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Abstract
Full Text
UDC 517.946

MATHEMATICAL PHYSICS
I. T. Lozanovskaya, Ya. S. Uflyand

ON A CLASS OF PROBLEMS OF MATHE-
MATICAL PHYSICS WITH A MIXED SPEC-
TRUM OF EIGENVALUES
(Presented by Academician B. P. Konstantinov, March 4, 1965)

In this work we investigate certain mixed problems for a semi-infinite interval
in the one-dimensional case, when the sought function on a finite interval (0 <
𝑥 < 𝑙) satisfies an equation of hyperbolic type, and on the remaining part of
the interval—an equation of parabolic type. It is assumed here that at the point
𝑥 = 𝑙 the function and its derivative may have finite discontinuities.*

1∘. The simplest problem of the class under consideration consists in finding a
function 𝑢(𝑥, 𝑡) satisfying the equations

𝜕2𝑢
𝜕𝑥2 = 𝛼𝜕2𝑢

𝜕𝑡2 , 0 < 𝑥 < 𝑙; 𝜕2𝑢
𝜕𝑥2 = 𝛽 𝜕𝑢

𝜕𝑡 , 𝑙 < 𝑥 < ∞, (1)

and the conditions

𝑢∣𝑥=0 = 0, 𝑢∣𝑥=𝑙−0 = 𝜇𝑢∣𝑥=𝑙+0, 𝜕𝑢/𝜕𝑥∣𝑥=𝑙−0 = 𝜈 𝜕𝑢/𝜕𝑥∣𝑥=𝑙+0,

𝑢(∞, 𝑡) < ∞, (2)

𝑢∣𝑡=0 = 𝑓(𝑥), 0 < 𝑥 < ∞; 𝜕𝑢/𝜕𝑡∣𝑡=0 = 0, 0 < 𝑥 < 𝑙.

Applying the Laplace transform

𝑢̄(𝑥) = ∫
∞

0
𝑢(𝑥, 𝑡)𝑒−𝑝𝑡 𝑑𝑡, (3)

we arrive at the equations
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𝑢̄″ − 𝛼𝑝2𝑢̄ = −𝛼𝑝𝑓(𝑥), 0 < 𝑥 < 𝑙; 𝑢̄″ − 𝛽𝑝𝑢̄ = −𝛽𝑓(𝑥), 𝑙 < 𝑥 < ∞ (4)

and the boundary conditions

𝑢̄(0) = 0, 𝑢̄(𝑙 − 0) = 𝜇𝑢̄(𝑙 + 0), 𝑢̄′(𝑙 − 0) = 𝜈𝑢̄′(𝑙 + 0), 𝑢̄(∞) < ∞. (5)

The solution of this boundary-value problem can be expressed in the form**

𝑢̄ = 1
𝐷(𝑝) ∫

∞

0
𝑓(𝜉)Φ(𝑥, 𝜉, 𝑝) 𝑑𝜉; (6)

Φ =

⎧{{{{{
⎨{{{{{⎩

√𝛼 [𝛿√𝑝 ch
√𝛼 𝑝(𝑙 − 𝑥) + sh

√𝛼 𝑝(𝑙 − 𝑥)] sh√𝛼 𝑝𝜉, 0 < 𝜉 < 𝑥 < 𝑙,

𝜇√𝛽
𝑝 sh

√𝛼 𝑝𝑥 𝑒
√𝛽𝑝(𝑙−𝜉), 0 < 𝑥 < 𝑙 < 𝜉 < ∞,

𝛼√𝑝
𝜈√𝛽 sh

√𝛼 𝑝𝜉 𝑒
√𝛽𝑝(𝑙−𝑥), 0 < 𝜉 < 𝑙 < 𝑥 < ∞,

√𝛽
𝑝 [sh√𝛼 𝑙 ch√𝛽𝑝(𝑙 − 𝑥) − 𝛿 ch

√𝛼 𝑝𝑙 sh√𝛽𝑝(𝑙 − 𝑥)]𝑒
√𝛽𝑝(𝑙−𝜉), 𝑙 < 𝑥 < 𝜉 < ∞,

(7)

* Problems of this kind arise, in particular, in the study of transient processes in
piecewise-inhomogeneous media; see, for example, works (1,5), where the flow of
electric fluid in a channel is considered, taking into account the conductivity of
its walls, as well as note (4), devoted to the calculation of a composite electric
line.

** For 𝑥, 𝜉 < 𝑙 and 𝑥, 𝜉 > 𝑙, Φ(𝜉, 𝑥, 𝑝) = Φ(𝑥, 𝜉, 𝑝).
where

𝐷(𝑝) = 𝛿√𝑝 ch
√𝛼 𝑝𝑙 + sh

√𝛼 𝑝𝑙, Re√𝑝 > 0, 𝛿 = 𝜇
𝜈 √𝛼

𝛽 . (8)

By the inversion formula we obtain the solution of the posed problem in the
form of the complex integral

𝑢 = 1
2𝜋𝑖 ∫

𝜎+𝑖∞

𝜎−𝑖∞
𝑢̄𝑒𝑝𝑡 𝑑𝑝. (9)

Since the singular points of the function 𝑢̄ are the simple poles 𝑝𝑛—the roots of
the equation 𝐷(𝑝) = 0*, and also 𝑝 = 0 (a branch point), the solution (9) is
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composed of the sum of residues and the integrals along the banks of the cut
𝑝 = −𝜆 (𝜆 > 0):

