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MATHEMATICS
Yu. P. OREVKOV

A GENERALIZATION OF E. SKLYARENKO’ S
THEOREM

(Presented by Academician P. S. Aleksandrov on 20 I 1965)

This work is devoted to a generalization of the well-known theorem of Sklyarenko
(1) on the embedding of a normal space into a bicompactum of the same weight
and the same dimension (dim). The method of proof of E. G. Sklyarenko makes
it possible to prove that, for any countable (or finite) collection of “combinatorial”
properties® (see Definition 1) of a space X, there exists a bicompact extension
bX of the same weight as X, and with the same collection of “combinatorial”
properties (Theorem 1).

We have not been able to show that the property of being acyclic in dimensions
> n (see Definition 2) is combinatorial. Nevertheless (Theorem 2), for any
space X possessing a countable (or finite) collection of combinatorial properties,
there exists such a bicompact extension b.X of the same weight, with the same
collection of combinatorial properties and, moreover, acyclic in all dimensions
in which the space X is acyclic. Both of these theorems seem to be of interest
even for the classical case of spaces with a countable base.

Definition 1. Let B be a certain set of finite complexes. We shall say that a
normal space X has property ‘B if into every finite open cover of the space X
one can inscribe a (finite) open cover whose nerve belongs to the set 8. Every
property of a normal space equivalent to property B for some set B of finite
complexes will be called combinatorial.

The properties of a space X of having dimension not exceeding n (dim X <
n) and of having density < n (x(X) < n) are combinatorial. Similarly one
may introduce the following numerical characteristics x,(X). We shall say that
Xi(X) < n if into every finite open cover a of the space X one can inscribe
a finite open cover /8 such that x,(5) < n, where x,(5) < n means that the
number of elements of the cover 3 entering into the k-th star** of any element
of the cover 8 does not exceed n. By definition x(X) = x;(X). The property of
a space X of having a given weight 7 is not combinatorial, for the reason that
the Cech extension of the space X has weight greater than 7, while every finite
open cover of the space X extends to a similar cover of the extension SX (with
the same nerve), and every finite open cover of the extension X cuts on X a
similar cover.

Theorem 1. Let two countable (or finite) collections of combinatorial properties
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{B,.} and {B}} be given; then every normal space X of weight T, possessing
each property B, and possessing none of the properties B}, has a bicompact
extension bX of the same weight (as X), possessing all the properties B, and
possessing none of the properties ;..

The proof of Theorem 1 follows from the following lemmas.

* The definition of a combinatorial property was suggested to me by Yu. M.
Smirnov; however, the idea of notions of this kind is also encountered in a paper
of P. S. Aleksandrov (2).

** The k-th star of an element u of a cover « is the union of all such elements
v of the cover « that there exists a chain uq,...,u, (n < k), u; € a, uy = u,
Up =0, Uy N Uiyt ?é 0.

Lemma 1 (Sklyarenko ([1])). Let X be embedded in I (the Tikhonov cube).
On I7 there exists a uniform structure il such that it induces on X a structure
¥, having the following properties: a) the structure ¥; has cardinality 7; b) for
every cover « from ¥, there are only finitely many covers S from ¥; such that
B < a*

n

Lemma 2. There exist a cofinal part ¥’ of the uniform structure ¥; and a
system X of countable sequences of covers of the space X such that between X’
and X there is a one-to-one correspondence satisfying the following conditions:
1) if @/ is from ¥’ and {a;;} from X correspond to one another, then a;; is
star-refined into o’; 2) if &’ < ' (o, " € ¥’) in the sense of the order of the
uniform structure ¥, then for the corresponding sequences of covers from ¥ we
have a;; < *f,;; 3) the nerves of all covers a;; of the sequence {a,;} with fixed
index 7 belong to the family %5, and the sequence {a;;} is completely ordered
as follows:

aqq < *Aoq < *A 1o < *a31 < *Aoo < *a13 < *Ayq < k...

