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Abstract
Full Text

F. D. BERKOVICH
ON AN INTEGRAL EQUATION ON THE HALF-AXIS
IN A CLASS OF FUNCTIONS GROWING AT INFINITY
(Presented by Academician N. I. Muskhelishvili, 29 VI 1964)

In the author’s papers (6𝑎,𝑏) an infinite system of linear algebraic equations
was considered in certain classes of growing sequences. The present work is
devoted to transferring the results of the aforementioned papers to the continual
analogue of this system—the integral equation of the form

𝜑(𝑥) + ∫
∞

0
[𝑎(𝑥 − 𝑡) + 𝑏(𝑥 + 𝑡)]𝜑(𝑡) 𝑑𝑡 = 𝑓(𝑥) (0 ≤ 𝑥 < ∞) (1)

in the class of functions growing at infinity.

§ 1. Denote by ℒ⟨𝛼⟩ the normed ring (with convolution as multiplication) of
complex-valued functions 𝑎(𝑥) such that

‖𝑎‖𝐿⟨𝛼⟩ = ∫
∞

−∞
|𝑎(𝑥)|𝛼(𝑥) 𝑑𝑥 < ∞,

where 𝛼(𝑥) is a continuous nondecreasing function satisfying the conditions

𝛼(𝑥 + 𝑡) ≤ 𝛼(𝑥)𝛼(𝑡); 𝛼(𝑥) ≥ 1; lim
|𝑥|→∞

ln𝛼(𝑥)
𝑥 = 0. (2)

In the ring ℒ⟨𝛼⟩ there are two subrings ℒ⟨𝛼⟩
+ and ℒ⟨𝛼⟩

− , consisting of those func-
tions 𝑎(𝑥) from ℒ⟨𝛼⟩ for which 𝑎(𝑥) ≡ 0 when 𝑥 < 0, respectively 𝑎(𝑥) ≡ 0 when
𝑥 > 0.
Next, by 𝑀 ⟨𝛼⟩ denote the space conjugate to ℒ⟨𝛼⟩. It consists of measurable
functions 𝑓(𝑥) for which almost everywhere on the axis the inequality |𝑓(𝑥)| ≤
𝑐𝑓𝛼(𝑥) holds.

Analogously to ℒ⟨𝛼⟩
± , the spaces 𝑀 ⟨𝛼⟩

± are introduced.

The ring of functions 𝑎(𝑥) ∈ ℒ⟨𝛼⟩ is isomorphic (see (5)) to the ring 𝑉 ⟨𝛼⟩
0 of their

Fourier transforms 𝐴(𝑥)∗,

𝐴(𝑥) = ∫
∞

−∞
𝑎(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡.
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The ring obtained by extending 𝑉 ⟨𝛼⟩
0 through adjoining constants to it will be

denoted by 𝑉 ⟨𝛼⟩. The rings 𝑉 ⟨𝛼⟩
+ and 𝑉 ⟨𝛼⟩

− are introduced analogously.

We shall also consider the space (𝑉 ⟨𝛼⟩
0 )∗, conjugate to 𝑉 ⟨𝛼⟩

0 , the space of linear
continuous functionals—generalized functions (g.f.) 𝐹(𝑥), defined on the space
𝑉 ⟨𝛼⟩

0 . The g.f. 𝐹(𝑥) is defined as the generalized Fourier transform of a function
𝑓(𝑥) ∈ 𝑀 ⟨𝛼⟩, given by the formula:

(𝐹(𝑥), 𝐴(𝑥)) = 2𝜋 ∫
∞

−∞
𝑓(𝑡)𝑎(−𝑡) 𝑑𝑡.

*
The properties of the function 𝐴(𝑥) ∈ 𝑉 ⟨𝛼⟩

0 depend on the weight 𝛼(𝑥); for
example, when 𝛼(𝑥) = (1 + |𝑥|)𝑠, 𝑠 > 0 an integer, 𝐴(𝑥) will be 𝑠 times continu-
ously differentiable, and 𝐴(𝑥) and its derivatives up to order 𝑠 vanish at infinity.
Examples of other 𝛼(𝑥) satisfying conditions (2) are given in (10).
We shall call the generalized function 𝐹 +(𝑥) (𝐹 −(𝑥)) a generalized function of
plus (minus) type (3), if it is the generalized Fourier transform of a function
𝜑(𝑥) ∈ 𝑀 ⟨𝛼⟩

+ (𝑀 ⟨𝛼⟩
− ).

