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Abstract
Full Text

Mathematics
I. N. Pak

On the Properties of Sums of Certain Sine and
Cosine Series
(Presented by Academician V. I. Smirnov, 21 I 1965)

There exists a sine series 𝑆(𝑥) = ∑∞
𝑛=1 𝑏𝑛 sin 𝑛𝑥 with 𝑏𝑛 > 𝑏𝑛+1 > 0 and 𝑏𝑛 → 0

such that 𝑆(𝑥) < 0 in (𝜋−𝑙, 𝜋), 𝑙 > 0. On the other hand, by Fejér’s theorem (1),
𝑆(𝑥) > 0 on (0, 𝜋) if Δ2𝑏𝑛 ≥ 0 (𝑛 = 1, 2, …) and 𝑏𝑛 → 0 (𝑏1 ≠ 0). In (4) it was
established that 𝑆(𝑥) ≥ 0 on (0, 𝜋) if 𝑏𝑛 ↓ 0 and 𝛽𝑛 = Δ2𝑏𝑛 + Δ2𝑏𝑛+2 + ⋯ ≥ 0
(𝑛 = 1, 2, …); if at least one of the numbers 𝛽1 and 𝛽2 is positive, then 𝑆(𝑥) > 0
on (0, 𝜋), and a positive lower bound for 𝑆(𝑥) on (0, 𝜋) is given. These results
are generalized in the following theorem.

Theorem 1. Let 𝑏𝑛 ↓ 0 and

𝛽𝑛 = Δ2𝑏𝑛 + Δ2𝑏𝑛+2 + Δ2𝑏𝑛+4 + ⋯ ≥ 0
(𝑛 = 1, 2, …). Denote by {𝛽𝑛𝑘

} (𝑘 = 1, 2, …) the subsequence formed from
all positive elements of the sequence {𝛽𝑛}, preserving the former values of the
indices 𝑛. Then the sum

𝑆(𝑥) =
∞

∑
𝑛=1

𝑏𝑛 sin 𝑛𝑥 ≥ 0

and vanishes on (0, 𝜋) at exactly those points which are common zeros of the
system of functions

{sin 𝑛𝑘
2 𝑥} (𝑘 = 1, 2, …). (1)

The numbers 𝛽𝑛 cannot all be equal to zero if 𝑏1 ≠ 0. Clearly, the system (1)
has no common zeros on (0, 𝜋) if at least one of the numbers 𝛽1 or 𝛽2 is positive,
since in this case, respectively, sin 𝑥/2 or sin 𝑥 has no zeros on (0, 𝜋). The
numbers 𝛽1 and 𝛽2 cannot simultaneously be equal to zero if 𝑏𝑛 → 0, Δ2𝑏𝑛 ≥ 0,
and 𝑆(𝑥) ≠ 0.

We note that there exists a sine series whose coefficients satisfy the conditions
of Theorem 1, and whose sum vanishes at a point lying inside the interval (0, 𝜋).
The proof of Theorem 1 is based on the representation

𝑆(𝑥) = 2 ctg (𝑥
2 )

∞
∑
𝑘=1

𝛽𝑛 sin2 (𝑛𝑘
2 𝑥) , (2)

sovietrxiv.org/items/ru-196501.50799 Machine Translation

https://sovietrxiv.org/items/ru-196501.50799


which is derived from formula (5) (5).
If 𝛽𝑛 ≥ 0 for 𝑛 ≥ 𝑁 + 1, then for any 𝑚 ≥ 𝑁 and 0 < 𝑥 < 𝜋 it is true that

𝑆(𝑥) ≥ 2 ctg (𝑥
2 )

𝑚
∑
𝑛=1

𝛽𝑛 sin2 (𝑛
2 𝑥) . (3)

Let, for example, 𝑏𝑛 = 1/𝑛2. Then all 𝛽𝑛 > 0. For definiteness, putting 𝑚 = 2
in (3), we obtain:

∞
∑
𝑛=1

sin 𝑛𝑥
𝑛2 > (𝜋2

6 − 1) sin 𝑥 + (7 − 2
3𝜋2) sin 𝑥 cos2 (𝑥

2 ) , 0 < 𝑥 < 𝜋.

