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A Probabilistic Description of the Random Pro-
cess of Motion of a Rarefied Gas
(Presented by Academician L. I. Sedov, 24 XI 1964)

At the present time, for rarefied gases there are well-known (see, for example,
(1–3)) kinetic equations from which one determines the densities 𝑓𝑖 of the math-
ematical expectation of the number of particles in the phase space (r, v) of
coordinates and velocities. Equally well known are (4, 5) formulations of prob-
lems on determining the densities of the mathematical expectations 𝑓𝑖(r, v, 𝑡).
However, an exhaustive description of the random process of motion of a rar-
efied gas is not completed by finding the functions 𝑓𝑖, and for the description
of this random process it is also necessary to construct a number of probability-
distribution densities.

The purpose of the present work is to indicate a certain necessary set of proba-
bility densities, to give formulas for their calculation, and thereby to supplement
the description of the random processes of motion of rarefied gases.

In order not to distract attention with secondary difficulties, in the present work
we have in mind a simple gas consisting of structureless particles. The transfer of
the results obtained to gas mixtures of particles with internal degrees of freedom
presents no difficulty.

1. Let us first consider a homogeneous gas and denote by 𝑃𝑛(𝑉 ) the prob-
ability of detecting 𝑛 particles of this gas in a volume 𝑉 . Under the
assumptions, natural for a rarefied gas, of independence of random events,
to determine the functions 𝑃𝑛(𝑉 ) we have the system of recurrence equa-
tions

𝑃𝑛(𝑉1 + 𝑉2) =
𝑛

∑
𝑖=0

𝑃𝑛−𝑖(𝑉1)𝑃𝑖(𝑉2). (1)

The functions 𝑃𝑛(𝑉 ) must satisfy the natural conditions

𝑃0(0) ≠ 0; (2)

lim
𝑉 →0

𝑃𝑛(𝑉 )/𝑉 𝑛 < ∞; (3)

sovietrxiv.org/items/ru-196501.45853 Machine Translation

https://sovietrxiv.org/items/ru-196501.45853


∞
∑
𝑛=0

𝑃𝑛(𝑉 ) = 1. (4)

Under conditions (2), (3), and (4), the solution of the system of functional
equations (1) exists, is unique, and has the form

𝑃𝑛(𝑉 ) = (𝜇𝑉 )𝑛

𝑛! 𝑒−𝜇𝑉 . (5)

The constant 𝜇 in (5) has the meaning of the mean volume density of the number
of particles.

2. For the Poisson distribution (5) the addition theorem is well known. There-
fore the passage from formulas (5) for a homogeneous gas to more general
formulas for an inhomogeneous gas is carried out without any difficulty.
If 𝜇(r, 𝑡) is the density of the mathematical expectation of the number of
particles

in an inhomogeneous gas, then from (5) for an inhomogeneous gas we obtain
the formulas

𝑃𝑛(𝑉 ) = exp ⎡
⎢
⎣

− ∭
(𝑉 )

𝜇 𝑑𝑉 ⎤
⎥
⎦

⎛⎜⎜
⎝

∭
(𝑉 )

𝜇 𝑑𝑉 ⎞⎟⎟
⎠

𝑛

/𝑛!. (6)

3. From formula (6) (since they are suitable for all volumes), by simple
reasoning we obtain formulas for the densities of the distribution of
the coordinates of 𝑛 gas particles in the volume 𝑉 . For the density
𝜑𝑛(r1, r2, … , r𝑛, 𝑡 ∣ 𝑉 ) we obtain the formula

𝜑𝑛(r1, r2, … , r𝑛, 𝑡 ∣ 𝑉 ) = exp ⎡
⎢
⎣

− ∭
(𝑉 )

𝜇 𝑑𝑉 ⎤
⎥
⎦

𝑛
∏
𝑖=0

𝜇(r𝑖, 𝑡)/𝑛!. (7)

From (7), obviously, (6) follows immediately if the corresponding integration is
carried out.

It is also essential that the probability densities found pertain to the volume
𝑉 . From (7) we see that universal probability densities of the distribution of
coordinates (without specifying the volume 𝑉 ) do not exist.

4. Let us introduce into consideration the function 𝜈(r, v, 𝑡) of the velocity
distribution of a gas particle that is certainly located at the point with
radius vector r at the time 𝑡.
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We shall have

∭
+∞

−∞
𝜈(r, v, 𝑡) 𝑑𝜔 = 1, (8)

where 𝑑𝜔 is the volume element in velocity space. Let us also introduce into
consideration the density of the mathematical expectation of the number of
particles 𝑓(r, v, 𝑡) in the phase space (r, v) of coordinates and velocities.

We have

𝑓(r, v, 𝑡) = 𝜇(r, 𝑡)𝜈(r, v, 𝑡). (9)

From (9) and (8) follow the formulas

𝜇(r, 𝑡) = ∭
+∞

−∞
𝑓(r, v, 𝑡) 𝑑𝜔, (10)

𝜈(r, v, 𝑡) = 𝑓(r, v, 𝑡)/ ∭
+∞

−∞
𝑓(r, v, 𝑡) 𝑑𝜔, (11)

which make it possible to find the two functions 𝜇(r, 𝑡) and 𝜈(r, v, 𝑡), if only one
distribution function 𝑓(r, v, 𝑡) is known.

5. Formulas (7) make it possible (under obvious assumptions of indepen-
dence) to write formulas for the densities

𝜋𝑛(r1, r2, … , r𝑛, v1, v2, … , v𝑛, 𝑡 ∣ 𝑉 ) (12)

of the joint distribution of the coordinates of 𝑛 gas particles in the spatial volume
𝑉 and their velocities in the entire velocity space.

Obviously, we have

𝜋𝑛(r1, r2, … , r𝑛, v1, … , v𝑛, 𝑡 ∣ 𝑉 ) =

= exp ⎡
⎢
⎣

− ∭
(𝑉 )

𝜇 𝑑𝑉 ⎤
⎥
⎦

𝑛
∏
𝑖=1

𝜇(r𝑖, 𝑡)𝜈(r𝑖, v𝑖, 𝑡)/𝑛!. (13)

Using (9) and (10), we can express all the densities 𝜋𝑛 through only one distri-
bution function 𝑓 . Obviously, we have
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𝜋𝑛(r1, … , v𝑛, 𝑡 ∣ 𝑉 ) = exp ⎡
⎢
⎣

− ∭
(𝑉 )

∭
+∞

−∞
𝑓(r, v, 𝑡) 𝑑𝑉 𝑑𝜔⎤

⎥
⎦

𝑛
∏
𝑖=1

𝑓(r𝑖, v𝑖, 𝑡)/𝑛!.

(14)

Formulas (14), written for 𝑛 = 1, 2, … , 𝑘, …, give, in a certain sense, an exhaus-
tive probabilistic description of the random process of motion of a rarefied gas, if
the distribution function 𝑓(r, v, 𝑡) is known. These formulas, in particular, make
it possible to solve all questions concerning the determination of the probability
distributions of the values of aggregate quantities of interest to the physicist
and the aerodynamicist, such, for example, as density, amount of motion, or
energy. If formulas (14) are used for homogeneous gases, they give probabilis-
tic characteristics that somewhat supplement the known results of statistical
physics. Naturally, for large volumes, by virtue of the limit theorems of prob-
ability theory, we return to the usual results of statistical physics concerning
mean quantities.

The distribution function entering formulas (14) should be sought as the solu-
tion of the corresponding kinetic equation. In the case of a mixture of gases
with internal degrees of freedom, one should deal with a system of distribution
functions 𝑓𝑖.
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