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Abstract
Full Text
MATHEMATICS
A. A. VINOGRADOV

ON THE DECOMPOSABILITY OF ALGE-
BRAS OF A CERTAIN CLASS INTO A DI-
RECT PRODUCT OF SIMPLE ALGEBRAS
(Presented by Academician A. I. Mal’tsev, 5 I 1965)

In the paper (1) the following theorems are proved:

1. Every nontrivial normal divisor of a group 𝐺 is contained in a true direct
factor of the group 𝐺 if and only if 𝐺 is a direct product (in the narrow
sense) of simple groups.

2. A group 𝐺 is isomorphic to a subdirect product of a family of simple
groups if and only if, for every nonunit normal divisor 𝑁 of the group
𝐺, there exists a nontrivial normal divisor 𝑁 ′ of the group 𝐺 such that
𝑁𝑁 ′ = 𝐺.

Here analogous results are given for a broader class of algebras containing, in
particular, loops.

Consider a certain class of algebras of the same type with a distinguished unary
operation 𝜀 (a basic one) such that 𝜀(𝑥) = 𝜀(𝑦) = 𝑒 and 𝑓(𝑒, … , 𝑒) = 𝑒, where
𝑓 is an arbitrary basic operation of an algebra of the class under consideration;
𝑒 is the distinguished element of the algebra; 𝑥, 𝑦 are arbitrary elements of the
algebra, and with two, possibly derived, binary operations 𝜃(𝑥, 𝑦) and 𝜒(𝑥, 𝑦)
such that: 𝜃(𝑥, 𝑒) = 𝜃(𝑒, 𝑥) = 𝑥; 𝜒(𝑥, 𝑒) = 𝑥; 𝜒(𝑥, 𝑦) = 𝑒 if and only if 𝑥 = 𝑦.
We shall also require that the class be closed with respect to homomorphisms.

It is easy to see that this class contains the class of loops, as well as the fol-
lowing primitive classes: 1) the class of algebras with distinguished operation
𝜀 and binary operations 𝜃(𝑥, 𝑦), 𝜒(𝑥, 𝑦), satisfying the requirements: 𝜃(𝑥, 𝑒) =
𝜃(𝑒, 𝑥) = 𝑥; 𝜒(𝑥, 𝑒) = 𝑥; 𝜒(𝑥, 𝑥) = 𝑒; 𝜃(𝜒(𝑥, 𝑦), 𝑦) = 𝑥; 2) the class of algebras
with distinguished operation 𝜀 and a binary operation 𝜒 such that 𝜒(𝑥, 𝑒) = 𝑥,
𝜒(𝑥, 𝜒(𝑥, 𝑦)) = 𝑦 (here the operation 𝜃 may be 𝜃(𝑥, 𝑦) = 𝜒(𝑥, 𝜒(𝑒, 𝑦))). It can
be shown that the distinguished class of algebras is not equivalent (rationally)
to loops.

By a normal divisor of an algebra we shall mean a subalgebra that is the com-
plete inverse image of the distinguished element under a homomorphism of the
algebra (the kernel of the homomorphism). A simple algebra is an algebra
having no nontrivial normal divisors.
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By the direct product (in the narrow sense) of a system of algebras of the same
type [𝐴𝛼]𝛼∈𝑀 we mean the algebra of the same type whose elements are systems
of elements (components) 𝑎𝛼, one from each 𝐴𝛼, with only a finite number of
components of each element different from the distinguished elements of the
corresponding algebras. Operations on elements are defined componentwise.
The direct product is ∏𝛼∈𝑀 𝐴𝛼.

In what follows we shall speak only of algebras of the class under consideration.

Lemma 1. A subalgebra 𝐻 is a normal divisor of an algebra 𝐴 if and only if
it satisfies the requirements:

1. 𝜒(𝑥, ℎ) ∈ 𝐻 ↔ 𝑥 ∈ 𝐻, where ℎ ∈ 𝐻.

2. 𝜒(𝑥, 𝑦) ∈ 𝐻 → 𝜒(𝑦, 𝑥) ∈ 𝐻.