Proof. Consider the set S of all systems 7 of pairs of the form (a’, {a;;}),
where o’ € ¥y, a;; is star-refined into o, {a;;} satisfies condition 3), and if
(@' {a;}) € m, (B',{B;;}) € mand o’ < B, then a;; < *f;;. It is easy to
see that the set S is nonempty. It is partially ordered: m; < my if m; C m,.
Every ordered subset M of the set S is bounded above by the union of the
systems belonging to it. Therefore, by the Hausdorff-Zorn lemma, every system
of pairs from S is contained in some maximal system of pairs. Let 7" be a
maximal system of pairs. Denote by ¥’ the part of the uniform structure 3
through which the covers o’ of the system 7* range, and by ¥ the corresponding
system of sequences {al-j}. The systems X’ and ¥ are the desired ones. Indeed,
conditions 1)-3) are satisfied, and it remains only to prove that X’ is a cofinal
part of ¥,. Suppose the contrary, i.e., that in the structure ¥, there is a cover
~" for which no cover from ¥’ follows. In the system X’ there are only finitely
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many covers o, a?, ..., a" preceding the cover 7. Let v;; be a cover of property

5, star-refined into the cover
/ 1 2 n
Y Aay Aaip A Aagy,
where a’fl is from the sequences of covers {afj} corresponding to the covers ak/;
similarly, let v, be a cover of property B,, star-refined into the cover

Y1 A a%l NN agy,

and so on. Then to the system of pairs 7* one can adjoin the pair (7', {7;;}),
which contradicts the maximality of 7*. The lemma is proved.

Lemma 3. The totality of covers entering into the system X forms a uniform
structure o, compatible with the topology of X, satisfying the following condi-
tions: 1) o has cardinality 7; 2) for every property B, there is in o a cofinal
part consisting of covers whose nerves belong to B;.

Proof. From the construction of the system ¥ it is clear that conditions 1) and
2) are satisfied. Let us verify whether o forms a uniform structure. Indeed, for
every cover a € {a;;} from ¥ there is a cover from ¥ star-refined into it. Let
a; ;. € {a;} and B, ; € {B;;}; in the product ** o’ A B’, where the cover o
corresponds to {a,;}, and 8’ to {f;;}, there is 7" € ¥, and consequently a cover
Vi from the sequence {’yij}, corresponding to ', such that

Uiy <HFgjs Biyg, <¥Biggys
will be refined into a; ;N 51'2 j, The structure o is compatible with the topology
of the space X, since for any point z € X and any of its neighborhoods O, there

exists

* For covers « and 8 from X, we shall say that « follows from 5 (a > ) if and
only if, for the covers & and 5 from il inducing them, the cover & is refined
into 5, and covers induced by different covers of the bicompactum I7 will also
be regarded as different.

** o/ A is the cover formed by all possible sets of the form A N B, where
Aedod,Bep.

a cover «’ from X’ such that the star O x of the point & with respect to o’ is

contained in Oz, whence, for the cover a,;, Oaijx C Oz. The lemma is proved.
The bicompact extension bX corresponding to the structure ¢ has weight 7 and
possesses each property from the set {9, }; in order that it possess none of the
properties B}, it suffices to take a maximal system 7* such that it contains
some pair (o, {a;;}) satisfying the additional condition: into the cover a,; one

J
cannot insert any cover whose nerve belongs to the set %;.

Corollary. Let X be a normal space of weight 7, dim X = n, x,(X) = n,.
Then there exists a bicompact extension bX of the same weight, of the same
dimension, and such that x,(X) = x;,(bX) for all k.
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Indeed, the space X has the combinatorial properties dim X < n, x,(X) < ny
and does not have the properties dim X < n — 1, x,(X) < ng, — 1, i.e., the
conditions of Theorem 1 are fulfilled.

Definition 2 (see (3), p. 78). The degree of V-cyclicity no(X) of the space X
with respect to the given coefficient group G is the greatest integer n such that
HJ(X) # 0, where HZ(X) is the n-dimensional cohomology group of the space
X, defined by finite covers.

Theorem 2. Let X be a normal space of weight 7. There exists a bicompact
extension bX such that the weight of bX is 7 and, for any coefficient group G,

ng(bX) = ng(X)*.

As in the proof of Theorem 1, we shall first prove some lemmas.

Lemma 4. Let {G,} be a countable (or finite) set of groups, each group G,
consisting of at most countably many elements, Ne, (X) = n;. Then, for any
sequence of finite open covers {a;a; < ayyq}, one can construct a sequence of
finite open covers {ﬂj} satisfying the conditions: B; < xfB;,1, a; < *B;, and, for
any group G,

lim HE (B.) = 0**

{ 18.0%)
for alln >mn,.

