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Denote by 7 the cardinality of the continuum, and by E7 the direct product of
a continuum of unit intervals with the usual Lebesgue measure on them. In this
note we consider conditions under which a space with measure is isomorphic to
E".

Let F be a space with measure m, defined on a g-algebra of measurable sets,
such that the following conditions are satisfied:

1) mE =1;

2) if A C B, where B € Q and mB =0, then A € Q.

The metric weight of the space E is the least of the cardinal numbers A for
which there exists a system B of cardinality A of measurable sets such that, for
every measurable set A, there is a countable sequence A, A,,..., A,,, ... of sets
from B for which

m((ANA,)U(ANA,))—0.

The space F is called homogeneous if every measurable subset of it of positive
measure, considered as a space with measure, has metric weight equal to the
metric weight of the space E.

The exact weight of the space E is the least of the cardinal numbers A\ for
which there exists a system 3 of cardinality A of measurable sets such that:

a) every measurable set A has the form

A= AU A2,
where A! belongs to the smallest o-algebra H containing 3, and A2 C B, where
B e H and mB = 0;

b) for any two points of E there is a set in ¥ containing one point and not
containing the other. A system X having properties a) and b) and having
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cardinality equal to the exact weight of the space will be called a basis of
E.

A space isomorphic to E™ must satisfy, in addition to 1) and 2), the following
conditions:

3) the space E is homogeneous;

4) the metric weight of E is equal to the exact weight of F and is equal to 7.
Finally, the last condition is as follows:

5) there exists a class ® = {F} of subsets of the space E satisfying the
requirements:

a) every centered countable sequence of sets from ® has a nonempty inter-
section;

b) the intersection of a countable number of sets from @, if it is nonempty,
belongs to ®;

¢) each set from ® has cardinality 27;

d) for every measurable set A of positive measure, set

mA= sup myp,
Fe®, FCA
where
myp = sup mbB.
FeQ, BCF

There exists an example of a space with measure that is not isomorphic to the
space E', but satisfies conditions 1)—4) and the compactness condition of the
measure in the sense of Marczewski (1), which consists in the fact that in F
there exists a class ® satisfying requirements a), b), and d) of condition 5.

This example can also be made so that the class ® will satisfy requirements a),
¢), and d), but will not satisfy requirement b).

Theorem. A space with measure satisfying conditions 1)—5) is isomorphic to
the space E*.

Proof. For a system R of sets, denote by ((R) the partition of the space E,
every element of which either is contained in, or has nonempty intersection
with, every set from R, and for any two elements of ((R) there is a set from R
containing one element and not containing the other.

We shall call a o-algebra R C ) Lebesgue if the quotient space with respect
to the partition ((R) is isomorphic to the unit interval with Lebesgue measure.
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Let R be a Lebesgue o-algebra, X7, a basis of the quotient space with respect
to the partition ((R), and X5 the system of sets that are inverse images of sets
from 7% under the mapping T () (T¢ is the mapping of E onto E/(, sending
each point of E to that element of the partition ¢ in which it is contained).

Construct a countable algebra 9B of measurable sets such that:
a) Xp C B;

b) for every set A € 9B of positive measure and every € > 0, there is a B € B
such that B C A, m(A\ B) < ¢, and there exists a set F' € ® for which
BCFCA.

Denote by S(R) the smallest o-algebra containing 9. It is easy to see that
almost all elements of the partition ((S(R)) belong to ®.

Take some basis ¥ of the space E and arrange the sets from ¥ into a transfinite
sequence

Now take some Lebesgue o-algebra R’ containing Z;, and construct S; = S(R).
Put S’ = S, and for all A < w_ construct Lebesgue o-algebras S* such that:

a) if X < )\, then S c S*";
b Z)\ S S)\,
c

d

almost all elements of the partition ¢(S*) belong to ®;

)
)
)
) every element of the partition

1T ¢esm,
F<A

belonging to ®, contains a continuum of elements of the partition ¢(S™);

e) there exists a null set M, € S* which intersects each element of the
partition

I ¢esm,

<A

having cardinality 27, in a set of cardinality 27.

We shall now use the following proposition, which is a slight generalization of
one lemma from (?). Let ¢; and (, be two measurable partitions of a Lebesgue
space, whose product is the partition into points. Then there exists a measurable
partition ¢} = (, (mod 0) such that the product ¢; x 5 is the partition into
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points, and every element of {; having a continuum of points has a nonempty
intersection with every element of (3.

With the aid of this proposition, for each A we construct a Lebesgue o-algebra
S, C S* such that every element of the partition belonging to ®

IT¢tsm

F<A

has nonempty intersection with each element of ¢(S}).

Let us now take the space E, whose points are all possible sequences of elements
of the partitions ((5}),

(M =ch..,cM.., A<w

T

one taken from each partition. Having defined, for arbitrary sets,

1’21/1 — {(C>\> . CAl C Al c S/\1}7..., Z = {(CA) : C)‘n C A" c S)\"}7

n

(7)== ()

and continuing in the usual way, we define a measure in E. In (2) it is shown
that the measure space so defined is isomorphic to the space E7. Therefore it
remains only to prove that the space F is isomorphic to the space E. We shall
construct an isomorphic mapping of E onto E as follows. Let M* be the sum of
all elements of the partition ¢(S*) not belonging to ®. Let ¢, be some element
of the partition ¢(.S;) having cardinality 27. We define

M(D:MlUClUCO, M()\):MAUM)\UCA, N)\M(A)\<U M(,w)
F<A

Now define

N,\ = {(c*) ﬂ c® € Ny}

a<

and denote by U, a one-to-one mapping of N, onto N. , under which, for any
element c¢ of the partition
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1T ¢esm,

F<A

having nonempty intersection with N,

U, (CNNy) ={(c) : m ¢ =c}NN,.

a<A
The mapping of the space E onto E which coincides on each N \ with U, is an
isomorphic mapping of FE onto E.
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