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(Presented by Academician V. I. Smirnov, 13 II 1965)
We study the difference equations

:L't+1 :th+q<p(t70t>+f(t7xt)7 Oy :T*xtv t:07i17i27'“7 (]-)

which describe forced processes in impulse systems. In relations (1), x,¢q,r are
real v x 1-vectors; p(t,0) and f(t,z) are real functions, uniformly continuous
in t, respectively scalar and v x 1-vector functions of ¢ and x, defined for all
o and x; P is a nonsingular real v X v matrix whose eigenvalues 7; satisfy the
conditions |m;[ # 1, j = 1,...,v (with the exception of the case considered in
Theorem 5); the asterisk denotes transposition.

A frequency condition for the absolute stability of forced processes in impulse
systems with one nonlinearity was first derived by Ya. Z. Tsypkin (1). Theorem
2 (see below) supplements this result.

Definition. The system

i = g(t,x,), t=0,4+1,4+2, ..., (2)

where = and g(t,x) are a real v X 1-vector and a v x 1-vector function, is called
dissipative if in the space {x} there exists a bounded closed set F' possessing
the properties: a) F' is invariant for the system (2), i.e., from z, € F it follows
that z, € F for t > ty; b) F is a domain of attraction, i.e., for any t,, Ty ¢ F,
there is a ¢t > t, such that z, € F.

As in (2), denote:
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XA) =7 (P=X)""q,  xo=x(0),  B;=a;(a;xo+2), j=12,

(X9, €) = pg" + Rex(A) — 9[2Re(1 = A)x(A) + (1L = A)x(M)*]+

+&11 = A2 [xo — 2Re x(A) — Bolx(M)[?], 3)

where the quantity oy may be assigned the values oy = ¢y or o = ay; the real
numbers fig, &, &y, ¥, € occur in the formulations of the theorems below, and the
number f3, is determined by the conditions: 8, = 3, if (85 — ;) (xo +a7%) < 0;
Bo = Ba if (By — B1)(xo + ') < 0%

* 1t is easy to verify that in the case when ag! > —x, > a7!, both values
By = By, By are possible. In this case formulas (3) determine 4 different functions
DA, 9, &), corresponding to the 4 possible values of the pair (o, 5,). If, however,
Xo < —agt or xo > —ajt, then 3, assumes one value. In this case formulas (3)
determine two different functions ®(A, 9, £), corresponding to the values oy = a4
and oy = a,. In Theorems 3, 4, 5 it is assumed that the inequality & > 0 (® > 0)
is satisfied for at least one of the indicated functions.

Theorem 1. Suppose that the following conditions are satisfied: a)
im0 o lo(t,o) x [1 — pglotp(t,o)] > 0 uniformly in ¢, p, > 0; b)
limy, . |27 f(t,2) = 0 uniformly in ¢; ¢) ®(X,0,0) > 0 for all A, || = 1.

Then:

I. System (1) is dissipative and has a solution x, = z(t), bounded for —oco <
t < +oo0.

II. If p(t,0), f(t, z) are T-periodic functions of ¢ (T is an integer), then system
(1) has a T-periodic solution x, = z(¥).

Theorem 2. Suppose that the following conditions are satisfied: a) f(t,z) =
f(t) and ¢(¢,0) are bounded functions of ¢, —oo < t < oco0; b) for arbitrary oy, oy
the inequalities

0 < (09 —0y) eplt, 03) — @(t,01)] < g,
where pg > 0, hold; ¢) ®(A,0,0) > 0 for all A, [A\] = 1*.

Then the solution z(¢) indicated in Theorem 1 is unique** and, for all ¢ > ¢,
and any solution z, = z(t) of system (1), the estimate

|2(t) — 2o(8)] < wgpy " |2(ty) — 20 (ty)],
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holds, where %, p, are certain numbers, %, > 0, 1 > p; > 0, depending
on the parameters of system (1) and the number p,, and not depending on

t07 x(t0)7 (P(t’ O').

Theorem 3. Suppose that: a) the requirements a), b) of Theorem 1 are satis-
fied; b) the function ¢(t,0) = ¢(0) does not depend on t; c) for arbitrary o;, o
the inequalities

a; < (09 —0ay) Hp(ay) = plo)] < ay,
where ay <0, ay > g > 0, hold; d)

7 1
do— =

e) there exist numbers 9, £ satisfying the conditions: ¥ < 0 when oy = a3, ¥ > 0
when oy = axy,

lim o2
|o|—o0

=0;

0<E(g+agh)!

When ﬁO = /Bla
0<&(ng+az")™

when 5, = f3,, and
(N, 10,8) >0

for all A, |A] = 1.
Then system (1) is dissipative and has a solution bounded for —oco < t < +o0.

Theorem 4. Suppose that the conditions of Theorem 3 are satisfied for the
case when ay = 0, ag = ay, £ = 0, 9 > 0, the function (o) is everywhere
differentiable, and f(t,z) is a T-periodic function of ¢ (T is an integer).

Then system (1) has a T-periodic solution.

Theorem 5. Suppose that: a) in system (1) f(¢,2) = 0; b) the function
p(t,0) = p(o) does not depend on ¢, is everywhere differentiable, and satisfies
the conditions: ¢(0) = 0, 0 < ¢ < o tp(o) < py, @; < @(0) < ay, where
ay <0, ay > pg > €; c) for the eigenvalues of the matrix P the inequalities
|m;| <1, j=1,..,v, hold; d) the spectrum of the matrix P, = P + ugr* for
some value of p1, 0 < p < pg, is entirely located inside the unit circle.

