
Soviet-era science, translated into English

L. M. Bregman
1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.42016

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196501.42016


Abstract
Full Text

L. M. Bregman

FINDING A COMMON POINT OF CONVEX
SETS BY THE METHOD OF SUCCESSIVE
PROJECTION
(Presented by Academician L. V. Kantorovich, 7 XII 1964)

In the present article an iterative method is considered for finding a common
point of convex sets. This method can be applied to problems of optimal pro-
gramming and to some others.

Let closed convex sets 𝐴𝑖, 𝑖 ∈ 𝐼 , where 𝐼 is some set of indices, be given in
a real Hilbert space 𝐻 with distance 𝜌. Let 𝑅 = ⋂𝑖∈𝐼 𝐴𝑖 be nonempty. It is
required to find some point 𝑥 ∈ 𝑅. Consider the following iterative process:
take an arbitrary point 𝑥0 ∈ 𝐻, then choose 𝑖(𝑥0) ∈ 𝐼 , and in the set 𝐴𝑖(𝑥0) find
the point 𝑥1 nearest to 𝑥0; then in the same way choose 𝑖(𝑥1) ∈ 𝐼 , and in the
set 𝐴𝑖(𝑥1) find the point 𝑥2 nearest to 𝑥1, and so on.

It is natural to call this method the method of successive projection. Vari-
ous variants of this method are possible, differing from one another in the rule
for choosing the index 𝑖(𝑥). We shall consider some ways of choosing 𝑖(𝑥) and
prove that in these cases the sequence {𝑥𝑛} will converge to some point 𝑥∗ ∈ 𝑅.
We shall need the following lemma:

Lemma. Let 𝐴 be a closed convex set in 𝐻; 𝑥 ∈ 𝐻; 𝑦 the point of the set 𝐴
nearest to 𝑥. Then for any point 𝑧 ∈ 𝐴,

(𝑥 − 𝑦, 𝑦 − 𝑧) ≥ 0.

The proof of the lemma is carried out in the same way as the proof of the
theorem on a supporting hyperplane in (1).
Corollary 1. ‖𝑦 − 𝑧‖ ≤ ‖𝑥 − 𝑧‖.
Indeed, from the lemma it follows that

‖𝑦 − 𝑧‖2 ≤ (𝑥 − 𝑧, 𝑦 − 𝑧).

Hence,
‖𝑦 − 𝑧‖2 ≤ ‖𝑥 − 𝑧‖ ‖𝑦 − 𝑧‖

and
‖𝑦 − 𝑧‖ ≤ ‖𝑥 − 𝑧‖.
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Corollary 2.
‖𝑦 − 𝑥‖2 ≤ ‖𝑥 − 𝑧‖2 − ‖𝑦 − 𝑧‖2;

‖𝑦 − 𝑥‖2 = ‖𝑥 − 𝑧‖2 − ‖𝑦 − 𝑧‖2 − 2(𝑥 − 𝑦, 𝑦 − 𝑧) ≤ ‖𝑥 − 𝑧‖2 − ‖𝑦 − 𝑧‖2.

A sequence {𝑥𝑛} ⊂ 𝐻 converges weakly to 𝑥 ∈ 𝐻 (𝑥𝑛 → 𝑥) if (𝑢, 𝑥𝑛) → (𝑢, 𝑥)
for every 𝑢 ∈ 𝐻.

1. Let 𝐼 be a finite set, 𝐼 = {1, 2, … , 𝑝}. We shall take the indices in cyclic
order, i.e.,

𝑖(𝑥0) = 1, 𝑖(𝑥1) = 2, … , 𝑖(𝑥𝑝−1) = 𝑝,
𝑖(𝑥𝑝) = 1, 𝑖(𝑥𝑝+1) = 2,

and so on. Accordingly the sequence {𝑥𝑛} is constructed as follows: 𝑥0 is
an arbitrary point; 𝑥1 is the point of the set 𝐴1 nearest to 𝑥0; 𝑥2 is the
point of the set 𝐴2 nearest to 𝑥1, ⋯, 𝑥𝑝+1 is the point of the set 𝐴1 nearest
to 𝑥𝑝, and so on.

Theorem 1. 𝑥𝑛 converges weakly to 𝑥∗ ∈ 𝑅.

