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Abstract
Full Text
MATHEMATICS
A. PULTR, Z. HEDRLIN

ON REPRESENTING SMALL CATEGORIES
(Presented by Academician P. S. Novikov on 1 VII 1964)

1. Notation and definitions. The letters 𝑋, 𝑌 , 𝑍 (possibly with indices)
always denote sets; the cardinality of a set 𝑋 is denoted by |𝑋|. A cardinality
will be called attainable if it is smaller than the first unattainable (in the strong
sense) cardinality.

If 𝑅 ⊂ 𝑋 × 𝑋, then the pair (𝑅, 𝑋) (and sometimes also 𝑅 itself) is called a
relation on 𝑋; the relation (𝑅, 𝑋) is called reflexive, symmetric, etc., if 𝑅
has the corresponding property in the usual sense. Instead of (𝑥, 𝑦) ∈ 𝑅 one
sometimes writes 𝑥𝑅𝑦. A mapping 𝑓 ∶ 𝑋 → 𝑌 , carrying 𝑋 into a subset of 𝑌 ,
is understood as a triple (𝜑, 𝑋, 𝑌 ), where 𝜑 ⊂ 𝑌 × 𝑋 satisfies the well-known
conditions; for brevity, sometimes no distinction is made in notation between 𝑓
and

𝜑 = {(𝑓(𝑥), 𝑥) ∣ 𝑥 ∈ 𝑋}.

If there are relations (𝑅, 𝑋), (𝑆, 𝑌 ) and a mapping 𝑓 ∶ 𝑋 → 𝑌 , then 𝑓 is called
𝑅𝑆-admissible if 𝑥𝑅𝑥′ implies 𝑓(𝑥)𝑆𝑓(𝑥′), i.e. if 𝑓 ∘ 𝑅 ⊂ 𝑆 ∘ 𝑓 in the sense of
composition of relations, and strongly admissible if 𝑓 ∘ 𝑅 = 𝑆 ∘ 𝑓 .

If (𝑅, 𝑋) is a relation, then 𝐶(𝑅, 𝑋) and, respectively, 𝐶∗(𝑅, 𝑋) denotes the
semigroup of all 𝑅𝑅-admissible (respectively strongly admissible) mappings; ob-
viously, this is a semigroup with identity. The relation (𝑅, 𝑋) is called invert-
ible if 𝐶(𝑅, 𝑋) is a group with identity.

By ℜ (respectively ℜ∗) is denoted the category whose objects are relations
(𝑅, 𝑋), and whose morphisms from (𝑅, 𝑋) to (𝑆, 𝑌 ) are the 𝑅𝑆-admissible
(respectively strongly 𝑅𝑆-admissible) mappings; ℜ may also be regarded as the
category of directed graphs, with the morphisms being mappings that carry
edges into edges. By ℜ𝑎 is denoted the full subcategory of ℜ whose objects
are the antireflexive (𝑅, 𝑋); by ℜ𝑡, the full subcategory of ℜ∗ whose objects
are transitive antireflexive antisymmetric relations. If 𝐴 is a set, then by 𝐴ℜ is
denoted the following category: the objects are families of relations of the form
{(𝑅𝑎, 𝑋); 𝑎 ∈ 𝐴}; the morphisms from {(𝑅𝑎, 𝑋); 𝑎 ∈ 𝐴} to {(𝑆𝑎, 𝑌 ); 𝑎 ∈ 𝐴}
are those 𝑓 ∶ 𝑋 → 𝑌 which are 𝑅𝑎𝑆𝑎-admissible for every 𝑎 ∈ 𝐴. Obviously, if
|𝐴| = 1, then 𝐴ℜ is isomorphic to ℜ. By 𝔖0(𝑙) will be denoted the category of
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𝑇0-topological spaces, whose morphisms are taken to be local homeomorphisms
(onto a space).

Let 𝔎 be a category. If the class 𝔎′ of its morphisms is a set, then 𝔎 will be
called a small category; the cardinality of 𝔎′ will be denoted by |𝔎|.
Let 𝔎 and Ω be categories. We shall say that the category Ω is representable
in 𝔎 if it is isomorphic to a full subcategory of 𝔎.

