Soviet-era science, translated into English

ON AN ANALOGUE OF
A PROBLEM OF E. I.
ZOLOTAREV

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.41706

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196501.41706

Abstract

Full Text
MATHEMATICS

I. Yu. RYZHAKOV

ON AN ANALOGUE OF A PROBLEM OF E.
I. ZOLOTAREV

(Presented by Academician V. I. Smirnov on 16 VII 1964)

E. I. Zolotarev () posed and solved the following problem: among algebraic
polynomials of the form z” — gz™ ! + -, 0 < ¢ < oo, find the one which
deviates least from zero on the interval [—1,1]. Its extremal polynomials turned
out, for 0 < o < ntg? 5, to be the polynomials

1 1—
WTH[(1+I)Q—1], T, (x) =cosnarccosz, o=mn o a

, «a€ [coszl7 1] ,
2n

and for o > n tg> 5, the Zolotarev polynomials Z,, (o, x).

The present note is devoted to the analogous problem for trigonometric polyno-
mials P, (t)

n n
P.(t)=") (ajcoskt+bysinkt) = Z cpetkt,
k=0 k=—n

where a;, and b, are real; namely: among P, (t) whose coefficients a,,,b,,, a,,_1,
and b,_; are fixed, find the one which deviates least from zero on [—n,w]. To
exclude elementary cases, we assume n > 3. It is clear that such a problem
is equivalent to the problem: to construct those P, (¢) which have on [—m,7)
at least 2n — 2 points of deviation and form at them a Chebyshev alternance.
Since only A cos(nt — 1), A, real, have 2n points of deviation, the matter is
the construction of the sets K, 5, ; and K, 5, 5 of polynomials P, (t) which
have on [—m, ), respectively, exactly 2n — 1 or 2n — 2 points of deviation and
form at them a Chebyshev alternance.

Theorem 1. If P, (t) has on [—m,m) exactly 2n — 1 points of deviation, then
this is a polynomial of the form AT, (1 + cos(t —))a — 1], a € (cos?(7/2n), 1),
A, real.

Suppose that on some interval (a, b) there are given 2n—1 real functions {u,(£)}¢
and {v,()}7, and let Ay (&) = uy (&) +iv,(E), k=0,1,...,n,v5(&) =0, A\_,(§) =
Ak (8)-
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Taking any fixed £ € (a,b), consider the set K,, (L) of polynomials P, (t) whose
coefficients are connected by the linear dependence LE:

n

LEP,) = ) g6 =1

k=—n

By 7,,(&,t) denote the polynomial least deviating from zero on [—m, 7] among
the polynomials of the set K, (L¢). According to the criterion expressed by V.
S. Videnskii (%), on the unit circle there exist points {e,(£)}}", £,(€) = i8]
—m < 7€) <€) < <1 () <, 1 <m < 2n+ 1, such that the system

Zgév(g)(sj =8, k=0,41,...,4n,

=1

is consistent, and its solution {§;(£)}7" satisfies the conditions

5](5) 7é O’ Slgl’l(sj(f) = signﬂn(f,Tj(f)), ] = 1>27 ey M

The proof of the following theorem is based on this property of the polynomial
7, (€, t); in content and in the method of proof it is adjacent to the well-known
theorem of S. N. Bernstein (%), p. 40).

Theorem 2. If: 1) {u,(&)}§ and {v,(§)}T are functions analytic on (a,b), and
2) the number m of points {e;(§)}7" is constant on (a,b) and greater than n,
then the coefficients {a;, (&) }g and {b,(€)}7 of the polynomial m,,(€,t), as well as

T, (§) = sup |m,(&,1)]

te[—m,m]

are analytic functions on (a,b).