Proof. Take an arbitrary point 𝑧 ∈ 𝑅. On the basis of Corollary 1 the set {𝑥𝑛}
is bounded and, consequently, weakly compact. Let 𝑦𝑖

𝑘 be the notation for 𝑥𝑘𝑝+𝑖
(𝑘 = 0, 1, … ; 𝑖 = 0, 1, … , 𝑝 − 1). From the sequence {𝑦1

𝑘} choose a subsequence
{𝑦1

𝑘𝜈
} converging weakly to some point 𝑥∗. Since 𝑦1

𝑘𝜈
∈ 𝐴1 and the set 𝐴1 is

closed and convex, 𝑥∗ ∈ 𝐴1 (2). On the basis of Corollary 2,

‖𝑦1
𝑘𝜈

− 𝑦2
𝑘𝜈

‖2 ≤ ‖𝑦1
𝑘𝜈

− 𝑧‖2 − ‖𝑦2
𝑘𝜈

− 𝑧‖2.

Since there exists
lim ‖𝑥𝑛 − 𝑧‖,

it follows that
‖𝑦2

𝑘𝜈
− 𝑦1

𝑘𝜈
‖ → 0

and for every 𝑢 ∈ 𝐻,
(𝑢, 𝑦1

𝑘𝜈
− 𝑦2

𝑘𝜈
) → 0.

Consequently,

lim(𝑢, 𝑦2
𝑘𝜈

) = lim(𝑢, 𝑦1
𝑘𝜈

) = (𝑢, 𝑥∗).

Hence 𝑦2
𝑘𝜈

→ 𝑥∗, and, since 𝑦2
𝑘𝜈

∈ 𝐴2, we have 𝑥∗ ∈ 𝐴2. Similarly one can show
that 𝑥∗ ∈ 𝐴3, … , 𝐴𝑝. Consequently, 𝑥∗ ∈ 𝑅.

Let us prove that the entire sequence 𝑥𝑛 converges weakly to 𝑥∗. Suppose there
exists a subsequence 𝑥𝑛𝑙

→ 𝑥∗∗. Arguing as before, we obtain 𝑥∗∗ ∈ 𝑅. By
Corollary 1, there exists
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𝑎 = lim(‖𝑥𝑛 − 𝑥∗‖2 − ‖𝑥𝑛 − 𝑥∗∗‖2) = lim 2(𝑥𝑛, 𝑥∗∗ − 𝑥∗) + ‖𝑥∗‖2 − ‖𝑥∗∗‖2.

For the subsequence {𝑦1
𝑘𝜈

}, 𝑎 = −‖𝑥∗ − 𝑥∗∗‖2. For the subsequence {𝑥𝑛𝑙
},

𝑎 = ‖𝑥∗ − 𝑥∗∗‖2.

Consequently, 𝑎 = 0 and 𝑥∗ = 𝑥∗∗. Hence 𝑥𝑛 → 𝑥∗.

2. Let 𝐼 be an arbitrary set of indices, and suppose that the following condi-
tion is fulfilled:

for every 𝑥 ∈ 𝐻 there exists max
𝑖∈𝐼

𝜌(𝑥, 𝐴𝑖). (1)

In this case, as 𝑖(𝑥𝑛) we choose the index for which max𝑖∈𝐼 𝜌(𝑥𝑛, 𝐴𝑖) is attained
(if such an index is not unique, we take any one of these indices). As 𝑥𝑛+1 we
take the point of the set 𝐴𝑖(𝑥𝑛) nearest to 𝑥𝑛.

Theorem 2. 𝑥𝑛 converges weakly to 𝑥∗ ∈ 𝑅.

Proof. Take an arbitrary point 𝑧 ∈ 𝑅. On the basis of Corollary 1,

𝜌(𝑥𝑛+1, 𝑧) ≤ 𝜌(𝑥𝑛, 𝑧).

