
fied by the condition 𝑧(𝑝) = 𝐾𝑝𝑧(𝑒). If a multivalued mapping 𝐺 = {𝐺, 𝑧(𝑒)} is
fixed in 𝑇 ∞, then the condition (𝑧(𝑝) − 𝑧0) ⋅ n > 0, where n is a regular vector
and 𝑧0 ∈ 𝑇 ∞, defines some event 𝑆, 𝑆 ⊂ 𝐹𝑥. With every event defined in the
described way one can associate a certain equivalence relation in the space 𝐸∞.
A direction ⃗𝜏 = u − v in 𝐸∞ will be called internal if there is a coordinate
vertex w and a point u1, u1 ∈ 𝑇 ∞, such that

u − v = 𝜆(w − u1), 𝜆 ≠ 0, w ≠ u1.

Let the predicate 𝐻(u, v, R) be equal to one if and only if the vector u−v either
determines an internal direction or is a finite or countable linear combination of
vectors defining internal directions of the 𝑅-equivalence, issuing from different
vertices of the simplex. Define the equivalence

𝑧1 ≡𝐺 𝑧2 ∼ (𝑝) (𝑝 ∈ 𝐹𝑥 → (𝐾𝑝𝑧1) ⋅ n = (𝐾𝑝𝑧2) ⋅ n & 𝐻(𝐾𝑝𝑧1, 𝐾𝑝𝑧2 ≡𝐺,n)) .

This equivalence is stable on the right with respect to transformations of the
semigroup 𝐺, is countably linear, and the equivalence classes also form linear
subspaces of 𝐸∞. Thus, the quotient space 𝐸∞/𝐺, n will be a linear space.

Theorem 2. In order that the event 𝑆(𝐺, n, 𝑧0) be representable in a finite
probabilistic automaton, it is necessary and sufficient that the dimension of the
quotient space 𝐸∞/𝐺, n, determined by the equivalence relation ≡𝐺, n, be finite.
If the dimension of the quotient space 𝐸∞/𝐺, n is finite, then it is equal to the
minimal number of states of a probabilistic automaton representing the event
𝑆(𝐺, n, 𝑧0), determined by the given pair 𝐺, n.

If the space 𝐸𝑁 and the simplex 𝑇 𝑁 have already been determined by a finite
probabilistic automaton representing the event 𝑆 by the pair 𝐺, n, then passing
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to the quotient space 𝐸𝑁/𝐺, n determines a transition to an automaton with a
smaller number of states, representing the same event 𝑆.

In conclusion we give an example of an event not representable in any finite
probabilistic automaton. Let 𝜒(𝑁) be a predicate on the set of natural numbers
whose verbal description is as follows: let 𝑛̄ be the least integer solution of the
inequality 𝑛 ⋅ 2𝑛+1 ≥ 𝑁 , and let 𝑖 = 𝑁 − (𝑛̄ − 1)2𝑛̄. Let 𝑗 be the least integer
solution of the inequality 𝑗(𝑛̄ + 1) ≥ 𝑖, and let 𝑘 = 𝑖 − (𝑗 − 1)(𝑛̄ + 1). Then

𝜒(𝑁) = {𝛼(𝑗, 𝑘), if 𝑘 < 𝑛̄ + 1,
0, if 𝑘 = 𝑛̄ + 1,

where 𝛼(𝑗, 𝑘) is the value of the 𝑘-th digit of the number 𝑗, written in binary
form. The function 𝜒(𝑁) is primitive recursive.

Remark. The event 𝑇 (𝑥), defined by the primitive-recursive predicate 𝜒(𝑁)
on the monogenic free semigroup 𝐹𝑥 by the condition 𝑝 ∈ 𝑇 (𝑥) ∼ 𝜒(|𝑝|) = 1, is
not representable in any finite probabilistic automaton.

We note that if one defines a recursive event as an event for which there exists
an algorithm 𝔄, defined for every word of the free semigroup 𝐹𝑥, that recognizes
the event 𝑆 and processes the words from 𝑆, and only those words, into a certain
fixed letter of the alphabet 𝔉, then the event 𝑇 (𝑥) turns out to be recursive. It
remains unclear whether there exist events representable in finite probabilistic
automata that would be nonrecursive.

Kazan State University
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