It is not difficult to prove that a functional 𝐹(𝑥) is a generalized function of
plus (minus) type if and only if it vanishes on all basic functions 𝐴+(𝑥) ∈ 𝑉 ⟨𝛼⟩

0+
(𝐴−(𝑥) ∈ 𝑉 ⟨𝛼⟩

0− ), i.e. (𝐹(𝑥), 𝐴+(𝑥)) = 0 ((𝐹(𝑥), 𝐴−(𝑥)) = 0).
§ 2. Consider the operators

𝐴𝜑 = ∫
∞

0
𝑎(𝑥 − 𝑡)𝜑(𝑡) 𝑑𝑡, 𝐵𝜑 = ∫

∞

0
𝑏(𝑥 + 𝑡)𝜑(𝑡) 𝑑𝑡 (0 ≤ 𝑥 < ∞).

For the operators 𝐴 and 𝐵 the following theorems hold:

Theorem 1. Suppose 𝑎(𝑥) ∈ ℒ⟨𝛼⟩ and the condition

1 + 𝐴(𝑥) = 1 + ∫
∞

−∞
𝑎(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡 ≠ 0 (−∞ ≤ 𝑥 ≤ ∞); (3)

is satisfied. Then the operator 𝐼 + 𝐴 (𝐼 is the identity operator) is a Φ-operator
in the space 𝑀 ⟨𝛼⟩

+ , and its index∗ 𝜘(𝐴) is computed by the formula

𝜘(𝐴) = − Ind[1 + 𝐴(𝑥)] = − 1
2𝜋𝑖 ∫

∞

−∞
𝑑 ln[1 + 𝐴(𝑥)].

For the proof it suffices (see (4)) to show that the Φ-operator is the operator
𝐴∗,

𝐴∗𝜓 = ∫
∞

0
𝑎(𝑡 − 𝑥)𝜓(𝑡) 𝑑𝑡,
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in the space ℒ⟨𝛼⟩
+ , for which the operator 𝐴 is the adjoint. The proof of the

latter fact rests on the Wiener—Levy theorem for the ring of functions 𝑉 ⟨𝛼⟩ (5)
and the solution of the problem of linear conjugation (the Riemann problem) in
this ring (1,2,11,12).
Theorem 2. Suppose 𝑏(𝑥) ∈ ℒ⟨𝛼⟩; then the operator 𝐵 is completely continuous
in the spaces ℒ⟨𝛼⟩

+ and 𝑀 ⟨𝛼⟩
+ .

We shall consider equation (1) under the assumption that 𝑎(𝑥), 𝑏(𝑥) ∈ ℒ⟨𝛼⟩, and
𝑓(𝑥) and 𝜑(𝑥) ∈ 𝑀 ⟨𝛼⟩

+ . Using the operator notation, we rewrite (1) in the form
(𝐼 + 𝐴 + 𝐵)𝜑 = 𝑓 (𝜑, 𝑓 ∈ 𝑀 ⟨𝛼⟩

+ ).
Henceforth we shall everywhere assume that condition (3) is satisfied. Then
from Theorems 1 and 2 it follows (see (4)) that 𝐼 + 𝐴 + 𝐵 is also a Φ-operator,
and its index coincides with the index of the operator 𝐼 + 𝐴.

Thus, we arrive at general theorems for equation (1).

Theorem 3. Let 𝑚 be the number of solutions of the homogeneous equation
(1), and 𝑚∗ the number of solutions of the equation

𝜓(𝑥) + ∫
∞

0
[𝑎(𝑡 − 𝑥) + 𝑏(𝑥 + 𝑡)]𝜓(𝑡) 𝑑𝑡 = 0 (0 ≤ 𝑥 < ∞), (4)

for which equation (1) is the adjoint. Then the numbers 𝑚 and 𝑚∗ are finite,
and for their difference the formula

𝑚 − 𝑚∗ = 𝜘(𝐴)

holds.

Theorem 4. For solvability of the nonhomogeneous equation (1) in the space
𝑀 ⟨𝛼⟩

+ , it is necessary and sufficient that the conditions

∫
∞

0
𝑓(𝑥)𝜓𝑗(𝑥) 𝑑𝑥 = 0 (𝑗 = 1, 2, … , 𝑚∗), (5)

be satisfied, where {𝜓𝑗(𝑥)} is the totality of solutions from ℒ⟨𝛼⟩
+ of equation (4).

∗ The definition of a Φ-operator and its index is given in (4).

From Theorems 3–4 and property (2) of the weight 𝛼(𝑥) it follows:

Theorem 5. The homogeneous equation (1) in the class 𝑀 ⟨𝛼⟩
+ has no solutions

other than solutions from the ring ℒ⟨𝛼⟩, to which the kernels 𝑎(𝑥) and 𝑏(𝑥)
belong.