Consequently, the set {𝑥𝑛} is weakly compact. Choose a subsequence 𝑥𝑛𝑘
that

converges weakly to some point 𝑥∗. Since lim 𝜌(𝑥𝑛, 𝑧) exists and, by Corollary
2,

(𝜌(𝑥𝑛, 𝑥𝑛+1))2 ≤ (𝜌(𝑥𝑛, 𝑧))2 − (𝜌(𝑥𝑛+1, 𝑧))2,

we have 𝜌(𝑥𝑛, 𝑥𝑛+1) → 0. Since 𝜌(𝑥𝑛, 𝐴𝑖) ≤ 𝜌(𝑥𝑛, 𝑥𝑛+1), it follows that
𝜌(𝑥𝑛, 𝐴𝑖) → 0 for every 𝑖 ∈ 𝐼 . Let {𝑦𝑘} ⊂ 𝐴𝑖 and 𝜌(𝑥𝑛𝑘

, 𝑦𝑘) → 0. The set {𝑦𝑘}
is weakly compact. Suppose

𝑦𝑘𝑙
→ 𝑦∗.

Then 𝑦∗ ∈ 𝐴𝑖, and since ‖𝑥𝑛𝑘𝑙
−𝑦𝑘𝑙

‖ → 0, we have 𝑥𝑛𝑘𝑙
→ 𝑦∗, and, consequently,

𝑥∗ = 𝑦∗ ∈ 𝐴𝑖. Since this is true for every 𝑖, 𝑥∗ ∈ 𝑅. The fact that the entire
sequence {𝑥𝑛} converges weakly to 𝑥∗ is proved in the same way as in Theorem
1.

3. Let the sets 𝐴𝑖 be half-spaces, i.e.
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𝐴𝑖 = {𝑥 ∣ (𝑓𝑖, 𝑥) ≤ 𝑎𝑖}, 𝑓𝑖 ∈ 𝐻,

and let 𝑎𝑖 be real numbers. Suppose the following conditions are fulfilled:

for every 𝑥 ∈ 𝐻 there exists max
𝑖∈𝐼

[(𝑓𝑖, 𝑥) − 𝑎𝑖]; (2)

there exists 𝑀 such that ‖𝑓𝑖‖ ≤ 𝑀 for all 𝑖 ∈ 𝐼. (3)

In this case, as 𝑖(𝑥𝑛) we take the index for which

max
𝑖∈𝐼

[(𝑓𝑖, 𝑥𝑛) − 𝑎𝑖]

is attained. Accordingly we construct the sequence {𝑥𝑛}. If 𝑥𝑛 ∉ 𝑅, then it is
easy to see that

𝑥𝑛+1 = 𝑥𝑛 + 𝑓𝑖(𝑥𝑛)[𝑎𝑖(𝑥𝑛) − (𝑓𝑖(𝑥𝑛), 𝑥𝑛)] ‖𝑓𝑖(𝑥𝑛)‖−2. (4)

Theorem 3. {𝑥𝑛} converges weakly to 𝑥∗ ∈ 𝑅.

Proof. If 𝑥𝑛 ∉ 𝑅, then

(𝑓𝑖, 𝑥𝑛)−𝑎𝑖 ≤ (𝑓𝑖(𝑥𝑛), 𝑥𝑛)−𝑎𝑖(𝑥𝑛) = ‖𝑓𝑖(𝑥𝑛)‖ ‖𝑥𝑛−𝑥𝑛+1‖ ≤ 𝑀(‖𝑥𝑛−𝑧‖2−‖𝑥𝑛+1−𝑧‖2)1/2

for every 𝑧 ∈ 𝑅. Since the set {𝑥𝑛} is weakly compact, there exists a subsequence
𝑥𝑛𝑘

→ 𝑥∗. Since

(𝑓𝑖, 𝑥𝑛) − 𝑎𝑖 ≤ 𝑀(‖𝑥𝑛 − 𝑧‖2 − ‖𝑥𝑛+1 − 𝑧‖2)1/2 → 0,

we have

lim(𝑓𝑖, 𝑥𝑛𝑘
) − 𝑎𝑖 = (𝑓𝑖, 𝑥∗) − 𝑎𝑖 ≤ 0

for every 𝑖 ∈ 𝐼 . Consequently, 𝑥∗ ∈ 𝑅. The fact that the entire sequence {𝑥𝑛}
converges weakly to 𝑥∗ is proved in the same way as in Theorem 1.

Remark 1. If 𝐻 is a Euclidean space, then weak convergence in it coincides
with convergence in norm, and, consequently, in all theorems weak convergence
can be replaced by ordinary convergence.

