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Abstract
Full Text
P. I. Lizorkin

ON THE FOURIER TRANSFORM IN BESOV
SPACES. THE ZERO SCALE 𝐵0

𝑝,𝜃

(Presented by Academician S. L. Sobolev on 29 I 1965)

1. The spaces 𝐵(𝑟1,…,𝑟𝑛)
𝑝,𝜃 , 𝑟𝑗 > 0, 𝑗 = 1, … , 𝑛, 1 ≤ 𝑝, 𝜃 ≤ ∞, introduced in

full generality by O. V. Besov (1) (see also the survey (2)), are important
for analysis and its applications. Recently they have served as the subject
of further investigations (3−5). In papers (3,5 ), in particular, the spaces
𝐵(𝑟,…,𝑟)

𝑝,𝜃 = 𝐵𝑟
𝑝,𝜃 were defined for 𝑟 ≤ 0, and various of their characteristics

were given. There an isomorphism was also established between the spaces
𝐵𝑟

𝑝,𝜃 with different 𝑟. In the present note the spaces 𝐵(𝑟1,…,𝑟𝑛)
𝑝,𝜃 , −∞ < 𝑟𝑗 <

∞, 1 < 𝑝 < ∞, 1 ≤ 𝜃 < ∞, are considered from the point of view of the
Fourier transform.

2. Denote by 𝑅𝑛 the 𝑛-dimensional space of points 𝑥 = (𝑥1, … , 𝑥𝑛), and
let 𝑟𝑗 > 0, 𝑟𝑗 = ̄𝑟𝑗 + 𝛼𝑗, where ̄𝑟𝑗 is an integer, 0 < 𝛼𝑗 ≤ 1. Recall
that a function 𝑓(𝑥), by definition, belongs to the space 𝐵(𝑟)

𝑝,𝜃 = 𝐵(𝑟1,…,𝑟𝑛)
𝑝,𝜃 ,

1 ≤ 𝑝 ≤ ∞, 1 ≤ 𝜃 < ∞, if its norm is finite,

|𝑓, 𝐵(𝑟)
𝑝,𝜃| = ‖𝑓‖𝐿𝑝(𝑅𝑛) +

𝑛
∑
𝑗=1

𝐼𝑟𝑗;𝑝,𝜃,

𝐼𝜃
𝑟𝑗;𝑝,𝜃 = ∫

∞

0
∥𝜕 ̄𝑟𝑗𝑓
𝜕𝑥 ̄𝑟𝑗

𝑗
(𝑥1, … , 𝑥𝑗 + 𝑡, … , 𝑥𝑛) − 2𝜕 ̄𝑟𝑗𝑓

𝜕𝑥 ̄𝑟𝑗
𝑗

(𝑥1, … , 𝑥𝑛) + 𝜕 ̄𝑟𝑗𝑓
𝜕𝑥 ̄𝑟𝑗

𝑗
(𝑥1, … , 𝑥𝑗 − 𝑡, … , 𝑥𝑛)∥

𝜃

𝐿𝑝

𝑑𝑡
𝑡1+𝜃𝛼𝑗

.

In the case 𝛼𝑗 < 1, instead of the second difference one may use the first:

𝜕 ̄𝑟𝑗𝑓
𝜕𝑥 ̄𝑟𝑗

𝑗
(𝑥1, … , 𝑥𝑗 + 𝑡, … , 𝑥𝑛) − 𝜕 ̄𝑟𝑗𝑓

𝜕𝑥 ̄𝑟𝑗
𝑗

(𝑥1, … , 𝑥𝑛).

Fix a number 𝑏 > 1, and let 𝑎𝑟𝑗
𝑗 = 𝑏. Introduce the notation: 𝜆 = (𝜆1, … , 𝜆𝑛) is

the independent variable in the space of Fourier transforms; ̃𝑓(𝜆) is the Fourier
transform of the function 𝑓(𝑥); 𝐷𝑎𝑘 = 𝐷𝑎𝑘

1 ,…,𝑎𝑘𝑛
is the parallelepiped {−𝑎𝑘

𝑗 ≤
𝜆𝑗 ≤ 𝑎𝑘

𝑗 , 𝑗 = 1, … , 𝑛}. Put
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𝑆𝑎0(𝑥) = 1
(2𝜋)𝑛/2 ∫

𝐷𝑎0

̃𝑓(𝜆)𝑒𝑖𝜆𝑥 𝑑𝜆, 𝑓𝑎𝑘(𝑥) = 1
(2𝜋)𝑛/2 ∫

𝐷𝑎𝑘 −𝐷𝑎𝑘−1

̃𝑓(𝜆)𝑒𝑖𝜆𝑥 𝑑𝜆.