§ 3. Passing in equation (1) to generalized Fourier transforms, we arrive at the
problem:
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Find a generalized function of plus type Φ+(𝑥) and a generalized function of
minus type Φ−(𝑥) from the relation*:

Φ+(𝑥)[1 + 𝐴(𝑥)] + Φ+(−𝑥)𝐵(𝑥) = Φ−(𝑥) + 𝐹(𝑥), (6)

where 𝐴(𝑥), 𝐵(𝑥) ∈ 𝑉 ⟨𝛼⟩
0 , and 𝐹(𝑥) ∈ (𝑉 ⟨𝛼⟩

0 )∗.

Equation (4) is equivalent to the boundary-value problem:

Ψ+(𝑥)[1 + 𝐴(−𝑥)] + Ψ+(−𝑥)𝐵(𝑥) = Ψ−(𝑥) (−∞ < 𝑥 < ∞), (7)

where Ψ±(𝑥) ∈ 𝑉 ⟨𝛼⟩
0± .

Problems (6) and (7) reduce to the Carleman problem for a pair of functions and
therefore, generally speaking, are not solved in closed form (6𝑎,𝑏,7). Therefore
the further study of equation (1) is carried out under additional conditions on
𝑎(𝑥) and 𝑏(𝑥).
§ 4, 1. Let 𝑎(𝑥) and 𝑏(𝑥) satisfy the conditions:

𝐴(−𝑥) = 𝐴(𝑥), |1 + 𝐴(𝑥)| > |𝐵(𝑥)| (−∞ ≤ 𝑥 ≤ ∞); (8)

then the following holds:

Theorem 6. If 𝜘(𝐴) > 0, then the homogeneous equation (1) has 𝑚 = 𝜘(𝐴) > 0
solutions, and the nonhomogeneous equation is unconditionally solvable (𝑚∗ =
0). If 𝜘(𝐴) ≤ 0, then 𝑚 = 0, and the nonhomogeneous equation (1) is uniquely
solvable only when 𝑚∗ = |𝜘(𝐴)| conditions (5) are fulfilled.

The proof of Theorem 6 is based on Lemmas 1 and 2.

Lemma 1. Suppose the first condition (8) is fulfilled. Then the function
1 + 𝐴(−𝑥) is representable in the form 1 + 𝐴(−𝑥) = 𝑋−(𝑥)[𝑋+(𝑥)]−1, 𝑋±(𝑥) ∈
𝑉 ⟨𝛼⟩

± , where 𝑋(𝑧) is the canonical function of the homogeneous Riemann problem

𝜔+(𝑥)[1 + 𝐴(−𝑥)] = 𝜔−(𝑥) (−∞ < 𝑥 < ∞), (9)

and
|𝑋+(−𝑥)| = |𝑋+(𝑥)| (−∞ ≤ 𝑥 ≤ ∞).

Lemma 2. Suppose condition (8) is fulfilled. Then for 𝜘(𝐴) ≥ 0 the problem
(7) has no nontrivial solutions in the class ℒ2(−∞, ∞).
Proof**. Assuming that in the boundary condition (7) Ψ±(𝑥) ∈ ℒ2

±, by the
substitution

Ψ(𝑧)𝑋−1(𝑧) = 1
2𝜋𝑖 ∫

∞

−∞

𝑔(𝑡)
𝑡 − 𝑧 𝑑𝑡,

where 𝑋(𝑧) is the canonical function of the Riemann problem (9), and 𝑔(𝑡) ∈ ℒ2,
the boundary condition (7) can be given the form of the equation

𝑔(𝑥) = − 𝐵(𝑥)
1 + 𝐴(−𝑥)

𝑋+(−𝑥)
𝑋+(𝑥) [1

2𝑔(−𝑥) + 1
2𝜋𝑖 ∫

∞

−∞

𝑔(𝑡)
𝑡 + 𝑥 𝑑𝑡] , (10)
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which may be regarded as an operator equation.

Applying Lemma 1, condition (8), and observing that the norm of the singular
operator 𝑆,

𝑆𝑔 = 1
𝜋𝑖 ∫

∞

−∞

𝑔(𝑡) 𝑑𝑡
𝑡 − 𝑥 ,

is equal to one in the space ℒ2, we obtain that the operator on the right-
hand side of (10) will be a contraction operator. Therefore, by the contraction
mapping principle, equation (10) (and hence problem (7)) has no nontrivial
solutions in ℒ2.

* The product of a generalized function 𝐹(𝑥) by the base 𝐵(𝑥) is defined by
the rule

(𝐹(𝑥)𝐵(𝑥), 𝐴(𝑥)) = (𝐹(𝑥), 𝐵(𝑥)𝐴(𝑥)).