Remark 2. Let 𝑝 sets of indices 𝐼1, 𝐼2, … , 𝐼𝑝 be given;
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𝑅𝑗 = ⋂
𝑖∈𝐼𝑗

𝐴𝑖, 𝑅 =
𝑝

⋂
𝑗=1

𝑅𝑗

is nonempty; all 𝐴𝑖 are closed convex sets. Suppose, further, that for each
set of indices 𝐼𝑗 either condition (1), or conditions (2) and (3), are satisfied.
Then one can show that if we choose the index 𝑖(𝑥𝑛) successively from the sets
𝐼1, 𝐼2, … , 𝐼𝑝, 𝐼1, 𝐼2, …, as was done in cases 2 or 3, and accordingly construct the
sequence {𝑥𝑛}, then {𝑥𝑛} will converge weakly to 𝑥∗ ∈ 𝑅.

Let us consider some applications of these theorems.

I. The linear programming problem. Suppose it is required to maximize

𝑛
∑
𝑗=1

𝑐𝑗𝑥𝑗

under the conditions 𝑥𝑗 ≥ 0, ∑𝑛
𝑗=1 𝑎𝑖𝑗𝑥𝑗 ≤ 𝑏𝑗 (𝑖 = 1, 2, … , 𝑚).

By the duality theorem (3), the vector 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) is a solution of the
problem if and only if there exists a vector 𝑢 = (𝑢1, 𝑢2, … , 𝑢𝑚) such that the
following conditions are satisfied:

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 ≤ 𝑏𝑖 (𝑖 = 1, 2, … , 𝑚); 𝑥𝑗 ≥ 0 (𝑗 = 1, 2, … , 𝑛);

𝑚
∑
𝑖=1

𝑎𝑖𝑗𝑢𝑖 ≥ 𝑐𝑗, 𝑢𝑖 ≥ 0;
𝑛

∑
𝑗=1

𝑐𝑗𝑥𝑗 ≥
𝑚

∑
𝑖=1

𝑢𝑖𝑏𝑖.
(5)

Thus, the linear programming problem is reduced to a system of linear inequal-
ities. The system (5) can be solved by the method of successive projection,
taking arbitrary initial vectors 𝑥0 and 𝑢0 and obtaining successive approxima-
tions by formulas of type (4). This method is convenient for solving large-scale
problems with a sparse coefficient matrix.

A similar method was considered by V. A. Bulavskii in (4). Its difference consists
in the fact that, instead of changing the vector 𝑢, the vector 𝑥 is shifted along
the gradient (the vector 𝑥′

𝑛 = 𝑥𝑛 + 𝜎𝑐 is considered, and the next iteration
begins with the vector 𝑥′

𝑛). If 𝜎 is a sufficiently small positive number, then
𝑥∗ = lim 𝑥𝑛 is close to the solution of the problem under consideration. In this
way one can obtain a sequence converging to the solution of the dual problem.
V. A. Bulavskii’s method is more convenient in that it is not necessary to store
the vector 𝑢; however, the choice of 𝜎 presents considerable difficulties.

II. The quadratic programming problem. Consider the following prob-
lem: find a vector 𝑥 minimizing (𝑝, 𝑥) + (𝑥𝐶, 𝑥) under the condi-
tions 𝐴𝑥 = 𝑏, 𝑥 ≥ 0, where 𝑝 and 𝑥 are 𝑛-dimensional vectors; 𝑏 is an
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𝑚-dimensional vector; 𝐴 is a matrix of size 𝑚 × 𝑛; 𝐶 is a nonnegative
definite quadratic matrix of order 𝑛.