Proof. Since each group G, is countable, for any finite cover « the group
H¢, (a) consists of at most countably many elements hy, (G;). If ng, (X) = n;,
then for n > n;

lim H (a) =0,

fo} 7
where {a} is the set of all finite open covers; i.e., for any two elements hy, ,(G;),
h%,(G;) there is an element A%, (G,) into which they pass under the homomor-
phisms H (a) — HE (v), H2 (8) — HE (7).
Take for 8, any cover star-refined into «;; for 35, one such that it is star-refined
into B, A oy, and the elements hg:l(Gl) and hgll:l(Gl), under the homo-
morphism Hgllﬂ(ﬁl) — Hgll+1(52), pass into one element, and the elements

1 1 . g+l 1

hgff (Gy), hgf: (G5), under the homomorphism Hgé+ (B) — Hg?r (B,), also

pass into one and the same element of the group H, gzﬂ(ﬁz). Further, by induc-
tion, there exists a cover 3;, star-refined into the cover 3; ; A a; and such that,
for the groups Gy, ..., G, the elements

itV n;+v n;+v
h hg' ™", . Ry
Bur 7 Buz 27 By

pass under the homomorphisms

HE(8,) — HE ™ (8;)
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n;+v

into one element h ﬂ;r (G,) for all v < j and p < j. The sequence of covers thus

constructed satisfies the required conditions.

In the following two lemmas it is assumed that the coefficient groups G, belong
to the set {G,} discussed in Lemma 4.

*If ne(X) = oo, then bX will also have infinite degree of V-cyclicity with respect to the coefficient group G.

** Hg(B;) is the n-dimensional cohomology group of the nerve of the cover 3; with coefficient group G.

Lemma 5. There exists a cofinal part ¥ of the uniform structure ¥; and a
system Y of countable sequences of coverings of the space X such that between
3 and ¥ there is a one-to-one correspondence satisfying the following conditions:
1) if o’ from X%’ and {«;} from X correspond to each other, then ay > o’; 2) if
o < B, a8 €%, in the sense of the order of the uniform structure ¥, then
for the corresponding sequences {a;} and {;} we have a; < x3;; 3) if {a,} € ¥,
then a; < *ay < -, and for every group G,

lim HJ (a;) =0
{aj} ‘

for all n > n,;.
The proof of this lemma largely repeats the arguments of Lemma 2.

Lemma 6. The collection of coverings entering the system ¥ forms a uni-
form structure o, compatible with the topology of X, satisfying the following
conditions: 1) ¢ has cardinality 7; 2) if G € {G,}, then

lim H2(o) = 0

aco

for all n > ng(X).

Proof. We prove assertion 2). Indeed, let
hgpu € Hi(ay,), hgqy € H&(B,)-
There is a v, € {7;} € ¥ such that

a,, < *7,, By < *Vps

and since

lim H”(v,) = 0,
{’Yj} G(’Y])
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there is a 7; for which the homomorphisms

Hg(ay) = He(v,) = He(w),  Hg(B,) = He(v,) — He(n),

send the elements hg}p pand hj  into one and the same element A7 . The proof
aq
of the remaining assertions is analogous to Lemma 3.

Proof of Theorem 2. The bicompact extension bX, corresponding to the
structure o, satisfies the conditions

e, (0X) < ng, (X) = n;.

In order that 7, bX) = Ne, (X) = n;, it is necessary to choose the system 7*
so that it contains a sequence of coverings {a;} for the nerves of which, in the
corresponding groups H (), there would be nonequivalent elements. This can
be achieved, since

HY (X) 0.

It remains now for us to make use of the results of M. F. Bokshtein (see (3),
Chap. 2), according to which there exists a countable set of groups, each of
which is countable, and such that the degree of V-cyclicity with respect to any
group of coefficients is uniquely determined by the degrees of V-cyclicity with
respect to groups of coefficients from this set.

Remark. The coverings entering the system ¥ could have been chosen not from
the set of all finite open coverings, but from any of its cofinal parts. Moreover,
for a given countable set of combinatorial properties {%,}, the sequence {3, }
mentioned in Lemma 4 can be constructed so that for any property ‘B, in {Bj}
there is an infinite subsequence of coverings whose nerves belong to B, i.e.,
Theorem 2 can be formulated as follows:

Theorem 1’. For every normal space X possessing a countable set of combina-
torial properties {8, }, there exists a bicompact extension bX of the same weight,
with the same set of properties and such that, for any group of coefficients G,

Ne(X) = ng(bX).
In conclusion I express my gratitude to Yu. M. Smirnov for his attention to my
work.

Received
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