We proceed from the following assertions:

Theorem 1*. The function 𝑓(𝑥) belongs to the space 𝐵(𝑟)
𝑝,𝜃, 𝑟𝑗 > 0, 1 < 𝑝 < ∞,

1 ≤ 𝜃 < ∞, if and only if the series converges

‖𝑆𝑎0‖𝜃
𝐿𝑝

+
∞

∑
𝑘=1

𝑏𝑘𝜃‖𝑓𝑎𝑘‖𝜃
𝐿𝑝

. (1)

* A similar characterization of the spaces 𝐵(𝑟)
𝑝,𝜃 in terms of approximations con-

structed with the aid of Jackson kernels was first given explicitly by T. I. Amanov
(6); it can also be stated in terms of best approximations.

Here there exist constants 𝑐1, 𝑐2, independent of 𝑓 , such that

𝑐1|𝑓, 𝐵(𝑟)
𝑝,𝜃| ≤ {‖𝑆𝑎0‖𝜃

𝐿𝑝
+

∞
∑
𝑘=1

𝑏𝑘𝜃‖𝑓𝑎𝑘‖𝜃
𝐿𝑝

}
1/𝜃

≤ 𝑐2|𝑓, 𝐵(𝑟)
𝑝,𝜃|. (2)

Theorem 2. Let 𝑓 ∈ 𝐿𝑝(𝑅𝑛). Then there exist constants 𝑐1, 𝑐2, independent
of 𝑓 , such that

𝑐1
𝑛

∑
𝑗=1

𝐼𝜃
𝑟𝑗;𝑝,𝜃 ≤

∞
∑

𝑘=−∞
𝑏𝑘𝜃‖𝑓𝑎𝑘‖𝜃

𝐿𝑝
≤ 𝑐2

𝑛
∑
𝑗=1

𝐼𝜃
𝑟𝑗;𝑝,𝜃. (3)

3. Let us first consider the case where 𝑟1 = 𝑟2 = ⋯ = 𝑟𝑛 = 𝑟 > 0. Take
𝑎 = 2, 𝑏 = 2𝑟, and, simplifying the notation, set

𝐷𝑎0 = Γ0, 𝑆𝑎0 = 𝑓0; 𝐷𝑎𝑘 − 𝐷𝑎𝑘−1 = Γ𝑘, 𝑓𝑎𝑘 = 𝑓𝑘, 𝑘 = 1, 2, … .

On the basis of Theorem 1 we can introduce in 𝐵(𝑟,…,𝑟)
𝑝,𝜃 = 𝐵𝑟

𝑝,𝜃 the equivalent
norm

{𝑓, 𝐵𝑟
𝑝,𝜃} = {

∞
∑
𝑘=0

2𝑘𝑟𝜃‖𝑓𝑘‖𝜃
𝐿𝑝

}
1/𝜃

. (4)

Expression (4) can also be given meaning for 𝑟 ≤ 0. Let 𝑆 and 𝑆′ be the spaces
of basic and generalized functions (𝑆′-distributions) of L. Schwartz.

Definition 1. An 𝑆′-distribution 𝑓(𝑥) belongs to the space 𝐵𝑟
𝑝,𝜃, −∞ < 𝑟 < ∞,

1 < 𝑝 < ∞, 1 ≤ 𝜃 < ∞, if it is representable in the form
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𝑓(𝑥) =
∞

∑
𝑘=0

𝑓𝑘(𝑥), (5)

where 𝑓𝑘(𝑥) are entire functions of degree ≤ 2𝑘 in each of the variables, whose
Fourier transform is concentrated in Γ𝑘, satisfying the estimate

{𝑓, 𝐵𝑟
𝑝,𝜃} = {

∞
∑
𝑘=0

2𝑘𝑟𝜃‖𝑓𝑘(𝑥)‖𝜃
𝐿𝑝

}
1/𝜃

< ∞. (6)