It can be shown (cf. (5)) that the vector 𝑥 is a solution of the problem II under
consideration if and only if there exists an 𝑚-dimensional vector 𝑢 such that the
following conditions are satisfied:

𝐴𝑥 = 𝑏; 𝑥 ≥ 0; 2𝑥𝐶 − 𝑢𝐴 ≥ −𝑝; (6)

2(𝑥𝐶, 𝑥) + (𝑝, 𝑥) − (𝑢, 𝑏) ≤ 0. (7)

The conditions (6) are linear. Each of them determines a certain half-space in
(𝑚 + 𝑛)-dimensional Euclidean space. The point in the half-space nearest to a
given point can be found by formula (4). Condition (7) determines a certain
convex set in (𝑚 + 𝑛)-dimensional Euclidean space. This set can be represented
as an intersection of supporting half-spaces. Hence it follows that the vecto-

𝑥 and 𝑢 satisfy condition (7) if and only if

((4𝑦𝐶 + 𝑝), (𝑥 − 𝑦)) − (𝑢 − 𝑣, 𝑏) ≤ 0 (8)

for all 𝑦 and 𝑣 such that

2(𝑦𝐶, 𝑦) + (𝑝, 𝑦) − (𝑣, 𝑏) = 0. (9)

Thus, condition (7) is replaced by the linear constraints (8), and, for any 𝑥 and
𝑢, there exists

max[(4𝑦𝐶 + 𝑝, 𝑥 − 𝑦) − (𝑢 − 𝑣, 𝑏)]
over all 𝑦 and 𝑣 satisfying condition (9). This maximum is attained at 𝑦 = 𝑥 and
(𝑣, 𝑏) = 2(𝑥𝐶, 𝑥) + (𝑝, 𝑥). Consequently, we are in the conditions of Theorem 3,
and therefore we can solve the problem II under consideration by the method of
successive projection. In doing so, if for the point (𝑥𝑛, 𝑢𝑛) we seek the nearest
point in the set defined by one of the constraints (8), then, choosing it as in
case 3 and applying formula (4), we obtain

𝑥𝑛+1 = 𝑥𝑛 + (𝑝 + 4𝑥𝑛𝐶) (𝑏, 𝑢𝑛) − (𝑝, 𝑥𝑛) − 2(𝑥𝑛𝐶 , 𝑥𝑛)
‖𝑝 + 4𝑥𝑛𝐶‖2 + ‖𝑏‖2 ,

𝑢𝑛+1 = 𝑢𝑛 − 𝑏(𝑏, 𝑢𝑛) − (𝑝, 𝑥𝑛) − 2(𝑥𝑛𝐶 , 𝑥𝑛)
‖𝑝 + 4𝑥𝑛𝐶‖2 + ‖𝑏‖2 .

III. Infinite programs. Let 𝐻 = 𝐿2
𝜏 ; 𝐴 be a continuous linear operator from

𝐿2 to 𝐿2. Consider the problem: find sup(𝑎, 𝑥) subject to 𝐴𝑥 ≤ 𝑏, 𝑥 ≥ 0.
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As shown in (6), if there exists a function 𝑢 ∈ 𝐿2 such that 𝑢 ≥ 0 and 𝐴∗𝑢 > 𝑎
(𝐴∗ is the operator adjoint to 𝐴), then there exists a function 𝑢 ∈ 𝐿2 such that
the conditions are satisfied:

𝐴𝑥 ≤ 𝑏; (10)

𝑥 ≥ 0; (11)

𝐴∗𝑢 ≥ 𝑎; (12)

𝑢 ≥ 0; (13)

(𝑎, 𝑥) + 𝜀 ≥ (𝑏, 𝑢) for any 𝜀 > 0. (14)

Moreover, if 𝑥∗ and 𝑢∗ satisfy conditions (10)—(14), then (𝑎, 𝑥∗) differs from
sup(𝑎, 𝑥) by no more than 𝜀. We replace condition (10) by the conditions: for
all 𝑟 ∈ 𝐿2 such that 𝑟 ≥ 0 and ‖𝑟‖ = 1, (𝑟, 𝐴𝑥) ≤ (𝑟, 𝑏). For any 𝑥 ∈ 𝐿2 there
exists

max
𝑟≥0, ‖𝑟‖=1

(𝑟, 𝐴𝑥 − 𝑏).

It is attained at

𝑟 = max(0, 𝐴𝑥 − 𝑏) ⋅ ‖ max(0, 𝐴𝑥 − 𝑏)‖−1.

We replace conditions (11)—(13) analogously. Then we are in the conditions
of Theorem 3 (or Remark 2), and, consequently, the system (10)—(14) can be
solved by the method of successive projection. The solution of this system will
give us an approximate solution of the problem III under consideration.
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