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There exists a sine series S(x) = Zzozl b, sinnx with b, >b,,; >0andb, — 0
such that S(x) < 0in (7—I,7), 1 > 0. On the other hand, by Fejér’s theorem (1),
S(z) >0 on (0,7) if A%b, >0 (n=1,2,...) and b,, — 0 (b; # 0). In (%) it was
established that S(z) > 0 on (0,7) if b, | 0 and 8, = A%b,, + A%b, .5+ >0
(n=1,2,...); if at least one of the numbers 3, and S, is positive, then S(z) > 0
on (0,7), and a positive lower bound for S(z) on (0, ) is given. These results
are generalized in the following theorem.

Theorem 1. Let b, | 0 and
B =A%, + A%, o+ A%,y + >0

(n = 1,2,...). Denote by {8, } (k = 1,2,...) the subsequence formed from
all positive elements of the sequence {5,,}, preserving the former values of the
indices n. Then the sum

S(x) = an sinnxz > 0
n=1

and vanishes on (0,7) at exactly those points which are common zeros of the
system of functions

{sin%x} (k=1,2,..). (1)

The numbers 3, cannot all be equal to zero if b; # 0. Clearly, the system (1)
has no common zeros on (0, 7) if at least one of the numbers 3, or (3, is positive,
since in this case, respectively, sinz/2 or sinz has no zeros on (0,7). The
numbers 3; and 3, cannot simultaneously be equal to zero if b, — 0, A%, > 0,
and S(z) # 0.

We note that there exists a sine series whose coeflicients satisfy the conditions
of Theorem 1, and whose sum vanishes at a point lying inside the interval (0, ).

The proof of Theorem 1 is based on the representation

S(x) =2ctg (g) iﬁn sin” (%z) , (2)

k=1
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which is derived from formula (5) (°).

If 5, > 0 for n > N + 1, then for any m > N and 0 < z < 7 it is true that
S(z) >2ctg( )Zﬂ sin (fx> (3)

Let, for example, b, = 1/n?. Then all 3, > 0. For definiteness, putting m = 2
in (3), we obtain:

0o . 2 9
ZSH;L# > (7;1) sinzx + (7—§7r2) sin  cos? (g), 0<z<m.

n=1

Consider the cosine series C,(z) = Zn L @, cos(2n — D)z (it may diverge at
x = 0). The function C,(z) is even; moreover, C, () = —C; (7 — x). Therefore
it suffices to study Cy(z) for 0 < x < 7/2. If A%a, > 0 (n = 1,2,...) and
a, — 0, then it is known (1) that C}(z) > 0 on (0,7/2). (Moreover, C,(x)
decreases monotonically on (0,7/2).) On the other hand, there exists a cosine
series Z:;l a,, cos(2n — 1)x with A%a,, > 0 and a,, — 0, whose sum C;(z) < 0
on (1/2 —¢,m), € > 0. In (°) it was established that C;(x) > 0 on (0,7/2), if
a, | 0 and

Ada, +Na, o+ 2Na,  +2>0(n=12..).

In Theorem 2 these results are generalized.

Theorem 2. Let a,, | 0 and
Q, = Aga'n + A3an+2 + ASCL”+4 +o 2z 0

(n =1,2,...). Denote by {ank_} (k= 1,2,...) the subsequence consisting of all
positive elements of {a, }, with the former values of the indices n preserved.

Then the sum C,(z) = ZZ.;1 a,, cos(2n—

-1z >0

and vanishes on (0,7/2) at those and only those points which are common zeros
of the system

{sinn,, } (k=1,2,...). (4)

In particular, if at least one of the numbers a; or o, is positive, then the system
(4) has no common zeros on (0, 7/2), since neither sinz nor sin 2z has zeros on
(0,7/2). The numbers «; and ay cannot vanish simultaneously if A%a, > 0
(n=1,2,..), a, — 0, and C;(x) # 0.

Theorem 2 is proved on the basis of the transformation

sin®(ny,)
Cy(z) = costankfm (5)

o sin” x
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Theorem 3. If a,, — 0, A%a,, >0,

o0

Po=Y (k+1)A%, 5 >0
k=1

for n > N + 1, then for any integer m > N
> 2 (% a2 (P
C(x) > C(m) + 2ctg (2);pnsm (2x), (6)
where

o0
C(z) = % + Zan COS NT.
n=1

If m = oo, then (6) becomes an equality.

The proof of Theorem 3 is based on the transformation
C(z) =C(m) —|—ctg( ) ZAd sinnx,

where Ad,, = A%a, + A%a,, 5+ - (), with the use of (3).

The conditions of Theorem 3 are certainly fulfilled if a,, | 0 and
A4an + A4an+2 + A4an-‘r4 +20

(n>N+1).

Let N =0. Thenp, > 0 (n = 1,2,...). If C(x) # const, then not all p, can
be equal to zero. In this case C(x) attains its least value at the points © = 7
(mod 27). Consequently, C(x) > C(n). This result is known (!), but under
stronger restrictions: Aa,, >0 (n=1,2,...) and a,, — 0.

It is known (3) that C(x) > 0, if A%a, >0 (n=0,1,2,...) and a,, — 0. Under
the conditions of Theorem 3 (for N =0) it turns out that C(z) > 0 also for

)

A?q < 0, but nevertheless it must be that
A%ay > —(A%ay + A%a, + A%ag + ...) (the expression in parentheses is positive,
if the case a,, =0 (n = 2,3, ...) is excluded).

Remark. Let a, — 0, A%a, > 0, and p,, > 0 for n = 2,3,.... Then, for any
integer k > 1

C(z) < C(m) + ctg (g) iAan sinnx — 2ctg? (g) ipnﬂ sin? (gx) .

n=1

If £ = oo, then this inequality becomes an equality.
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Theorem 4. If b, — 0 and A2bn > 0 for n > N + 1, then for any integer
m>2Nand 0 <z <m,

by . G .
Si@) 2 51 smr 2sinx 7; (A%, + 48, cos? ) sin® (na), (7)

where

S (z) = Z b,sin(2n— 1)z and B, = A%, + A%, 5+ A%, 5+ ...
n=1
If m = oo, then (7) becomes an equality.

For example, putting m = 1 in (7), we find

b 1
Sy (x) > 51 sinz + 3 (A%b) + 4B,y cos’z)sinz (0 <z < 7).
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