3. 𝜒(𝑥, 𝑦) ∈ 𝐻 & 𝜒(𝑦, 𝑧) ∈ 𝐻 → 𝜒(𝑥, 𝑧) ∈ 𝐻.

4. 𝜒(𝑎1, 𝑏1) ∈ 𝐻 & … & 𝜒(𝑎𝑛, 𝑏𝑛) ∈ 𝐻 → 𝜒(𝑓(𝑎1, … , 𝑎𝑛), 𝑓(𝑏1, … , 𝑏𝑛)) ∈ 𝐻,
where 𝑓 is an operation of the algebra 𝐴.

Let 𝐻 be a normal divisor, and 𝜑 a homomorphism with kernel 𝐻. Let us show
how the fulfillment of conditions 1–4 is verified in example 2: if 𝜒(𝑥, 𝑦) ∈ 𝐻,
then 𝜒(𝑥, 𝑦)𝜑 = 𝜒(𝑥𝜑, 𝑦𝜑) = 𝑒, i.e. 𝑥𝜑 = 𝑦𝜑, and consequently 𝜒(𝑦𝜑, 𝑥𝜑) = 𝑒,
i.e. 𝜒(𝑦, 𝑥) ∈ 𝐻.

Conversely, let 𝐻 be a subalgebra satisfying requirements 1–4. We shall say
that 𝑥 ∼ 𝑦 if and only if 𝜒(𝑥, 𝑦) ∈ 𝐻. The relation 𝑥 ∼ 𝑦 is a congruence. The
kernel of the natural homomorphism of the algebra 𝐴 onto the factor algebra
by this congruence, in accordance with requirement 1, is 𝐻.

Remark. There exists a normal divisor 𝐻, maximal among those satisfying
the requirement: 𝑥 ∉ 𝐻 ⊃ 𝐾, where 𝐾 is a normal divisor and 𝑥 ∉ 𝐾.

Indeed, the union of an increasing chain of normal divisors with the indicated
property is a normal divisor (a subalgebra satisfying the requirements of the
lemma). We apply Zorn’s lemma.

Lemma 2. Under a homomorphism, the image of a normal divisor is a normal
divisor.

Let 𝐻 be the kernel of 𝜑; 𝑁 the kernel of 𝜓; 𝑃 the full 𝜓-preimage of 𝐻𝜓; 𝑄
the full 𝜑-preimage of 𝑁𝜑. Then

𝑃 ∶ {𝑝 ∣ 𝑝 ≡ ℎ ≡ 𝑒}, 𝑄 ∶ {𝑞 ∣ 𝑞 ≡ 𝑛 ≡ 𝑒}.

Here the congruence signs are taken with respect to 𝜓, 𝜑 and 𝜑, 𝜓, respectively.
Let 𝑝 ∈ 𝑃 , ℎ ∈ 𝐻, and ℎ𝜓 = 𝑝𝜓. Then

𝑝 = 𝜒(𝑝, 𝑒) ≡ 𝜒(𝑝, ℎ) ≡ 𝜒(𝑝, 𝑝) = 𝑒,
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with respect to 𝜑 and 𝜓, respectively, i.e. 𝑃 ⊂ 𝑄. Similarly 𝑄 ⊂ 𝑃 . Conse-
quently, 𝑃 = 𝑄. We shall say that 𝑎 𝜃 𝑏 if and only if there exist chains

𝑎 ≡ 𝑎1 ≡ 𝑏1 ≡ ⋯ ≡ 𝑏
and

𝑎 ≡ 𝑎′
1 ≡ 𝑏′

1 ≡ ⋯ ≡ 𝑏.
Here the equivalences are taken alternately with respect to 𝜑 and 𝜓. The relation
𝜃 is a congruence. The natural homomorphism of the algebra 𝐴 onto 𝐴/𝜃 has
kernel 𝑃 . We prove that 𝐻𝜓 is a normal divisor. We show, using condition 2 as
an example, the fulfillment of the conditions of Lemma 1 for 𝐻𝜓. If 𝜒( ̄𝑥, ̄𝑦) ∈
𝐻𝜓, then 𝜒(𝑥, 𝑦) ∈ 𝑃 , where 𝑥𝜓 = ̄𝑥, 𝑦𝜓 = ̄𝑦; 𝜒(𝑦, 𝑥) ∈ 𝑃 , i.e. 𝜒( ̄𝑦, ̄𝑥) ∈ 𝐻𝜓.
Here we use the fact that 𝑃 is a normal divisor.