For 𝑟 > 0, this definition, with the norm introduced by relation (6), coincides
with the original one, and therefore we keep the notation. Below we shall see
that the spaces 𝐵𝑟

𝑝,𝜃 with norm (6) are Banach spaces also for 𝑟 ≤ 0; up to
equivalence of norms, they coincide with the spaces 𝐵𝑟 introduced in (5) and
(3) (where they are denoted by Λ(𝑟; 𝑝, 𝜃)).
We shall call the space 𝐵0

𝑝,𝜃 the zero (𝑝, 𝜃)-space. The role of this space
is comparable with the role of the Lebesgue space 𝐿𝑝 (we shall clarify this
statement later). We note that zero spaces close to 𝐵0

𝑝,𝜃 were recently studied
by M. Ramazanov (7).
Theorem 3. Let 𝑝, 𝜃 be fixed. The spaces 𝐵𝑟

𝑝,𝜃 with different 𝑟 are isomorphic
to one another. The isomorphism of the spaces 𝐵0

𝑝,𝜃, 𝐵𝑟
𝑝,𝜃 is effected by the

operator defined in Fourier images by the equality

̃𝑔(𝜆) = (1 + |𝜆|2)𝑟/2 ̃𝑓(𝜆), 𝑓 ∈ 𝐵𝑟
𝑝,𝜃, 𝑔 ∈ 𝐵0

𝑝,𝜃. (7)

This theorem makes it possible to assert the coincidence of the space 𝐵0
𝑝,𝜃 with

the zero space introduced in (3,5 ), and gives an independent proof of the iso-
morphism theorem established there. From the indicated isomorphism follows
the completeness of the space for all real 𝑟 (since completeness for positive 𝑟 was
established in (1)). Also valid is the assertion of density in 𝐵𝑟

𝑝,𝜃, for 1 ≤ 𝜃 < ∞,
of the set 𝐶∞

0 of infinitely differentiable functions with compact support, of the
set 𝐿𝑝 of entire functions of finite degree belonging to 𝐿𝑝(𝑅𝑛), and of the set of
functions from 𝑆. It follows from the following facts:
1) under an isomorphism, an everywhere dense set preserves the property

density; 2) mappings of the form (8) carry 𝑝 and 𝑆 into themselves; 3) 𝑝 and 𝑆
are dense in 𝐵𝑟

𝑝,𝜃, 𝑟 > 0, 1 ≤ 𝜃 < ∞ (1,3 ).
Remark 1. The density of 𝑆 in 𝐵𝑟

𝑝,𝜃 makes it possible effectively to find the
decomposition (5) for a given function 𝑓 . The point is that the construction of

̃𝑓𝑘(𝑥) is formally reduced to multiplying ̃𝑓 by the characteristic function 𝜒𝑘 of
the domain Γ𝑘, but within the framework of 𝑆′-distributions such multiplication
is not defined. However, on functions 𝜑 ∈ 𝑆, multiplication of 𝜑̃ by 𝜒𝑘 gives
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rise to an operator bounded in the metric of 𝐵𝑟
𝑝,𝜃. The closure of this operator

leads to a correct definition of ̃𝑓𝑘 from 𝑓 .
Let us also note that between the space (𝐵𝑟

𝑝,𝜃)∗, conjugate to 𝐵𝑝,𝜃, and the space
𝐵−𝑟

𝑝′,𝜃′ , 1/𝑝 + 1/𝑝′ = 1/𝜃 + 1/𝜃′ = 1, there exists an isomorphism established by
the formula

⟨𝑓, 𝑔⟩ =
∞

∑
𝑘=0

∫
𝑅𝑛

𝑓𝑘(𝑥)𝑔𝑘(𝑥) 𝑑𝑥.

4. We pass to the general case.

Definition 2. An 𝑆′-distribution 𝑓 belongs to the space 𝔅(r)
𝑝,𝜃, −∞ < 𝑟𝑗 < ∞,

𝑗 = 1, … , 𝑛, 1 < 𝑝 < ∞, 1 ≤ 𝜃 < ∞, if there exists an element ℎ ∈ 𝐵0
𝑝,𝜃 such

that

ℎ̃(𝜆) =
𝑛

∑
𝑗=1

(1 + 𝜆2
𝑗 )𝑟𝑗/2 ̃𝑓(𝜆).