𝑢(𝑥, 𝑡) = 2Re
∞

∑
𝑛=1

𝑒𝑝𝑛𝑡

𝐷′(𝑝𝑛) ∫
∞

0
𝑓(𝜉)Φ(𝑥, 𝜉, 𝑝𝑛) 𝑑𝜉−

− 1
𝜋 Im∫

∞

0

𝑒−𝜆𝑡

𝐷(𝜆𝑒𝑖𝜋) 𝑑𝜆 ∫
∞

0
𝑓(𝜉)Φ(𝑥, 𝜉, 𝜆𝑒𝑖𝜋) 𝑑𝜉 (Im 𝑝𝑛 > 0). (10)

2∘. To the mixed problem of mathematical physics considered there corresponds
the spectral problem**

𝑦″ + 𝜓(𝑥, 𝜆)𝑦 = 0; 𝜓(𝑥, 𝜆) = {−𝛼𝜆2, 0 < 𝑥 < 𝑙,
𝛽𝜆, 𝑙 < 𝑥 < ∞; (11)

𝑦(0) = 0, 𝑦(𝑙 − 0) = 𝜇𝑦(𝑙 + 0), 𝑦′(𝑙 − 0) = 𝜈𝑦′(𝑙 + 0), 𝑦(∞) < ∞,

which has a mixed spectrum of eigenvalues, consisting of points of the real axis
𝜆 > 0 and the roots 𝜆𝑛 = −𝑝𝑛 of the equation

𝜔(𝜆) = 𝛿
√

−𝜆 ch
√𝛼𝜆𝑙 − sh

√𝛼𝜆𝑙, Re
√

−𝜆 > 0. (12)

With the aid of the solution found in (10), one can indicate a formula for expand-
ing a given function 𝑓(𝑥) in the eigenfunctions of the boundary-value problem
(11). If the eigenfunctions are defined by the formulas

𝑦𝑛(𝑥)
⎧{
⎨{⎩

𝜇 sh
√𝛼𝜆𝑛𝑥

sh
√𝛼𝜆𝑛𝑙 , 0 < 𝑥 < 𝑙,

𝑒√−𝛽𝜆𝑛(𝑙−𝑥), 𝑙 < 𝑥 < ∞;
(13)

𝑦(𝑥, 𝜆) = {𝜇 sh
√𝛼𝜆𝑥, 0 < 𝑥 < 𝑙,

sh
√𝛼𝜆𝑙 cos√𝛽𝜆(𝑙 − 𝑥) − 𝛿

√
𝜆 ch

√𝛼𝜆𝑙 sin√𝛽𝜆(𝑙 − 𝑥), 𝑙 < 𝑥 < ∞,
(14)

and carry out in (10) the limiting passage as 𝑡 → 0, then, after some transfor-
mations, we obtain the desired expansion formula***

𝑓(𝑥) = 2Re
∞

∑
𝑛=1

sh
√𝛼𝜆𝑛𝑙

𝜔′(𝜆𝑛) 𝑦𝑛(𝑥) ∫
∞

0
𝑓(𝜉)𝑦𝑛(𝜉)𝑟𝑛(𝜉) 𝑑𝜉+
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* It can be proved that this equation has an infinite set of complex-conjugate simple roots, for which Re√𝑝 > 0, and has no real roots.

** Problems of this type apparently have not been considered in the literature.

*** Establishing the class of functions for which formula (15) is valid will be the subject of a separate investigation.

+ 1
𝜋 ∫

∞

0

𝑦(𝑥, 𝜆)
|𝜔(𝜆)|2 𝑑𝜆 ∫

∞

0
𝑓(𝜉)𝑦(𝜉, 𝜆)𝑟(𝜉, 𝜆) 𝑑𝜉 (Im𝜆𝑛 > 0), (15)

where

𝑟𝑛(𝑥) = 𝛿
𝜇2 √−𝛼𝜆𝑛, 0 < 𝑥 < 𝑙; 𝑟𝑛(𝑥) = √− 𝛽

𝜆𝑛
, 𝑙 < 𝑥 < ∞; (16)

𝑟(𝑥, 𝜆) = − 𝛿
𝜇2

√
𝛼𝜆, 0 < 𝑥 < 𝑙; 𝑟(𝑥, 𝜆) = √𝛽

𝜆, 𝑙 < 𝑥 < ∞. (17)

3°. In an analogous way, the corresponding expansions may be found for bound-
ary conditions of the second or third kind at 𝑥 = 0, as well as for more compli-
cated conditions at the point 𝑥 = 𝑙 (for example, those containing derivatives
with respect to time).

By the method set forth, one can also establish the mixed character of the
spectrum for boundary-value problems connected with the equation

𝜕2𝑢
𝜕𝑥2 = 𝛼𝜕2𝑢

𝜕𝑡2 + 𝛽 𝜕𝑢
𝜕𝑡 + 𝛾𝑢, 0 < 𝑥 < ∞,

where 𝛼, 𝛽, 𝛾 are piecewise constant coefficients. Exceptions may be some limit-
ing cases, for example 𝛽 = 𝛾 ≡ 0, when the spectrum is discrete, or 𝛼 = 𝛾 ≡ 0
(continuous spectrum). A continuous spectrum is also obtained in the case
when, in (1), the equation of hyperbolic type takes place for −∞ < 𝑥 < 0 (see
(2)).
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Note: Figure translations are in progress. See original paper for figures.
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