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We consider the question of the existence and the question of the absence of
eigenfunctions of the boundary-value problem

Au+Mf(u) =0,  ulp=0, (1)

where A is the Laplace operator and f(0) = 0. The bounded domain G of
n-dimensional Euclidean space has boundary I' € Cj ;.

In the case n = 2, the existence of eigenfunctions of problem (1), under certain
conditions on the function f(u), was proved in works (}2). These results are
strengthened in Theorem 3. In the case n > 2, the existence of eigenfunctions
of problem (1) was proved for monotone and “concave” functions, or functions
close to them, f(u), in (3).

Put

F(u) = /0 £(t) dt.

Theorem 1. Let n > 2, and suppose there exists a function v(x) € W3 (G) for
which

/F(v)dxzu#o.
G
Let the function f(u) from C, , satisfy the condition
|f(w)| < A+ Blu|™,  m<(n+2)/(n—2), (2)

where A and B are arbitrary constants.

Then the boundary-value problem (1) has an eigenfunction p(x) € Cy(G)NCH(G)
and

/G Flp)dz = p
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We give the scheme of the proof. Consider the variational problem of finding
the minimum of the functional

£ = [ S (D) de

1=1

in the class of functions (z) € W} (G), under the condition

/G F(y)dz = pu.

Under these conditions, by inequality 2, the functional E(v), as is known (%),
has inf E(¢)) =1 > 0, and a minimizing sequence of the functional E(¢) contains
a subsequence {1, } converging strongly in the space L,(G), (¢ < 2n/(n — 2)),
to a function (z), for which we have

/ byt da — / f@pdr ask - oo / F(p)dz = p.
G G G

The limiting function o(z) belongs to W (G), and E(p) = I. To prove these
facts it suffices to use the theorem of S. L. Sobolev (4 p. 42) and the weak
compactness in W3 (G) of the sequence {¢; }, bounded in W} (G).

The function ¢(x) satisfies the integral identity

[ fowpde: [ 3 Do Dedr—E@) [ fogdr=0 @
G G i=1 G

with respect to functions &(z) € Wi (G).

For the function ¢(x) the inequality

/ F()] de 40 (4)
G

holds.

This inequality is proved on the basis of Green’ s formula

n/GF(n)der/Gf(n)i;xwindw:0,

valid for essentially bounded functions n(z) € Wi(GQ).
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From inequality (4) and relation (3) it follows that fG fl@)pdx # 0. Denoting

AZM@/éﬂ@wm

we rewrite relation (3) in the form

[ D¢ Dede—» [ fioigas=o. (5)
G i=1 G

Choosing as the function £(z) in this relation a smoothly truncated Green func-
tion K_(z,y) corresponding to zero boundary values, and passing to the limit,
we obtain

M®=ALK@wﬁM@My (6)

This equation, which is satisfied by the function ¢(z) € W} (G), holds almost
everywhere.

Using embedding theorems and successively applying the properties of integrals
of potential type, taking inequality (2) into account, from equation (6) we obtain
the assertion of the theorem.

Remark. As shown below, under the conditions of the theorem the exponent
m cannot be replaced by m > (n+2)/(n —2).

Theorem 2. Suppose the conditions of Theorem 1 are satisfied. Then the
boundary-value problem (1) has a continuum of eigenfunctions

¢'(z) € Co(G) N Cy(G),
and

[ Fede =,
G

where u’ is any number sufficiently close to p.

For the proof it is enough to note that, by virtue of inequality (4), for the
function p(z) € W3 (G) obtained above, there exists a function &y(z) € W3 (G)
such that

/f@ﬁﬂx#Q
G

Consequently, the equation

/F(s@+€§o)dm=u’
G
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is solvable with respect to ¢ for any p’ sufficiently close to p.
Before turning to the case n = 2, we formulate a lemma.

Lemma 1. For n = 2 there is a completely continuous embedding of W3 (G)
into the Orlicz space Ly;(G) corresponding to the Young function

M (u) = [ufbeV,

where b > 1, ¢ > 0 are arbitrary constants and a is any quantity satisfying the
condition 0 < a < 2.

* More precisely, into the subspace E,;(G), which is the closure in the norm of L,;(G) of the set of bounded

Theorem 3. Let n = 2, and suppose there exists a function v(x) € Wi(G)
such that

/F(v)daz:u#o.
(€]
Let the function f(u) from Cj , satisfy the condition

|[f(w)] < A+ BlufPec",

where a < 2; A, B, b, c are arbitrary constants. Then the boundary-value prob-
lem (1) has an eigenfunction

p(r) € Cyo(G) N Cy(G),

and moreover

/G F(g)do =

The proof of this theorem is analogous to the proof of Theorem 1, if one uses
Lemma 1 and the continuity condition for the Nemytskii operator in the Orlicz
space (1).

Remark. The assertion of Theorem 2 is valid under the conditions of Theorem
3.

A sufficient criterion for the absence of eigenfunctions (in the class of real func-
tions) of the boundary-value problem (1) is established on the basis of the
following lemma.
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Lemma 2. Let u(z) be a solution of the boundary-value problem (1), belonging
to the class

W2(G)NCy(G), T eC,

Then for the function u(z) the formula

AnéF(u)dm+ 2;nA/(;f(u)udx: ;/Fu?j(r-ﬁ)ds. (7)

holds.

Here (r - ) is the scalar product of the unit outward normal n to the boundary
I' and r, the radius vector of the boundary point with respect to some fixed
point of Gj u,, is the derivative in the direction of the normal ¥.

To prove this formula it suffices to apply the Gauss-Ostrogradsky formula

/diVPd{E:/PVdS
G r

to the function

P(z) = meiu grad u

i=1

and to use Green’ s formula

/G Zn:(Diu)Qda: = /G uf(u) d. ®)

i=1

For a domain G € (' 4, star-shaped with respect to some point ((r-2) >0
almost everywhere on I'), from Lemma 2 we obtain a sufficient condition for the
absence of eigenfunctions of problem (1) when f(u) € Cy .

Let

A {n2;2uf(u) — F(u)] >0 foru=#0.

Then there is no eigenfunction ¢(z) € W2(G) N Cy(G) of problem (1).
We note that the sign of A coincides with the sign of the integral

éuf(u) dx
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by virtue of formula (8).

In the case f(u) > 0 for u > 0 we obtain a sufficient criterion for the absence of
positive eigenfunctions of problem (1) when f(u) € Cy .

Let

n—2
2n

uf(u) — F(u) >0 for u>0.

Then there is no positive eigenfunction ¢(x) € W2(G) N Cy(G) of problem (1).

Example. The boundary-value problem

Au+ AMu|™ =0, ulp =0

in a domain G € C, star-shaped with respect to a point has no eigenfunction

u(z) € Co(G) N Cy(G) for m > (n+2)/(n—2), n > 2.

Suppose the contrary. Put u(x) = kv(z), where k = [A|=(™ Dsign X\ (X # 0).
Then the function v(z) satisfies the equation Av + |v[™ = 0 and v|p = 0. By
the maximum principle the function v(z) > 0 and, consequently, satisfies the

equation Av 4 v™ = 0. The function v(z), of class Cy(G) N Cy(G), by virtue of
the equation belongs to W3(G) and

/vvlz, ds # 0,

T

since

/vyds:—/vmd:c<0
T G

by the assumption. Applying formula (7) to the function f(v) =v™ and A =1,
we obtain a contradiction.
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