Lemma 3. A normal divisor 𝑁 of an algebra 𝐴 is maximal if and only if the
image of 𝐴 under a homomorphism whose kernel is 𝑁 is a simple algebra.

Let 𝑁 be the kernel of the homomorphism 𝜑, and let 𝐴 ⊃ 𝐿 ⊃ 𝑁 , where
𝐿 is a normal divisor, the kernel of a homomorphism 𝜓. Let 𝐴𝜑 = 𝑋 be a
simple algebra and 𝐴𝜓 = 𝑌 . To each element of 𝑋 we put in correspondence
that element of 𝑌 which is the image, under the mapping 𝜓, of the preimage
of the original element under the homomorphism 𝜑. This correspondence is
single-valued: if 𝑎𝜑 = 𝑏𝜑, then 𝑒 = 𝜒(𝑎𝜑, 𝑏𝜑) = 𝜒(𝑎, 𝑏)𝜑, i.e. 𝜒(𝑎, 𝑏) ∈ 𝑁 ⊂ 𝐿,
and

𝑒 = 𝜒(𝑎, 𝑏)𝜓 = 𝜒(𝑎𝜓, 𝑏𝜓), 𝑎𝜓 = 𝑏𝜓.
This correspondence is a homomorphism. The homomorphic image 𝑌 of the
simple algebra 𝑋 may be either 𝑒 or isomorphic to it. In the first case 𝐿 = 𝐴,
in the second 𝐿 = 𝑁 .

Indeed, let 𝑙 ∈ 𝐿 ∖ 𝑁 . Then 𝑙𝜑 ≠ 𝑒, 𝑙𝜓 = 𝑒, i.e. the constructed mapping,
being an isomorphism, sends a nonsingular element to a singular one, which is
impossible. Conversely, if 𝐴𝜑 = 𝑋 is not a simple algebra, then there exists
a homomorphism 𝜎 of the algebra 𝑋 such that the homomorphism 𝜑𝜎 of the
algebra 𝐴 does not send 𝐴 only into 𝑒, and its kernel is larger than the kernel
of 𝜑, i.e. 𝑁 is not maximal.

Theorem 1. Every nontrivial normal divisor of an algebra 𝐴 is contained in a
proper direct factor if and only if 𝐴 is equal to a direct product (in the narrow
sense) of simple subalgebras.

Suppose every nontrivial normal divisor 𝐻 of the algebra 𝐴 is contained in a
proper direct factor of the algebra 𝐴, and let 𝔖 = (𝑆𝛼)𝛼∈𝑀 be the totality of all
simple normal divisors of the algebra. Let 𝐾 = (𝑆𝛼)𝛼∈𝑀 be the normal divisor
generated by all 𝑆𝛼. Repeating the arguments carried out in (1), one can show
that 𝐾 = 𝐴.

Choose all subsets 𝑀 of the set 𝑀 which are one-element sets, or such that any
two disjoint nonempty finite parts 𝑀1 and 𝑀2 of the set 𝑀 have the property

(𝑆𝛼)𝛼∈𝑀1
∩ (𝑆𝛼)𝛼∈𝑀2

= 𝑒.
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The collection of such sets 𝑀 is partially ordered by inclusion. The union of
the elements of an increasing chain has the same property and, consequently,
by Zorn’s lemma, there exists a maximal subset 𝑀1 of the set 𝑀 with this
property. We shall prove that

(𝑆𝛼)𝛼∈𝑀1
= 𝐴.

Suppose the contrary. Then (𝑆𝛼)𝛼∈𝑀1
= 𝐵 is a nontrivial normal divisor of the

algebra 𝐴. By hypothesis, there exists a true direct factor 𝐵′ containing 𝐵:

𝐴 = 𝐵′ × 𝐶.

