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ON THE THEORY OF GENERALIZED ALMOST-
PERIODIC SEQUENCES

(Presented by Academician I. G. Petrovskii, March 26, 1965)

In the present note we study sequences that are almost periodic with respect to
generalized shift operators generated by ultraspherical polynomials. The main
result of the note consists in obtaining Parseval’ s equality for such sequences.

Let PY(xz), n = 0,1,2,...; v > 1, be polynomials orthogonal on the interval

[—1, 1] with weight dQ = (1 — 2?)*~'/2dx, normalized by the condition P¥(1) =
1.

Then (1)
1 5n

GG

1 Wy,
where

, vi+nT(n+2v) oy
“nT Ty r2v)n! O(n™)-

Let

PY(x)P}(x) = Cyjn Py ().
n=0

The quantities C;,w;, can be written explicitly (?); in particular, Crjn # 0 if
k+j+mnis even and max(k, j,n) < o, where 20 = k+ j+n; otherwise Cijn = 0.

We shall consider sequences x,. such that |z,.| < a/+/w?~1, where a is a constant.

Definition of an almost-periodic (a.p.) sequence. A sequence z,. is called
almost periodic with respect to the matrix Cj, if the family of generalized
shifts
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r=0

is compact in the sense of uniform convergence.

The basic properties of a.p. sequences were studied by B. M. Levitan in (3%).
For a.p. sequences with respect to generalized shift operators (g.s.0.) generated
by arbitrary orthogonal polynomials, he proved Parseval’ s equality only for a
folded sequence. In the present note it is shown that, in the case of ultraspherical

polynomials, Parseval’ s equality holds already for the a.p. sequence itself.

For sequences z,.,y,., define the scalar product

Ny—1
{xr’ y’l"} = lim N ngryr’
N}, —o0 k o
Introduce the Fourier coefficients for x,.:
N1 PY(x)
A= lim — E T, —— W
J T T
Ny—oo Ny 15 a;
where
| Nl
2
2 : v v
of = lim — g Pr(z;)) w
J N —o0 Nk =0 ( T( j)> "

(N}, is some unboundedly increasing sequence of integers) (see (3)).

Theorem. If z, is an a.p. sequence, then Parseval s equality holds
{z,,2,} = ZA?
J

The proof of this theorem is based on a lemma, which will be proved below.

Let 7 be the transition matrix from the polynomials P)'(x) to the Chebyshev
polynomials T, ():

T,(z) = PPPY(x)

P

(the summation is finite), and let

sovietrxiv.org/items/ru-196501.44717 Machine Translation


https://sovietrxiv.org/items/ru-196501.44717

o0
Tqu = Z apqu,,.
r=0

Then (4)
apq’r‘ = Z Blgﬁéckjnwza;GV
k.j.n

where o is the matrix inverse to g;:
naAr _ fn
E :arﬁm - 5m'
T

The order of summation over k, j,n, in view of the finiteness of the summation
for fixed p, ¢, 7, is immaterial.

For ultraspherical polynomials the asymptotic formula holds ((5) in other nota-
tion)

PY =csin " 9\/(,?{005[(7“ +v)0+ ]+ (rsinf)tO(1)}; (1)

¢ is a certain constant; v = 7/2 — v.

The estimate of the remainder term is uniform on [c;7~ 1,7 — ¢;771], ¢; a con-
stant.

Lemma. If |z,| <ay/wy ™, then Zp |82 |z,| < A for v > 1, v nonintegral.

Proof. Using the orthogonality of P¥(z), PY(x) on [—1, 1], we have

" v .\ v _ " v . v o 2v .
Bf?:/o Pp(cosQ)TT.deQ—/O P} (cos 0) cos(r) wy sin™ 6 do;

pEyJwy = /0 Py(cosf) cos(rf)/wy sin®” 6 do.

