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S. V. USPENSKII

ON THE BOUNDARY PROPERTIES OF A
CLASS OF DIFFERENTIABLE FUNCTIONS
IN SMOOTH DOMAINS

(Presented by Academician S. L. Sobolev on 11 IIT 1965)

Numerous works are known that are devoted to the so-called embedding theo-
rems for various classes of functions (see, for example, the survey by S. M. Nikol’
skii (1)). In all these works the most general classes of functions possessing dif-
ferent differential properties with respect to different variables are considered
either in a parallelepiped with faces parallel to the coordinate planes, or in do-
mains with such a boundary that for each of its points one can construct an
analogous parallelepiped, fixed for the entire boundary, lying wholly in the do-
main. At the same time S. M. Nikol’ skii constructed a number of examples
which show that in an arbitrary smooth domain the embedding theorems for
classes of functions having different differential properties with respect to differ-
ent variables are, generally speaking, false in the formulation that holds for the
whole space. In the present work, for general classes of functions summable with
a weight, a certain class of domains is singled out in which embedding theorems
analogous to those for the whole space hold. A number of propositions are also
proved which are new even in the case of the whole space.

Let us introduce definitions. Let R,, be n-dimensional Euclidean space, R, the
half-space {z,, > 0, (zq,...,z,_1) € R, 1}, and O the parallelepiped {a; <
x; <b;, i=1,2,...,n—1}.

Let G be an n-dimensional domain in R,, with boundary 0G belonging to the
class C', i.e., G admits a decomposition into a finite number of intersecting
pieces o4, ..., 0, €ach of which has the representation

T =Qi(Ty, e Tjg, gy e s Ty, (1)

where the index j, generally speaking, is different for each piece oy.
(Tqy sy Ty, Tjy1, 5, @,) € Oy g € ct, |0°¢;/0x;| < M, i # j,
1=1,2,...,...,n,s=1,2,...,1.

Let p = p(z,0G) be the distance from the point x to 0G. We shall say that

fe LQZ(G) if f has Sobolev generalized derivatives with respect to z;, up to
order [, and
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. l;
f € Lé7a(G), L= (l1,...,0,), p = (P1ssDp)s @ = (ay,..,00,), if f € Ly o),

Put
n
g, = W0
k=1
l . l
fEW, parif fEL, and f €Ly,
Put

1£hws . = 1715, e+ 1flzs -

We shall also consider the classes B, (&), introduced by O. V. Besov (?).

We shall define f(zy,...,z,) € By ,(9G) if on each piece o), admitting a repre-
sentation of the form (1), the function

F=F@1 s (T, e T Ty e s Ty 1)y Ty oo, Tg) € By (L)),

S : s T o .
Let a class of functions W, . (G) be given in the domain. Let

A =max[l, — a/pg ], 1<k<n.

We say that the domain G is regular with respect to the class Wémp’a if its
boundary G can be decomposed into a finite number of intersecting pieces,

each of which has the representation (1), and moreover

L= ay/p; = A 2)
and [ > lj.

The main result of the present work is the assertion that in regular domains
the functions possess the same boundary properties as in the case of the whole
space. Theorems 1, 2 and 3 generalize the corresponding results of V. P. II' in
and V. A. Solonnikov (3).

Theorem 1 (continuation). Let f € B} (R, 1), p = (p1,-Pp_1)-

Then, if p,,, v, {,, satisfy the conditions:

n»'n
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i=1 't p; n
l 1 11 1
ST S VN
Dy 0T Sri\pi i
there exists an infinitely differentiable function § = §(z, ..., z,,) such that
8, =/
n—1 . 1/ps
/ gcpm(l —r)-1]9" 3 dR* +
i1 \/R; oy

p” 1/p,
dRZ) <l flsyr, )

(/RM

where [, > r, and the constant ¢ does not depend on f.

&Tn

Theorem 2. Let [, be an integer, v, real, and
D) pll, — k) —a, —1>0, a, > —1;
2) v = (pl,, — o, —1)/prl;
3) rv =rd[p(l,, —v) —a, —1]/[pl,, —, — 1], v =0,1, ..., k.

Then, whatever the functions f, € By (R, 1), p = (p,-.,p), v = 0,1,..
there exists an infinitely differentiable function §, defined on R}, such that

o'y
OoxY

=f,, v=0,1,....,n;

R

n—1

|
—

n

/ pm (1;—r; |D13|p dR* / o |Dln3:|p dR* < CZ If, ”BTU o
R}

n =

I
_

7

Theorem 3. Let § € W/ ,(R}), p=(p,...,p), a = (a, ..., e,), L= (I, ...
) a>—-1—pr,i=12..,n—1
2) p(l,,—v)—a,—1>0, 0<v<l.

')k’
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Then

O§/0xs] = f, € Bl (R, ).

where
Ty = [ll(p(ln_y)_an_l)]/[pln_an—’—az}? (3)

I, ||B;7p < C||3HW;Q(R;)~

Theorems 2 and 3 carry over completely to regular domains. We formulate them
for the case of domains of the form

O(Tqy ey Tpyq) <z, <00 (Tqy ey xyq) € R,

where ¢ satisfies (2). The general case either reduces to this one or is obtained
analogously. Put p(z,0G) < c|z,, — ¢| < ¢1p(x,0G), —a;/p} =1, —«a,,/p, 1 <
7 <n. Then

Theorem 4. Let § € Wpl’a(G)7 a; > —pv—1, v > 0 an integer, p(l,, —v) —«
1>0,i=1,2,...,n. Suppose also A = max{l, —a,;/p} =1, —a,/p, 1 <i
Then

n—
n.

9§ /0y, = f, € B, ,(0G),

where 7; satisfy (3),

1055, 06) < clSlw, .-

Theorem 5. Suppose the conditions 1), 2), 3) of Theorem 2 hold and, in
addition,

0<r<l,—a,/p—1/p, 1=1,2,...,n— 1.

Then, whatever the functions f, € B,”(0G) may be, there exists an [-times
differentiable function, defined on G and satisfying the conditions

ayg/ax;jJaG = v

[iaracy [ o
G i=1vG
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where o; = (pl,, —a,, — 1)(l; —r)/r? =1, i=1,2,...,n— 1.

The following theorem on estimating mixed derivatives generalizes the corre-
sponding results of S. M. Nikol’ skii (*) and Yu. K. Solntsev (°).

Theorem 6. Let G be a bounded domain with smooth boundary 0G € C”,
feW, o (G), r=(2L..,2l), p=(p,...,p), 1 <p < oc. Then f has all mixed

derivatives and
Y a=r /G
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