In the normal divisor 𝐶 there is at least one simple normal divisor 𝑃 ≠ 𝑒 of
the algebra 𝐴. Indeed, not all [𝑆𝛼]𝛼∈𝑀 can be contained in 𝐵′; therefore for at
least one 𝛼,

𝑆𝛼 ∩ 𝐵′ = 𝑒, 𝑆𝛼 ≠ 𝑒.
Then the homomorphism which sends each element of the direct product to the
same element but with first component 𝑒 sends 𝑆𝛼 into 𝑃—a normal divisor
of the algebra 𝐶 (by Lemma 2) and, as is easily seen, a normal divisor of the
algebra 𝐴. 𝑃 is a simple normal divisor, since it is the image of the simple
algebra 𝑆𝛼. Moreover,

𝐵 ∩ 𝑃 = 𝑒, 𝑃 ≠ 𝑒,
i.e. the number 𝑃 in the enumeration 𝑀 does not belong to 𝑀1.

The normal divisor generated by (𝑆𝛼)𝛼∈𝑀2
and 𝑃 contains exactly those el-

ements whose first component is from (𝑆𝛼)𝛼∈𝑀2
, and whose second is from

𝑃 . The normal divisor generated by (𝑆𝛼)𝛼∈𝑀1
contains exactly those elements

whose first component is from (𝑆𝛼)𝛼∈𝑀1
, and whose second is 𝑒. These two

normal divisors intersect in 𝑒. We have obtained a contradiction to the fact
that 𝑀1 is a maximal set with the indicated property. Consequently,

(𝑆𝛼)𝛼∈𝑀1
= 𝐴.

It now remains only to show that the normal divisor generated by any finite
subset of the simple normal divisors 𝑆𝛼, 𝛼 ∈ 𝑀1, is equal to the direct product
of simple subalgebras.

Let
𝑅 = (𝑆𝛼1

, … , 𝑆𝛼𝑛
),

where 𝛼𝑖 ∈ 𝑀1. Take the normal divisor

𝐿1 = (𝑆𝛼)𝛼∈𝑀1, 𝛼≠𝛼1
.

It is true and, by Lemma 3, maximal. By hypothesis, it is contained in a true
direct factor and, by maximality, coincides with it:

𝐴 = 𝐿1 × 𝑃1,
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where 𝑃1 is a simple normal divisor.

Let
𝐿2 = (𝑆𝛼)𝛼∈𝑀1, 𝛼≠𝛼1,𝛼2

.
Then

𝐿1 = (𝐿2, 𝑆𝛼2
),

the subalgebra 𝐿2 × 𝑃1 is a maximal normal divisor of the algebra 𝐴; therefore,
as above,

𝐴 = 𝐿2 × 𝑃1 × 𝑃2,
where 𝑃2 is a simple normal divisor. Continuing this decomposition further, we
obtain

𝐴 = 𝐿𝑛 × 𝑃1 × ⋯ × 𝑃𝑛,
where 𝑃𝑖 are simple normal divisors and

𝐿𝑛 = (𝑆𝛼)𝛼∈𝑀1, 𝛼≠𝛼𝑖
(𝑖 = 1, … , 𝑛).

Let the canonical isomorphism existing between 𝐴 and the direct product be
denoted by 𝜓, and let the homomorphism with kernel 𝐿𝑛 sending an element of
the direct product to the same element but with first component 𝑒 be denoted
by 𝜑. Then 𝜓𝜑 is an isomorphic mapping of 𝑅 onto 𝑃1 × ⋯ × 𝑃𝑛, i.e. 𝑅 is
isomorphic to the direct product of simple algebras.

Conversely, let
𝐴 = ∏

𝛼∈𝑀1

𝑃𝛼,

where 𝑃𝛼 are simple, and let 𝐻 be a nontrivial normal divisor of the algebra 𝐴.