Finally, let us introduce abbreviated notation for the following assertions (in
which 𝔞 is a cardinality): ℱ(𝔞): there exists an invertible (𝑅, 𝑋) such that
|𝑋| ≥ 𝔞; ℳ(𝔞): for every family of relations

{(𝑅𝑎𝑋) ∶ 𝑎 ∈ 𝐴}, |𝐴| ≤ 𝔞, there exists a relation (𝑅, 𝑌 ) such that the semigroups
𝐶(𝑅, 𝑌 ) and ⋂{𝐶(𝑅𝑎, 𝑋) ∣ 𝑎 ∈ 𝐴} are isomorphic; 𝔎(𝔞): if |𝐴| ≤ 𝔞, then 𝐴ℜ
is representable in ℜ.

2. Basic constructions.
For a given relation (𝑅, 𝑋) or family of relations {(𝑅𝑎, 𝑋)}, relations
𝑅(1), 𝑅(2), 𝑅(3) are constructed (in an essentially unique way).

1) Let (𝑅, 𝑋) be a relation on the set 𝑋. Put 𝑋(1) = 𝑋 ∪ 𝑅 ∪ 𝑈 , 𝑈 =
{𝑢1

1, 𝑢1
2, 𝑢2

1, 𝑢2
2, 𝑢2

3}. On the set 𝑋(1) define the relation 𝑅(1) as follows:
𝑢1

1𝑅(1)𝑢1
2; 𝑢2

𝑖 𝑅(1)𝑢2
𝑖+1, 𝑖 = 1, 2; 𝑢1

2𝑅(1)𝑢1
1; 𝑢2

3𝑅(1)𝑢2
1; for every 𝑥 ∈ 𝑋 and

𝑖 = 1, 2, 𝑢𝑖𝑅(1)
1 𝑥; for every (𝑥, 𝑦) ∈ 𝑅, 𝑥𝑅(1)(𝑥, 𝑦), (𝑥, 𝑦)𝑅(1)𝑦.

2) Let (𝑆𝑖, 𝑌𝑖) (𝑖 = 1, 2) be relations, 𝐴 a set, 𝜑𝑖 ∶ 𝐴 → 𝑌𝑖 (𝑖 = 1, 2) mappings
such that there exist 𝑦0

𝑖 ∈ 𝑌𝑖∖𝜑𝑖(𝐴); let 𝑗1, … , 𝑗4 be natural numbers, 𝑈𝑘 =
{𝑢𝑘(1), 𝑢𝑘(2), … , 𝑢𝑘(𝑗𝑘)}, 𝑈 = 𝑈1 ∪𝑈2 ∪𝑈3 ∪𝑈4. Suppose {(𝑅𝑎𝑋), 𝑎 ∈ 𝐴}
is a family of relations on 𝑋. Then we put 𝑍 = {(𝑥, 𝑥′, 𝑎) ∣ 𝑥𝑅′

𝑎𝑥, 𝑥, 𝑥′ ∈
𝑋}, 𝑋(2) = 𝑋 ∪ 𝑌1 ∪ 𝑌2 ∪ 𝑍 ∪ 𝑈 , and define on the set 𝑋(2) the relation
𝑅(2) as follows:

𝑢𝑘(𝑖)𝑅(2)𝑢𝑘(𝑖 + 1), 𝑘 = 1, 2, 3, 4, 𝑖 = 1, 2, … , 𝑗𝑘 − 1;
𝑢𝑘(𝑗𝑘)𝑅(2)𝑢𝑘(1), 𝑘 = 1, 2, 3, 4;

𝑢𝑘(1)𝑅(2)𝑦𝑖, 𝑦𝑖 ∈ 𝑌𝑖, 𝑖 = 1, 2, 𝑘 = 𝑖, 𝑖 + 2;

for every 𝑥 ∈ 𝑋, 𝑖 = 1, 2, 𝑦0
𝑖 𝑅(2)𝑥; for every (𝑥, 𝑥′, 𝑎) ∈ 𝑍, 𝑖 = 1, 2,

𝜑𝑖(𝑎)𝑅(2)(𝑥, 𝑥′, 𝑎); for every (𝑥, 𝑥′, 𝑎) ∈ 𝑍, 𝑥𝑅(2)(𝑥, 𝑥′, 𝑎) and (𝑥, 𝑥′, 𝑎)𝑅(2)𝑥′;
for 𝑦𝑖, 𝑦′

𝑖 ∈ 𝑌𝑖, 𝑦(2)
𝑖𝑅 𝑦′

𝑖 holds if and only if 𝑦𝑖𝑆𝑖𝑦
𝑖′.