We shall use the asymptotic formula (1) and represent (82, /w;’1 in the form

—1

P ™
v T i 2V v T a2V
/0 B} (cos ) cos(r) \/wy sin™ 6 df + /_ . P¥(cos0) cos(rf)/wy sin™ 0 dd

p p p
T—p
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—1 —1

T—p T—p
+ / C cos[(p+v)+7] cos(rf) sin” 6 d9+/ C,(psin )1 cos(rf) sin” 6 d6.
Pt Pt

Using the fact that the family P, /w¥sin” 6 is bounded on [0, 7] uniformly in p
((2), p. 296), it is easy to estimate the first two integrals:

—1

P
/ Dy cos(rf)y/wy sin 0 df
0

—1

P
gk/ sin” 8do <
0

—1

p’l P v+1 ™ v+1
< k/ ordg— ol = i <1> : / <k (1> .
o v+1 0 v+1\p e p1 v+1\p

The product of cosines in the third integral is transformed into a sum, and the
resulting expression is integrated by parts. Then each of the terms is estimated:

«
1) < -

—— ==

_ mp !
12 / sin [(r — p — v)0 + 4] sin” "' § cos 0 df
P

« does not depend on 7;

-1

T—p v
2) ism[(r—p—l/)Qﬂ—v]sm”G‘ §17/2(1> ;
r—p—v P Ir—p—v| \p
1/2 mr : .v—1 ﬁ
e < =
3) 7‘+p+Vll sin [(r +p+ )8 + ] sin” " fcoshdb| < CETE

[ does not depend on r;

f1/2 i [( Lt )9+ ]S. Vg 71'*;0*1
——— SI |(T" 14 111
r+p+tv P K -

1)

1

1/2 (1)”
< — | = .
[r+p+v| \p

p

Let us estimate the last integral:

—1

T—p 5
/ cp tsin” ! O cos(rf) dO| < —;
o1

pr
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0 does not depend on r; 2 = 0 for p > r; upon summation over p, all sums
are uniformly bounded with respect to r, whence the assertion of the lemma
follows.

In proving the theorem we shall regard the following facts as known (see (3)):

1) For the a.p. z,, the convolution z

P
1 Ni—1 o

z, = lim A E WZ%E Cpgrr @,
N —o0 k =0 —o

is almost periodic.

2) For z, the following integral representation holds:

2, —/ Py (z)do(x /P” dD(z) + / Py (z)dS(z) = 2, + zp;

o(x) is a monotone bounded function, D(zx) is the jump function, S(x) is the
continuous part.

3) z, isa.p.; {2z, 2,} =0.
4) The Fourier coefficients of the convolution z, are equal to
Gy(x))
P\ 2.
{Zpa a]} - ajAJ ’

Aj are the Fourier coefficients for x
the point ;.

. A? is the jump of the function D(x) at

Proof of the theorem.

N1 0o N1
zop = lim — E whx E Cogrwiz, = lim — wrz? ={z,,x,}
0 g Ogr=r=r a7y el
N, —o00 Nk =0 —0 N}, —00 Nk =0

but

zo_z0+zg_/PV )dD(z /P” ) dS(x ZA? / S(z).

It remains to prove that S(x) = const.
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From the almost-periodicity of 2, there follows, by (3), the existence of a finite
e-net in the family

y //
Z Wi Wy Cjnw

with respect to j, uniformly in k, i.e.

y P P
1/ E ,,C/,,m wrzn
n

J =1J1,J2s > dm; J" arbitrary.

—1.
< €\ WL

Multiplying both sides of this inequality by /6]’; and summing over k, we obtain:

WV 2" E /w Wy
W2 // 6pCJ’/kn n%n

the constant [ is determined by the lemma.

< g

k .
pj

Thus, for the family

\/ Bp jknW y z,

(p is a parameter) there exists a finite le-net; consequently, by (3), and conversely,
one can indicate a finite le-net with respect to p (j is a parameter):

1/ v
_/kn E B 4 jkn n Zn al\/

Analogously to the preceding, in the family
Z ﬁk 5] w” P
k.j.n

there is, for every ¢, a finite /2-net.

For z{ consider the transformation z = > _S7z{. It is obvious that

Zﬂkﬂq jkn V ”7 Z ﬂkﬂq jkn r V 78" ;/v

k,j,mn k,j,n,r,s
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the order of summation over k, j,n is arbitrary, while over r, s it is first over r,
then over s.

But since ) |ap| = 1 because of the positivity of aj, it follows that

Yoo lanl|Bil x| < ¢ the order of summation over r,s is therefore also
immaterial, and instead of the preceding sum one may write

§ kJ v TS _ § I
Bpﬂchknwnanzr - apqrzr'
r

kjim,r

This family is compact in the sense of uniform convergence. Therefore Z! is an
even a.p. sequence (%),

1 1
Z;f:/ BEPY (x) dS’:/ T.(x)dS(xz), andby (3) {Z.,Z.}=0,
1 —1

hence Z =0, s = const. The theorem is proved.

I consider it my duty to express gratitude to my adviser B. M. Levitan for posing
the problem.
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