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Abstract
Full Text
CYBERNETICS AND CONTROL THEORY
A. G. Lunts

A METHOD FOR ANALYZING FINITE AU-
TOMATA
(Presented by Academician A. N. Kolmogorov, 10 VIII 1964)

This article describes a method for the analysis of finite automata, analogous
to the third method for analyzing contact circuits from (2).

Let 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛} be the (input) alphabet; let 𝑉 be the set of all (finite)
words in this alphabet, including the empty word 𝑒; let Δ be the algebra of
events in this alphabet, i.e., the set of all subsets of the set 𝑉 , on which three
operations are defined: disjunction 𝑎 ∪ 𝑏, product 𝑎𝑏, and iteration ⟨𝑎⟩ (3).
We shall consider matrices over the algebra Δ. The three operations listed
above are naturally transferred to such matrices: disjunction 𝐴 ∪ 𝐵 = 𝐶 (where
𝑐𝛼𝛽 = 𝑎𝛼𝛽 ∪ 𝑏𝛼𝛽), product 𝐴𝐵 = 𝐶 (where 𝑐𝛼𝛽 = ⋃𝑘 𝑎𝛼𝑘𝑏𝑘𝛽), and iteration

⟨𝐴⟩ =
∞
⋃
𝑘=0

𝐴𝑘

(where 𝐴0 is the identity matrix, i.e., the matrix having the event 𝑒 on the main
diagonal and the empty events Λ elsewhere, 𝐴2 = 𝐴𝐴, 𝐴3 = 𝐴𝐴𝐴, …) (3). We
shall also denote the iteration ⟨𝐴⟩ by 𝜒(𝐴), and its elements by 𝜒𝛼𝛽(𝐴). By
analogy with contact circuits (2), we shall interpret a square matrix 𝐴 as a
multipole with poles 𝑧1, 𝑧2, … , 𝑧𝑠 (𝑠 is the order of the matrix 𝐴); its element
𝑎𝛼𝛽 (𝛼, 𝛽 = 1, 2, … , 𝑠) will be called the direct conductance from pole 𝑧𝛼 to
pole 𝑧𝛽, and the element 𝜒𝛼𝛽(𝐴) of the iteration the complete conductance
from 𝑧𝛼 to 𝑧𝛽.

Let us note that if the matrix 𝐴 satisfies the conditions:
1) the events 𝑎𝛼𝛽 contain only one-letter words (not excluding the case 𝑎𝛼𝛽 = Λ);
2) 𝑎𝛼𝛽 ∩ 𝑎𝛼𝛾 = Λ for 𝛽 ≠ 𝛾;
3) ⋃𝑠

𝛽=1 𝑎𝛼𝛽 = 𝑋,

then the matrix 𝐴 is the transition matrix for a finite automaton with states
𝑧1, … , 𝑧𝑠.* In this case the complete conductance 𝜒𝛼𝛽(𝐴) is the event that is
represented in the automaton by the state 𝑧𝛽, if the state 𝑧𝛼 is taken as the
initial state of the automaton (3).

Let 𝐴 be an arbitrary square matrix of order 𝑠 over the algebra Δ. Consider a
matrix 𝐵 of order (𝑠 − 1), whose elements are determined by the equalities
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𝑏𝛼𝛽 = 𝑎𝛼𝛽 ∪ 𝑎𝛼𝑠⟨𝑎𝑠𝑠⟩𝑎𝑠𝛽, 𝛼, 𝛽 = 1, 2, … , 𝑠 − 1, (1)

i.e.

𝐵 = ⎡⎢
⎣

𝑎1,1 ⋯ 𝑎1,𝑠−1
⋯ ⋯ ⋯ ⋯

𝑎𝑠−1,1 ⋯ 𝑎𝑠−1,𝑠−1

⎤⎥
⎦

∪ ⎡⎢
⎣

𝑎1,𝑠
⋯

𝑎𝑠−1,𝑠

⎤⎥
⎦

⟨𝑎𝑠𝑠⟩ [𝑎𝑠,1 ⋯ 𝑎𝑠,𝑠−1] ,

* If condition 3) is not satisfied, then the automaton will be partial; if condition
2) is not satisfied, then the automaton will be nondeterministic.

which is analogous to formula (1). We shall say that the (𝑠−1)-terminal network
𝐵 is obtained from the 𝑠-terminal network 𝐴 by eliminating the terminal 𝑧𝑠. The
following theorem, entirely analogous to the theorem from (2), holds.

Theorem. When a terminal is eliminated from a multi-terminal network, the
complete conductances corresponding to pairs of the remaining terminals remain
unchanged, i.e.

𝜒𝛼𝛽(𝐵) = 𝜒𝛼𝛽(𝐴), 𝛼, 𝛽 = 1, 2, … , 𝑠 − 1. (2)

Successively eliminating, in some order, the terminals 𝑧2, 𝑧3, … , 𝑧𝑠, we arrive at
a first-order matrix 𝐵 = [𝑏11]. According to the theorem, we shall have 𝜒11(𝐴) =
𝜒11(𝐵) = ⟨𝑏11⟩. The quantities 𝜒𝛼𝛼(𝐴), 𝛼 = 2, 3, … , 𝑠, are found analogously.
To find the complete conductance 𝜒𝛼𝛽, where 𝛼 ≠ 𝛽, we successively eliminate
all terminals except 𝑧𝛼 and 𝑧𝛽. As a result we obtain a second-order matrix

𝐵 = [𝑏𝛼𝛼 𝑏𝛼𝛽
𝑏𝛽𝛼 𝑏𝛽𝛽

] .