Consider the cosine series 𝐶1(𝑥) = ∑∞
𝑛=1 𝑎𝑛 cos(2𝑛 − 1)𝑥 (it may diverge at

𝑥 = 0). The function 𝐶1(𝑥) is even; moreover, 𝐶1(𝑥) = −𝐶1(𝜋 − 𝑥). Therefore
it suffices to study 𝐶1(𝑥) for 0 < 𝑥 < 𝜋/2. If Δ3𝑎𝑛 ⩾ 0 (𝑛 = 1, 2, …) and
𝑎𝑛 → 0, then it is known (1) that 𝐶1(𝑥) > 0 on (0, 𝜋/2). (Moreover, 𝐶1(𝑥)
decreases monotonically on (0, 𝜋/2).) On the other hand, there exists a cosine
series ∑∞

𝑛=1 𝑎𝑛 cos(2𝑛 − 1)𝑥 with Δ2𝑎𝑛 ⩾ 0 and 𝑎𝑛 → 0, whose sum 𝐶1(𝑥) < 0
on (𝜋/2 − 𝜀, 𝜋), 𝜀 > 0. In (6) it was established that 𝐶1(𝑥) ⩾ 0 on (0, 𝜋/2), if
𝑎𝑛 ↓ 0 and
Δ3𝑎𝑛 + Δ3𝑎𝑛+2 + Δ3𝑎𝑛+4 + ⋯ ⩾ 0 (𝑛 = 1, 2, …).
In Theorem 2 these results are generalized.

Theorem 2. Let 𝑎𝑛 ↓ 0 and

𝛼𝑛 = Δ3𝑎𝑛 + Δ3𝑎𝑛+2 + Δ3𝑎𝑛+4 + ⋯ ⩾ 0

(𝑛 = 1, 2, …). Denote by {𝑎𝑛𝑘
} (𝑘 = 1, 2, …) the subsequence consisting of all

positive elements of {𝑎𝑛}, with the former values of the indices 𝑛 preserved.
Then the sum 𝐶1(𝑥) = ∑∞

𝑛=1 𝑎𝑛 cos(2𝑛−

−1)𝑥 ⩾ 0

and vanishes on (0, 𝜋/2) at those and only those points which are common zeros
of the system

{sin 𝑛𝑘𝑥} (𝑘 = 1, 2, …). (4)

In particular, if at least one of the numbers 𝛼1 or 𝛼2 is positive, then the system
(4) has no common zeros on (0, 𝜋/2), since neither sin 𝑥 nor sin 2𝑥 has zeros on
(0, 𝜋/2). The numbers 𝛼1 and 𝛼2 cannot vanish simultaneously if Δ3𝑎𝑛 ⩾ 0
(𝑛 = 1, 2, …), 𝑎𝑛 → 0, and 𝐶1(𝑥) ≠ 0.

Theorem 2 is proved on the basis of the transformation

𝐶1(𝑥) = cos 𝑥
∞

∑
𝑘=1

𝛼𝑛𝑘

sin2(𝑛𝑘𝑥)
sin2 𝑥

. (5)
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Theorem 3. If 𝑎𝑛 → 0, Δ2𝑎𝑛 ⩾ 0,

𝑝𝑛 =
∞

∑
𝑘=1

(𝑘 + 1)Δ4𝑎𝑛+2𝑘 ⩾ 0

for 𝑛 ⩾ 𝑁 + 1, then for any integer 𝑚 ⩾ 𝑁

𝐶(𝑥) ⩾ 𝐶(𝜋) + 2 ctg2 (𝑥
2 )

𝑚
∑
𝑛=1

𝑝𝑛 sin2 (𝑛
2 𝑥) , (6)

where
𝐶(𝑥) = 𝑎0

2 +
∞

∑
𝑛=1

𝑎𝑛 cos 𝑛𝑥.