** The proof of Lemma 2 is analogous to the method of B. V. Boyarskii (8).
The proof of Theorem 6 is now obtained if one takes into account that, in
the classes ℒ+2 and ℒ⟨𝛼⟩

+ , the homogeneous equations (1) and (4), by Theorem
5, have the same solutions, and that the index of the coefficient at Φ+(𝑥) in
problem (6) differs in sign from the index of the Riemann problem (9).

2. If the Fourier transforms of the kernels 𝑎(𝑥) and 𝑏(𝑥) are connected by
the dependence

[1 + 𝐴(𝑥)][1 + 𝐴(−𝑥)] = [1 + 𝐵(𝑥)][1 + 𝐵(−𝑥)] ≠ 0 (11)

(−∞ ≤ 𝑥 ≤ ∞),

then the solution of equation (1) is found effectively; moreover, the following
holds.

Theorem 7. Denote

𝜘± = Ind𝐺±(𝑥) = ± Ind[1 + 𝐵(𝑥)] − Ind[1 + 𝐴(𝑥)],

𝜘′
± is the number 1

2 𝜘±, if 𝜘± is even, and 1
2 (𝜘± + 1), if 𝜘± is odd. Then: 1) if

𝜘± ≥ 0, then 𝑚 = 𝜘(𝐴) > 0, 𝑚∗ = 0; 2) if 𝜘± < 0, then 𝑚 = 0, 𝑚∗ = |𝜘(𝐴)|;
3) if 𝜘− < 0, 𝜘+ > 0, then 𝑚 = 𝜘′

+ for even 𝜘+ and 𝑚 = 𝜘′
+ − 1 for odd 𝜘+,

while 𝑚∗ is respectively equal to |𝜘−| and |𝜘′
−| + 1; 4) if 𝜘− > 0, 𝜘+ < 0, then

𝑚 = 𝜘′
− −𝑟 (𝑚 = 𝜘′

− −1− ̃𝑟 for odd 𝜘−), and 𝑚∗ = −𝜘′
+ −𝑟 (𝑚∗ = −𝜘′

+ −1− ̃𝑟),
where 𝑟 ( ̃𝑟) is the rank of a matrix whose elements are explicitly expressed in
terms of 𝐴(𝑥) and 𝐵(𝑥).
Let us note that the proof of Theorem 7 is based on the properties of the
Carleman problems in the class o.f. (𝑉 ⟨𝛼⟩

0 )∗:
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Φ−(−𝑥) = 𝐺−(𝑥)Φ−(𝑥) + 𝐺−(𝑥)𝐹(𝑥) − 𝐹(−𝑥),

Φ+(𝑥) = −𝐺+(𝑥)Φ+(−𝑥) + [𝐹(𝑥) + Φ−(𝑥)][1 + 𝐴(𝑥)]−1,

to which problem (6) is equivalent under condition (11) (see (6a, c)).
3. We shall say that a function 𝐴(𝑥) ∈ 𝑉 ⟨𝛼⟩ possesses property Γ+ (see [9])

if it is representable in the form 𝑃(𝑥)/𝑄(𝑥), where 𝑃(𝑥), 𝑄(𝑥) ∈ 𝑉 ⟨𝛼⟩
+ and

are nonzero for −∞ ≤ 𝑥 ≤ ∞. Let us note that all rational functions from
𝑉 possess property Γ+.

An effective solution of problem (6) (equation (1)) is possible under the following
conditions*:

1∘. When the kernel 𝑏(𝑥) of equation (1), given only for 𝑥 ≥ 0, is continued by
zero to 𝑥 < 0, the function

𝑇 (𝑥) = [1 + 𝐴(𝑥)][1 + 𝐴(−𝑥)] − [𝑎 + 𝐵(𝑥)][𝑎 + 𝐵(−𝑥)]

(𝑎 ≠ 1 is an arbitrary number) possesses property Γ+.

2∘. For some continuation of 𝑏(𝑥), the function 𝑎 + 𝐵(𝑥) ≠ 0 for −∞ ≤ 𝑥 ≤ ∞,
and the function

𝑇 (𝑥)[𝑎 + 𝐵(𝑥)]−1

possesses property Γ+.

Let us note that in cases 1∘, 2∘ problem (6) is equivalent to a Riemann problem in
the class o.f. (𝑉 ⟨𝛼⟩)∗ and to some additional conditions. However, in contrast to
§ 4, 2, an exact count of the number of solutions and of the solvability conditions
of equation (1), as in Theorem 7, is impossible.

Novocherkassk Polytechnic Institute
named after Sergo Ordzhonikidze
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