If there exist numbers ¥, & satisfying the conditions of Theorem 3 with the
inequality ® > 0 replaced by ® > 0, then the solution x, = 0 of system (1) is
asymptotically stable in the large.

For a given amplitude-phase characteristic x(A), the question of the existence
of numbers 9, ¢ satisfying the conditions of Theorems 3 and 5 can be solved
graphically, analogously to (3).

Theorem 5 extends the results of (2) to the critical case. With its help one
can show that the frequency condition ®(\,¥,&) > 0, derived in (2), is broader
(if boundary cases in the parameter space are not considered) than the Cetté
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criterion (4). For the proof it suffices to consider system (1), in which the matrix
P has eigenvalues m; o = e='“1, 3, = X2, w5 # 0,7, |7;| < 1 for

* Condition ¢) of Theorem 2 is the frequency condition of Ya. Z. Tsypkin (1).

** Tt is not difficult to show that under conditions a), b) of Theorem 2, re-
quirements a), b) of Theorem 1 are fulfilled automatically; consequently, the
assertions of Theorem 1 in this case are certainly valid.

j =05,...,v, and the number p in requirement b) of Theorem 5 is sufficiently
small. In this case the frequency condition ®(X,d,£) > 0 makes it possible to
detect stability for a set of positive measure in the space of the parameters of
system (1). The condition ®(A,,0) > 0, however, is satisfied only on a set of
measure zero. The assertion concerning the Popov criterion follows from the
latter by continuity.

Lemma 1. Let, in system (2), g(¢,z) be a function of = uniformly continuous
in t. Suppose that there exist continuous scalar functions V(z), a(z), and a
number &, > 0 satisfying the conditions:

a) a(x) > 0 in the domain |z| < &;; b) AV = Vig(t,z)] — V(z) < —a(x) for

Then:
I. System (2) is dissipative and has a solution bounded for —oo < ¢t < +00.

II. The invariant set F' appearing in the definition of dissipativity can be
found in the form F = E{V(z) < n}*, where 7 is some sufficiently large
positive number.

Lemma 2. Suppose that system (2) is dissipative; the set F' in the definition of
dissipativity is convex; g(t,z) is a function of z uniformly continuous in ¢, and
a T-periodic function of ¢ (T is an integer).

Then system (2) has a T-periodic solution.

Let us note that the set F' = E{V(z) < n} is convex if the matrix §*V /dx? of
second derivatives is nonnegative.**

The proof of Lemma 1 can be carried out according to scheme (5). Lemma 2 is
proved by applying Schauder’ s principle (see, for example, (6)).

Proof of Theorem 1. Denote: ¢(t,0,) = ¢,, f(t,z,) = f,. For the function
V(z) = «*Hx (where H = H* is a v X v matrix to be specified below), in view
of equations (1), we have:

AV = V(zpq)V(x,) = V(2 0) — (0707 + Q(fr 2, 00)-
In this expression
U(z, ) =2*Gr + 2g*zp + v, G=H—P*HP, —g=ir+ P*Hq,

y=pot — ¢ Hq, Q(p) = p(l—pytp), (4)
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Q(f,2,0) =20"P"Hf +2¢°Hfp+ f*Hf.

If condition ¢) of the theorem is fulfilled, then, by Lemma 2 of (2), one can
choose in relations (4) a matrix H > 0 for which ¥(z,¢) > 0 for all z,¢,
|z| + |¢| # 0, and, consequently, there exist numbers € > 0, &; > 0 such that
U(z, ) > 2e|z]? + &1]p|* > 2¢|z|?. In view of conditions a), b) of Theorem 1,
for the quantity €, one can obtain the estimate Q 0% > —Z1e|z|%w,, where w,
is some positive number, and choose so large a &, > 0 that

Q] < ez +wilz], wy >0, AV < —¢lz)? + w2 +wy <0

for |z| > &, and the function V'(x) satisfies all the conditions of Lemma 1, from
which assertion I of Theorem 1 follows. Assertion II of the theorem follows at
once from Lemma 2, since 92V /02 = H > 0.

Proof of Theorem 2. If the conditions of Theorem 2 are fulfilled, the as-
sertions of Theorem 1 hold. Let zj, x} be some arbitrary solutions of system
(1). Denote &, = x;, —ay, 0, = 0, — oy, v, = (t,07) — @(t,of). From (1) we

have 7,,, = PZ, + qy,, and for the function V(r) = z*Hz, where H = H",
analogously to the above, we obtain AV < —¢|Z|?, € > 0. Moreover, there exist
numbers X, > x; > 0 such that

* E{(x)} is the set of all x satisfying condition (x).

2

%
** That is, z*ﬁz > 0 for any real v x 1-vectors z and z.
x

w2|z|2 <V (x) < %d|z|?
Let p3 =1 —eng? <1, ny = uyuy’. Then
Vi(Z) — PV (z,) <0.
For arbitrary ¢, T, we obtain
_ — o 2(t—t t—t
V(@) V(@@ )p0" | < sopy g, — .

0 <pyg <1, 0<n,<oo. From the last inequalities and from the existence
of the solution z,(t) of system (1) indicated in Theorem 1, the assertions of
Theorem 2 follow.

The proof of Theorems 3 and 4 is carried out according to the same scheme as
for Theorem 1, using the function

V(z) = 2*(H+Hy)z+26r* (I—P ) ap(o)+Exngp(a)?+29 /U w(o’)do’, o =r'z,
)

introduced in (2), and certain techniques from (2).
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The proof of Theorem 5 can be carried out by reducing the problem to the
noncritical case (2) with the aid of the substitution

p(o) = poo — p1(0),
as is done, for example, in (7).
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