After this the desired conductance can be found by any of the following three
formulas:

𝜒𝛼𝛽(𝐴) = ⟨𝑏𝛼𝛼⟩𝑏𝛼𝛽𝜒𝛽𝛽(𝐴) = 𝜒𝛼𝛼(𝐴)𝑏𝛼𝛽⟨𝑏𝛽𝛽⟩ = 𝜒𝛼𝛼(𝐴)𝑏𝛼𝛽𝜒𝛽𝛽(𝐴). (3)

Applied to a finite automaton with transition matrix 𝐴, the foregoing gives a
method for analyzing the automaton.

Suppose we have a finite automaton 𝑧(𝑡) = 𝜑(𝑧(𝑡 − 1), 𝑥(𝑡)) with initial state
𝑧(0) = 𝑧1, and with output either in the form a) 𝑦(𝑡) = 𝑔(𝑧(𝑡)) (Moore automa-
ton) or in the form b) 𝑦(𝑡) = 𝑓(𝑧(𝑡 − 1), 𝑥(𝑡)) (Mealy automaton). Then the
event 𝜒(𝑧1, 𝑦𝑗), represented in the automaton by the output signal 𝑦𝑗, is found
by the formulas: a) 𝜒(𝑧1, 𝑦𝑗) = ⋃𝑘 𝜒1𝑘(𝐴) for a Moore automaton, where 𝑘 runs
through those values for which 𝑔(𝑧𝑘) = 𝑦𝑗;* b) 𝜒(𝑧1, 𝑦𝑗) = ⋃(𝑘,𝑖) 𝜒1𝑘(𝐴)𝑥𝑖 for
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a Mealy automaton, where (𝑘, 𝑖) runs through those pairs of values 𝑘 and 𝑖 for
which 𝑓(𝑧𝑘, 𝑥𝑖) = 𝑦𝑗. However, for analyzing an automaton with output it is
convenient to use the following computation scheme.

To the terminals 𝑧1, 𝑧2, … , 𝑧𝑠, corresponding to the states of the automaton,
we add (output) terminals 𝑦1, 𝑦2, … , 𝑦𝑚, corresponding to the various output
signals, and we add additional connections: we connect the terminal 𝑧𝑘 with
the terminal 𝑦𝑗 (𝑘 = 1, … , 𝑠; 𝑗 = 1, … , 𝑚): a) by an edge with conductance 𝑒,
if 𝑔(𝑧𝑘) = 𝑦𝑗 (for a Moore automaton); b) by an edge with conductance 𝑥𝑖, if
𝑓(𝑧𝑘, 𝑥𝑖) = 𝑦𝑗 (for a Mealy automaton).

As a result we obtain an (𝑠 + 𝑚)-terminal network 𝐶. The event 𝜒(𝑧1, 𝑦𝑗),
represented in the automaton by the output signal 𝑦𝑗, will be equal to the
complete conductance of the multi-terminal network 𝐶 from the terminal 𝑧1 to
the output terminal 𝑦𝑗, i.e. 𝜒(𝑧1, 𝑦𝑗) = 𝜒1,𝑠+𝑗(𝐶). In the actual computation,
the rows of the matrix 𝐶 corresponding to the output terminals need not be
written down (these rows will remain zero throughout the entire computation),
so that instead of the square matrix 𝐶 one may operate with a rectangular
matrix 𝐷 of size 𝑠 × (𝑠 + 𝑚). After eliminating the terminals 𝑧2, 𝑧3, … , 𝑧𝑠, we
arrive at the row matrix [𝑏𝑧1,𝑧1

, 𝑏𝑧1,𝑦1
, … , 𝑏𝑧1,𝑦𝑚

], and this completes the analysis
process, since

𝜒(𝑧1, 𝑦𝑗) = ⟨𝑏𝑧1,𝑧1
⟩𝑏𝑧1,𝑦𝑗

, 𝑗 = 1, 2, … , 𝑚. (4)

Here, for greater clarity, as indices we have used the designations of the corre-
sponding terminals.

* If 𝑔(𝑧1) = 𝑦𝑗, then 𝑒 ∈ 𝜒(𝑧1, 𝑦𝑗).
Example (see (3), p. 93). A Mealy automaton with two states 1, 2, two input
signals 𝑥, 𝑦, and two output signals 𝑧 and 𝑣 is given by the transition table
(Table 1a) and the output table (Table 1b). Find regular expressions for the
events 𝜒(1, 𝑧) and 𝜒(1, 𝑣), represented in the automaton by the output signals
𝑧 and 𝑣, with initial state 1.

Table 1

a)

1 2
𝑥 2 2
𝑦 1 1

b)
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1 2
𝑥 𝑧 𝑣
𝑦 𝑧 𝑣

The transition matrix has the form

𝐴 = [𝑦 𝑥
𝑦 𝑥] .

Completing it with output columns, we shall have

𝐷 = [𝑦 𝑥 𝑥 ∪ 𝑦 Λ
𝑦 𝑥 Λ 𝑥 ∪ 𝑦] .

After eliminating, by formulas (1), state 2, to which the second row and the
second column of the matrix 𝐷 correspond, we arrive at the row matrix

[𝑦 ∪ 𝑥⟨𝑥⟩𝑦, 𝑥 ∪ 𝑦 ∪ 𝑥⟨𝑥⟩Λ, Λ ∪ 𝑥⟨𝑥⟩(𝑥 ∪ 𝑦)],

whence, by formulas (4),

𝜒(1, 𝑧) = ⟨𝑦 ∪ 𝑥⟨𝑥⟩𝑦⟩(𝑥 ∪ 𝑦), 𝜒(1, 𝑣) = ⟨𝑦 ∪ 𝑥⟨𝑥⟩𝑦⟩𝑥⟨𝑥⟩(𝑥 ∪ 𝑦).
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