For positive 𝑟𝑗, the space 𝔅(r)
𝑝,𝜃 coincides with 𝐵(r)

𝑝,𝜃 up to equivalence of norms,
if one sets {𝑓, 𝔅(r)

𝑝,𝜃} = {ℎ, 𝐵0
𝑝,𝜃}. The space 𝔅(𝑟,…,𝑟)

𝑝,𝜃 for 𝑟 < 0 is equivalent
to 𝐵𝑟

𝑝,𝜃. These assertions, as well as Theorem 3, are proved with the aid of
Theorem 5 on multipliers (see below) and estimates of trigonometric integrals
of Bernstein-inequality type.

All the spaces 𝔅(r)
𝑝,𝜃 with different r are isomorphic to one another by virtue

of the definition. Hence it follows that they are Banach spaces for arbitrary 𝑟𝑗.
The assertion on the density in 𝔅(r)

𝑝,𝜃 of the spaces 𝐶∞
0 , 𝑝, and 𝑆 is also preserved;

(𝔅(r)
𝑝,𝜃)∗ = 𝔅(−r). In the spaces 𝔅(r)

𝑝,𝜃, for fixed r and 𝜃, interpolation theorems of
Riesz and Marcinkiewicz type, known for the scale 𝐿𝑝, hold. A function Φ that
is a multiplier of type (𝐿𝑝, 𝐿𝑞) (see Theorem 5 and (8)) represents a multiplier
of type (𝔅(r)

𝑝,𝜃, 𝔅(r)
𝑞,𝜃).

5. Let us compare the spaces 𝐵(r)
𝑝,𝜃 with the spaces 𝐿𝑟

𝑝 (9), consisting of func-
tions 𝑓 ∈ 𝐿𝑝 whose generalized Liouville (with respect to the individual
variables) derivatives 𝜕𝑟𝑗𝑓/𝜕𝑥𝑟𝑗

𝑗 , 𝑗 = 1, … , 𝑛, belong to 𝐿𝑝. Recall that
the Liouville derivative 𝜕𝑠𝑓/𝜕𝑥𝑠

𝑗 of order 𝑠 of a function 𝑓 with respect to
the variable 𝑥𝑗 is formally defined by the equality 𝜕𝑠𝑓/𝜕𝑥𝑠 = (𝑖𝜆𝑗)𝑠 ̃𝑓(𝜆)
(see (9)); for integer 𝑠 this is the usual derivative. Recall also that for
integer 𝑟1 = ⋯ = 𝑟𝑛 = 𝑙 the space 𝐿(𝑙,…,𝑙)

𝑝 coincides with the Sobolev space
𝑊 (𝑙)

𝑝 (10).

Theorem 4. A function 𝑓 ∈ 𝐵(r)
𝑝,𝜃, 𝑟𝑗 > 0, if and only if 𝑓 ∈ 𝐵0

𝑝,𝜃; 𝜕𝑟𝑗𝑓/𝜕𝑥𝑟𝑗
𝑗 ∈

𝐵0
𝑝,𝜃, 𝑗 = 1, … , 𝑛. Moreover,
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{𝑓, 𝐵(r)
𝑝,𝜃} ∼ {𝑓, 𝐵𝑝,𝜃} +

𝑛
∑
𝑗=1

{𝜕𝑟𝑗𝑓
𝜕𝑥𝑟𝑗

𝑗
, 𝐵0

𝑝,𝜃} .

This proposition reveals the complete analogy in the construction of the spaces
𝐿𝑟

𝑝 and 𝐵(r): over the “zero”scale (𝐿𝑝, 𝐵) a “differentiable superstructure”is
erected. It is known (1,9 ) that, with respect to boundary embedding theorems,
the spaces 𝐿(r)

𝑝 and 𝐵(r)
𝑝,𝜃 behave differently. The question arises: what properties

of the zero scale ensure the closedness (in the sense of S. M. Nikol’skii (11)) of
the system of embedding theorems?