3) Let (𝑅, 𝑋) be a relation. Let 𝑉 = {(𝑥, 𝑦, 𝑖) ∣ 𝑖 = 1, 2; 𝑥𝑅𝑦}. Put
𝑋(3) = 𝑋 ∪ 𝑉 and define 𝑅(3) on the set 𝑋(3) as follows: (𝑥, 𝑦, 1)𝑅(3)𝑥,
(𝑥, 𝑦, 1)𝑅(3)𝑦, (𝑥, 𝑦, 1)𝑅3(𝑥, 𝑦, 2), (𝑥, 𝑦, 2)𝑅(3)𝑦.
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Proposition 1. If (𝑅, 𝑋) is antireflexive, then 𝐶(𝑅, 𝑋) is isomorphic to
𝐶(𝑅(1), 𝑋(1)); moreover, (𝑅(1), 𝑋(1)) has no cycles of odd length not divisible by
3.

A cycle of length 𝑚 for a relation (𝑆, 𝑌 ) is a sequence 𝑥1, 𝑥2, … , 𝑥𝑛 such that
𝑥𝑖𝑆𝑥𝑖+1

, 𝑥𝑛𝑆𝑥1.

Proposition 2. Let (𝑆1, 𝑌1), (𝑆2, 𝑌2) be discretized relations, and let there be
distinct prime numbers 𝑗1, 𝑗2, 𝑗3, 𝑗4 such that (𝑆𝑖, 𝑌𝑖) has no cycle of length 𝑗𝑘
(𝑖 = 1, 2; 𝑘 = 1, … , 4). Let 𝜑𝑖 (𝑖 = 1, 2) be a one-to-one mapping of the set 𝐴
into 𝑌𝑖, with 𝜑𝑖[𝐴] ≠ 𝑌𝑖. Suppose a family of relations {(𝑅𝑎, 𝑋), 𝑎 ∈ 𝐴} is given
such that for some 𝑎 we have 𝑅𝑎 = {(𝑥, 𝑥) ∣ 𝑥 ∈ 𝑋}. Then, for 𝑋(2), 𝑅(2) defined
above, the subsemigroup 𝐶(𝑅(2), 𝑋(2)) is isomorphic to ⋂{𝐶(𝑅𝑎, 𝑋) ∣ 𝑎 ∈ 𝐴}.

Proposition 3. If (𝑅, 𝑋) is antireflexive, then the semigroup 𝐶[𝑅, 𝑋] is iso-
morphic to 𝐶∗[𝑅(3), 𝑋(3)].

3.
The main result of the paper is the following assertion:

Theorem 1. If 𝔞 is an attainable cardinal, 𝔎 a small category, |𝔎| ≤ 𝔞, then 𝔎
is representable in each of the categories ℜ, ℜ∗, ℜ𝑎, ℜ𝑓∗, 𝔗0(𝑙).
More generally, the following holds:

Theorem 2. Suppose that for the cardinal 𝔞 the condition ℱ(𝔞) holds. Then
every small category 𝔎 such that |𝔎| ≤ 𝔞 is representable in ℜ𝑎, ℜ∗

𝑡 , 𝔗0(𝑙).
These theorems follow from the following assertions:

Theorem 3. Every small category 𝔎 is representable in the category 𝐴ℜ, and
as 𝐴 one may take the set of morphisms of the category 𝔎.

Proof. Denote by 𝐾 the set of objects of the category 𝔎, and by 𝑀(𝑎, 𝑏) the
set of morphisms from the object 𝑎 to the object 𝑏. Put 𝑇 (𝑎) = (⋃{𝑀(𝑏, 𝑎) ∣
𝑏 ∈ 𝐾}; {𝑅𝛼}, 𝛼 ∈ 𝔎′), where 𝛽𝑅𝛼𝛾 ⟺ 𝛽 = 𝛾 ∘ 𝛼; 𝑇 (𝛽) = {𝛾 ↦ 𝛽 ∘ 𝛾}. It is
easy to verify that this defines a mutu-

has a unique functor in 𝐴ℜ. It remains to show that for every morphism
𝑓 ∶ 𝑇 (𝑎) → 𝑇 (𝑏) there exists 𝜑 ∈ 𝑀(𝑎, 𝑏), 𝑓 = 𝑇 (𝜑). Let 𝜀 be the identity
morphism of the object 𝑏. Since 𝑎 = 𝜀∘𝑎, it follows that 𝑎𝑅𝛼𝜀 and, consequently,
𝑓(𝑎)𝑅𝛼𝑓(𝜀), or, by the definition of 𝑅𝛼, 𝑓(𝑎) = 𝑓(𝜀) ∘ 𝑎. Hence 𝑓 = 𝑇 (𝑓(𝜀)).
Theorem 4. Let ℱ(|𝐴|) hold. Then 𝐴ℜ is representable in ℜ𝑎.