If 𝑚 = ∞, then (6) becomes an equality.

The proof of Theorem 3 is based on the transformation

𝐶(𝑥) = 𝐶(𝜋) + ctg (𝑥
2 )

∞
∑
𝑛=1

Δ𝑑𝑛 sin 𝑛𝑥,

where Δ𝑑𝑛 = Δ2𝑎𝑛 + Δ2𝑎𝑛+2 + ⋯ (5), with the use of (3).

The conditions of Theorem 3 are certainly fulfilled if 𝑎𝑛 ↓ 0 and

Δ4𝑎𝑛 + Δ4𝑎𝑛+2 + Δ4𝑎𝑛+4 + ⋯ ⩾ 0

(𝑛 ⩾ 𝑁 + 1).
Let 𝑁 = 0. Then 𝑝𝑛 ⩾ 0 (𝑛 = 1, 2, …). If 𝐶(𝑥) ≠ const, then not all 𝑝𝑛 can
be equal to zero. In this case 𝐶(𝑥) attains its least value at the points 𝑥 = 𝜋
(mod 2𝜋). Consequently, 𝐶(𝑥) ⩾ 𝐶(𝜋). This result is known (1), but under
stronger restrictions: Δ4𝑎𝑛 ⩾ 0 (𝑛 = 1, 2, …) and 𝑎𝑛 → 0.

It is known (3) that 𝐶(𝑥) ⩾ 0, if Δ2𝑎𝑛 ⩾ 0 (𝑛 = 0, 1, 2, …) and 𝑎𝑛 → 0. Under
the conditions of Theorem 3 (for 𝑁 = 0) it turns out that 𝐶(𝑥) ⩾ 0 also for

Δ2𝑎0 < 0, but nevertheless it must be that
Δ2𝑎0 > −(Δ2𝑎2 + Δ2𝑎4 + Δ2𝑎6 + …) (the expression in parentheses is positive,
if the case 𝑎𝑛 ≡ 0 (𝑛 = 2, 3, …) is excluded).

Remark. Let 𝑎𝑛 → 0, Δ2𝑎𝑛 ⩾ 0, and 𝑝𝑛 ⩾ 0 for 𝑛 = 2, 3, …. Then, for any
integer 𝑘 ⩾ 1,

𝐶(𝑥) ⩽ 𝐶(𝜋) + ctg (𝑥
2 )

∞
∑
𝑛=1

Δ𝑎𝑛 sin 𝑛𝑥 − 2 ctg2 (𝑥
2 )

𝑘
∑
𝑛=1

𝑝𝑛+1 sin2 (𝑛
2 𝑥) .

If 𝑘 = ∞, then this inequality becomes an equality.
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Theorem 4. If 𝑏𝑛 → 0 and Δ2𝑏𝑛 ⩾ 0 for 𝑛 ⩾ 𝑁 + 1, then for any integer
𝑚 ⩾ 𝑁 and 0 < 𝑥 < 𝜋,

𝑆1(𝑥) ⩾ 𝑏1
2 sin 𝑥 + 1

2 sin 𝑥
𝑚

∑
𝑛=1

(Δ2𝑏𝑛 + 4𝛽𝑛+1 cos2 𝑥) sin2(𝑛𝑥), (7)

where

𝑆1(𝑥) =
∞

∑
𝑛=1

𝑏𝑛 sin(2𝑛 − 1)𝑥 and 𝛽𝑛+1 = Δ2𝑏𝑛+1 + Δ2𝑏𝑛+3 + Δ2𝑏𝑛+5 + …

If 𝑚 = ∞, then (7) becomes an equality.

For example, putting 𝑚 = 1 in (7), we find

𝑆1(𝑥) ⩾ 𝑏1
2 sin 𝑥 + 1

2 (Δ2𝑏1 + 4𝛽2 cos2 𝑥) sin 𝑥 (0 ⩽ 𝑥 ⩽ 𝜋).
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