Let now A\, =0, k=0,1,...,n—2, \,,_; = —1, A\, = w, where w is a complex
variable parameter. Taking any fixed w, consider the set K, (L") of polynomials
P, (t) whose coefficients are connected by the linear relation

Lv: LY(P,) = Z A =1, A =X, 1€ Cpp—Cpq—C piitc =1

k=—n

Denote by 7, (w,t) the polynomial least deviating from zero among the polyno-
mials of the set K, (L"); and by B,,,_, the set of points of the w-plane which
is obtained if from the closed domain bounded by the rectilinear segments con-
necting the point w = 0 with the points

7
=2—2(n—1)tan* —
w (n—1)tan o
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and

w = 2cos lei”ﬂ(”_l)
2n

and by the curve

cos?(n — 1) cos® /2n

cos? w/2n

w=w() =PV 4|1 —2(n—1)

the points of the curve (1) are excluded. The following simplest transformations
of the trigonometric polynomial P, (t) are denoted by (*): 1) multiplication of
P, (t) by a real number; 2) replacement of the argument ¢ by ¢ — ¢, where v is
real; 3) replacement of ¢ by 27 — t.

Theorem 3. 1) Ifw € B,,,_,, then m, (w,t) is unique for every w and m,, (w,t) €
K, 2,25 2) whatever polynomial P (t) € K, 5,, o may be, there exists such a w*
in By,,_o (moreover, only one for each P(t)) that m,(w*,t) can be transformed

into P (t) using only (x).

By Theorems 2 and 3, the coefficients of the polynomial 7, (w,t), as well as

Tp(w) = sup |m, (w,1)],
te[—m,m]
are functions analytic in each of the arguments u and v, w = u + iv, for

w € By, 5. Therefore the deviation points of the polynomial ,,(w,t),
w € By, 5, will be roots of Ork(w,t)/0w and I7%(w,t)/Ov, where

T (w, t) = 7, (w, t) [, (w).
Theorem 4. The polynomial

n n

i (w,t) = Z(ai(u, v) cos kt + b (u,v) sinkt) = Z c;(u,v)et,

k=0 k=—n

¢ (u,v) = ci(u,v), w=u+iv, weE By, ,,

satisfies in B,,,_o the equations

ocy, it+8C:L 1 _waﬁ_% —it
Omy (w,t) _ 1 ou ou ou Ju om, (w, 1)
ou i nche + (n—1)c, | —nwcs, +nct, et Ot
%eit + 91 —w% _ 0
oy, (w,t) 1L hy v v v omy (w, 1) 2)
ov i mciet +(n—1)ct | —nwcl, +nct e ot

Each of equations (2) splits into a system of first-order linear differential equa-
tions with respect to the coefficients {a} (u,v)}{ and {b} (u,v)}} of the polyno-
mial 7} (w, ). One can indicate initial—
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necessary conditions for integrating such a system. Thus, if w lies on the segment
of the real axis between the points w = 0 and w = 2 — 2(n — 1) tg? 5, then
75 (w, t) is known, namely:

where

and {z;(0)}} are the deviation points of Z, (o, ) on [~1,1].

When o increases in [ntg” 2=, 00), w(o) moves along the indicated segment
from - -
t2—>:2—2 — 1)t =
v (n & 2n (n te 2n

to w(oo) = 0. Moreover, at the points w(t)) of the curve (1),
T (w(h), ) = T, [(1 4 cos(t — ¢))a (¢) — 1],
T o cos?T/2n
ve [0’ 2n(n — 1)} ’ o (¥) = cos2(n — 1)y’

When ) increases in [O >], w(t) moves along the curve (1) from

P | SR
' 2n(n—1

w(0) =2 —2(n — 1) tg? %

to
™ s .
=9 B 171'/2(n71).
v (Qn(n—l)) P om e

As follows from Theorem 3, every polynomial of the set K, 5, can be obtained
by applying (*) to some polynomial 7% (w,t), w € By, .

We note that, by a similar method, equations analogous to (2) for Zolotarev
polynomials and certain other extremal algebraic polynomials were obtained by
E. V. Voronovskaya ().
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