Finally, let us note the relations between 𝐿(𝑟)
𝑝 and 𝐵(𝑟)

𝑝,𝜃:

𝐿𝑝 ⊂ 𝐵(𝑟)
𝑝,𝜃 for max(𝑝, 2) ≤ 𝜃 < ∞,

𝐵(𝑟)
𝑝,𝜃 ⊂ 𝐿(𝑟)

𝑝 for 1 ≤ 𝜃 ≤ min(𝑝, 2).

These embeddings are not continuous; they are strict if 𝑝 and 𝜃 are different
from 2; 𝐿(𝑟)

2 = 𝐵(𝑟)
2,2.

6. It is useful to emphasize that the characterization of the spaces 𝐵(𝑟)
𝑝,𝜃 in

terms of the Fourier transform opens up new possibilities for their use in
applications (until now, the spaces used predominantly were

𝐵𝑟
𝑝,𝑝 = 𝐵𝑟

𝑝, and also 𝐵(𝑟1,…,𝑟𝑛)
2,2 ).

The equivalence relations between the different norms of 𝑓 (see (1–5)) and the
quantity {𝑓, 𝔅(𝑟)

𝑝,𝜃} may be interpreted as generalizations of Plancherel’s theorem
to Besov spaces. For example, on the basis of Theorem 2 we obtain, for 𝑛 = 1,
0 < 𝑟 ≤ 1,

∫
∞

−∞
∫

∞

−∞

∣𝑓(𝑥) − 2𝑓 ( 1
2 (𝑥 + 𝑦)) + 𝑓(𝑦)∣𝑝

|𝑥 − 𝑦|1+𝑝𝑟 𝑑𝑥 𝑑𝑦 ∼
∞

∑
𝑘=−∞

∥(𝑑𝑟𝑓
𝑑𝑥𝑟 )

2𝑘
∥

𝑝

𝐿𝑝

.

For 𝑝 = 2 this equivalence relation turns into the equality

∫
∞

−∞
∫

∞

−∞

∣𝑓(𝑥) − 2𝑓 ( 1
2 (𝑥 + 𝑦)) + 𝑓(𝑦)∣2

|𝑥 − 𝑦|1+2𝑟 𝑑𝑥 𝑑𝑦 = 𝐶(𝑟) ∫
∞

−∞
|𝜆|2𝑟| ̃𝑓(𝜆)|2 𝑑𝜆.

7. In conclusion we formulate a theorem on multipliers, which is also of in-
dependent interest.
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Theorem 5. Let the function Φ(𝜆) in any parallelepiped

𝑈𝑚{𝜆; 2𝑚𝑘 < |𝜆𝑘| ≤ 2𝑚𝑘+1, 𝑘 = 1, … , 𝑛}, 𝑚𝑘 = 0, ±1, ±2, … ,

be representable in the form

Φ(𝜆) = ∫
𝜆1

−∞
⋯ ∫

𝜆𝑛

−∞
𝑑𝜇𝑚, 𝜆 ∈ 𝑈𝑚, (8)

where 𝜇𝑚 are finite measures for which

sup
𝑚

var𝜇𝑚 = sup
𝑚

∫
𝑅𝑛

|𝑑𝜇𝑚| ≤ 𝑀.

Then the transformation 𝑇 ∶ 𝑓 → 𝑔, defined by the equality 𝑇 𝑓 = Φ(𝜆) ̃𝑓 = 𝑔, is
a bounded transformation from 𝐿𝑝(𝑅𝑛) into 𝐿𝑝(𝑅𝑛), 1 < 𝑝 < ∞.

A theorem on multipliers from 𝐿𝑝(𝑅𝑛) into 𝐿𝑞(𝑅𝑛), 𝑝 ≤ 𝑞, is formulated analo-
gously, with the representation (8) replaced by

Φ(𝜆) = ∫
𝜆1

−∞
⋯ ∫

𝜆𝑛

−∞

𝑑𝜇𝑚(𝑡1, … , 𝑡𝑛)
(𝜆1 − 𝑡1)𝛽 ⋯ (𝜆𝑛 − 𝑡𝑛)𝛽 , 𝛽 = 1

𝑝 − 1
𝑞 , 𝜆 ∈ 𝑈𝑚.

The indicated lacunary decomposition of 𝑅𝑛 into parallelepipeds allows shifts
and deformations.

The author expresses his gratitude to S. M. Nikol’skii for discussion of a number
of questions.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR
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