Proof. Let (𝑆𝑖, 𝑌𝑖), 𝑖 = 1, 2, be marked relations, |𝑌𝑖| ≥ |𝐴|. We may assume
|𝑌𝑖| > 1; then the 𝑆𝑖 are antireflexive. According to Proposition 1, there are
distinct primes 𝑗1, … , 𝑗4 such that 𝑌𝑖 has no cycles of length 𝑗𝑘. We now carry
out construction 2) for each object of the category 𝐴ℜ, each time with the same
(𝑆1, 𝑌1), (𝑆2, 𝑌2). It can be shown that the morphisms of the category 𝐴ℜ are
put in one-to-one correspondence with the morphisms of the objects of the
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category ℜ obtained in the indicated way; more precisely, every morphism from
{(𝑅𝑎, 𝑋); 𝑎 ∈ 𝐴} to {(𝑅𝑎, 𝑋); 𝑎 ∈ 𝐴} is extended uniquely to a morphism from
(𝑅(2), 𝑋(2)) to (𝑅(2), 𝑋(2)), and conversely, every morphism from (𝑅(2), 𝑋(2)) to
(𝑅(2), 𝑋(2)) induces, for each 𝑎 ∈ 𝐴, an 𝑅𝑎𝑅𝑎-admissible mapping.

Remark. As a consequence, we obtain the following equivalence of statements:

ℱ(𝑎) ⟺ ℳ(𝑎) ⟺ 𝒦(𝑎).

Theorem 5. The category ℜ𝑎 is representable in ℜ∗
𝑡 .

The proof is not difficult to give, using construction 3).

From Theorems 3 and 4, Theorem 2 follows directly. The assertion about the
category 𝔏0(𝑙) can be obtained by means of a modification of the result on ℜ∗

𝑡 .
Theorem 1 is a consequence of Theorem 2 and of the fact that, for attainable
cardinal numbers, the assertion ℱ(𝑎) holds.

Let us note that, according to a personal communication from P. Vopěnka,
ℱ(𝑎) holds even for some further cardinalities (of course, under the assumption
of their existence).

Additional remarks. In particular, Theorems 1 and 2 can be applied to
semigroups with identity. We obtain the assertion: every semigroup with iden-
tity and of attainable cardinality is isomorphic to some 𝐶(𝑅, 𝑋) and to some
𝐶∗(𝑆, 𝑌 ).
By definition,

𝐶(𝑅, 𝑋) = {𝑓 ∣ 𝑓 ∘ 𝑅 ⊂ 𝑅 ∘ 𝑓}, 𝐶∗(𝑅, 𝑋) = {𝑓 ∣ 𝑓 ∘ 𝑅 = 𝑅 ∘ 𝑓}.

In this connection, at first sight the question of representing semigroups in one
of the following ways seems interesting (capital letters denote relations, and
lowercase letters mappings):

A. {𝑓 ∣ 𝑓 ∘ 𝑔 ⊂ 𝑔 ∘ 𝑓}, in other words, {𝑓 ∣ 𝑓 ∘ 𝑔 = 𝑔 ∘ 𝑓}.

B. {𝑆 ∣ 𝑆 ∘ 𝑓 ⊂ 𝑓 ∘ 𝑆}.

C. {𝑆 ∣ 𝑆 ∘ 𝑓 = 𝑓 ∘ 𝑆}.

D. {𝑆 ∣ 𝑆 ∘ 𝑅 ⊂ 𝑅 ∘ 𝑆}.

E. {𝑆 ∣ 𝑆 ∘ 𝑅 = 𝑅 ∘ 𝑆}.

The answer, however, is negative, since even the permutation group of a set
consisting of three elements cannot be represented in any of the ways A–E.

Charles University
Prague, Czechoslovakia
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