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In this paper the notion of periods of 2-closed forms with respect to cycles of
a manifold is introduced. Results generalizing the well-known theorems of de
Rham and Hodge (see (379)) are established in terms of periods. The concept
of a period is of important significance in a number of questions connected with
A-harmonic fields and forms, in particular in the consideration of A-harmonic
fields with singularities.

1. Let M be a real analytic compact Riemannian space of dimension n (without
boundary), on which analytic tensors a}l’""z“ (g =0,...,m), contravariant in the
upper indices and covariant in the lower one, are given. We define operators 2A?
(p =0,...,n — 1), taking forms of degree p into forms of degree p + 1, by the
formula

p+1 )

m .
P — _1y-1 - . .—E ARELE VRN v
(A 04)1@1,..‘,1%+1 = E (=1 Akyakl,.,.,ky,...,kml’ Aj=) a Vi, Vi,
v=1 q=0

Here V, is the symbol of covariant differentiation. The indices on the forms
o, AP indicate that the corresponding components of the forms are meant;
iy ykys ..k q is obtained from ky, ..., k, by deleting k,. In A; summation

over repeated indices is carried out. We also define

AP = (AP)'AP + AP~ (APTLY,
where (AP)” is metrically adjoint to AP (see (4)). It is assumed that A% is an
elliptic operator and the A; commute.

A form « is called 2(-closed if 2l = 0; S is called 2-homologous to zero if there
exists on M such a form ~ that Ay = S. A form ¢ is called A-harmonic if
Ap = 0; 1 is called an A-harmonic field if () = 0, A’ = 0.

The following generalized de Rham theorem holds.

Theorem 1. The quotient group Hy (M) of the group of A-closed forms of
degree p by the subgroup of A-homologous-to-zero forms of degree p is isomorphic
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to [HP (M, R)]M, where HP (9N, R) is the p-dimensional cohomology group of the
space M with real coefficients. M is the number of linearly independent A -closed
forms of degree zero.

2. Here forms f3,(u,?;), fundamental for what follows, will be introduced and
an assumption concerning them will be formulated.

Let

Q[*p — *(91 nfp)/*fl

(with respect to the operator x, see (4)). On 90 there exist M linearly indepen-
dent solutions of the equation A*%v = 0, and also of the equation A% = 0. We
denote these solutions respectively by

~ ~ ~

Uiy eer s Upgsy Upy ooy Upg-

Lemma 1. There exist forms (,(u,?;) (1 < j < M) of degree p (0 < p < n)
such that for all u of degree p the relations hold

B (u,0;) = u- 0 Bpi1(APu, v;) = dB,(u,0;)  (p <n).
Here the coefficients ﬁp(ﬂ,vj) are bilinear differential expressions with respect
to u, ¥; (d is the exterior differential).

Let S, . i €1 <7Tpg <&y be a geodesic ring with center at an arbitrary point

P € M. By Theorem 1 the group Hy *(S

-, ,) has M generators i, ..., Uy,
We shall assume that

det HBU” # 0, (/Bi,j)jj\il # (0,...,0),

where B, ; are given by the formula

/ Br—1(u;, ) (e1 <e<ey)

Tp,Q=¢
and do not depend on ¢, while 3; ; are numbers on 9 equal to By (i;, 9;)-

3. Let K be some simplicial decomposition (see (3)) of the manifold 9. In-
troduce the mapping B, of the set of all forms of degree p on 9 into the
set of chains of the complex K:

Ben) = T 0rhon {en )= [ g eni)
Or

Cr
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The following theorem is of fundamental importance:

Theorem 2. The operator By = (B,p)M, establishes the isomorphism formu-
lated in Theorem 1.

It is now possible to introduce

Definition. The periods of an 2-closed form ¢ with respect to a cycle Z of
the manifold 9% are the numbers {¢, Z},, 1 <i < M.

4. On the basis of the results of item 3, the following theorems are established:

Theorem 3. An 2-closed form with zero periods with respect to all cycles of
the manifold is 2(-homologous to zero.

Let Zf (j =1,...,8) be p-dimensional cycles no linear combination of which is
homologous to zero. Then:

Theorem 4. There exists an 2A-closed form having arbitrary prescribed periods
with respect to the cycles Z7.

Theorem 5. There exists an A-harmonic form having arbitrary prescribed
periods with respect to the cycles Zf . The latter is uniquely determined if s is
equal to the p-th Betti number.

In the case of the operator 2 coinciding with the operator of exterior differen-
tiation, Theorems 3 and 4 were obtained by de Rham (°), and Theorem 5 is
known as Hodge’ s theorem (*°).

5. In conclusion we indicate analogues of Theorems 3 and 4 for the case
of differential forms with fixed carrier. These results are needed in the
consideration of A-harmonic fields and forms on a manifold with boundary

(cf. (12)).

We shall denote the carrier of the form ¢ by ¢. Let R be an n-dimensional sub-
space of 91 with boundary B, and let RY be a basis of the relative p-dimensional
cycles of R (mod 9B). The relative periods of the form ¢ (¢ C R) are the
numbers {p, R}'} ;. B

Theorem 3’. An 2A-closed form ¢ (p C R) with zero relative periods is repre-

sentable in the form ¢ = Ay (¢ CR).

Theorem 4’. There exists an 2A-closed form 6 (6§ C R) having arbitrary pre-
scribed relative periods.
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