Consider the collection of all simple normal divisors [𝑆𝛼]𝛼∈𝑀 of the algebra 𝐴,
and single out those subsets 𝑄 of the set 𝑀 which satisfy the condition

𝐻 ∩ (𝑆𝛼)𝛼∈𝑄 = 𝑒.
By Zorn’s lemma we establish the existence of a maximal set 𝑄1 with this
property. Let

𝑇 = (𝑆𝛼)𝛼∈𝑄1
,

and let 𝐻′ be a normal divisor, maximal among those which have the property

𝑇 ∩ 𝐻′ = 𝑒, 𝐻′ ⊃ 𝐻.
Let 𝜑 be a homomorphism of the algebra 𝐴 with kernel 𝑇 ; let 𝑆 be some simple
normal divisor of the algebra 𝐴, 𝑆 ⊄ 𝑇 . Then

𝑆𝜑 ⊂ 𝐻𝜑 ⊂ 𝐻′𝜑,
since 𝑆𝜑 is a simple normal divisor, and otherwise a homomorphism 𝛿 of the
algebra 𝐴𝜑 with kernel 𝑆𝜑 would send 𝐻𝜑 into 𝐻𝜑𝛿, and moreover any element
ℎ ∈ 𝐻, ℎ ≠ 𝑒, under the mapping 𝜑𝛿, would be sent to

ℎ𝜑𝛿 ≠ 𝑒,
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i.e. 𝐻 would not intersect the kernel of 𝜑𝛿, which contains-

by (𝑇 , 𝑆), which is impossible (by the maximality of 𝑄1). Consequently, 𝐴𝜑 =
𝐻′𝜑.

Similarly it is proved that 𝐴𝜓 = 𝑇 𝜓, where 𝜓 is a homomorphism with kernel
𝐻′. The homomorphisms 𝜑 and 𝜓 induce isomorphisms 𝜑1 and 𝜓1 of the algebra
𝐻′ onto 𝐻′𝜑 and of 𝑇 onto 𝑇 𝜓, respectively.

Form the direct product 𝐻′ × 𝑇 . To each element 𝑎 ∈ 𝐴 assign the element
(𝑎𝜑𝜑−1

1 , 𝑎𝜓𝜓−1
1 ). This mapping of 𝐴 into 𝐻′ × 𝑇 is a homomorphism. Its

kernel is the intersection of the kernels of 𝜑 and 𝜓, i.e. 𝑒. We shall show that
this mapping is an isomorphism of 𝐴 onto 𝐻′ × 𝑇 . Elements of the form (ℎ, 𝑒)
and (𝑒, 𝑡) have preimages ℎ ∈ 𝐻′ and 𝑡 ∈ 𝑇 , respectively. We shall show that
an element of the form (ℎ, 𝑡) also has a preimage. Since 𝐻′ × 𝑇 is an algebra of
the class under consideration, by definition there exists a function 𝜃 such that

𝜃((ℎ, 𝑒), (𝑒, 𝑡)) = (𝜃(ℎ, 𝑒), 𝜃(𝑒, 𝑡)) = (ℎ, 𝑡).

It is clear from this that a preimage of (ℎ, 𝑡) is 𝜃(ℎ, 𝑡). Consequently, the algebra
𝐴 is equal to the direct product of 𝐻′ by 𝑇 , with 𝐻 ⊂ 𝐻′.

By a subdirect product of a family of algebras [𝑆𝛼]𝛼∈𝑀 we shall mean a subal-
gebra 𝑆 of the direct product ∏𝛼∈𝑀 𝑆𝛼 such that for every element 𝑠𝛼 ∈ 𝑆𝛼
there exists at least one element 𝑠 ∈ 𝑆 whose 𝛼-component is 𝑠𝛼.

Theorem 2. An algebra 𝐴 is isomorphic to a subdirect product of a family
of simple algebras if and only if, for every normal divisor 𝑁 of the algebra 𝐴,
distinct from the zero element, there exists a true normal divisor 𝑁 ′ of the
algebra 𝐴 for which (𝑁, 𝑁 ′) = 𝐴.

The proof is analogous to the proof of Theorem 2 in (1).

Corollary. If every normal divisor of the algebra 𝐴, distinct from 𝑒, contains
a direct factor distinct from the zero one, then the algebra 𝐴 is isomorphic to a
subdirect product of simple algebras.

This follows from the assertion of the theorem and from the fact that if 𝐴 =
𝑃 × 𝐻, then 𝐴 = (𝑃 , 𝐻).
The author expresses gratitude to Academician A. I. Mal’tsev for posing the
problem.
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