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Boundary Estimates for the Solution of the Problem with
an Oblique Derivative for a Parabolic Equation in a Non-
cylindrical Domain

(Presented by Academician S. L. Sobolev on 30 VI 1964)

In our work (°), a priori estimates were obtained in Hélder norms for the solution
of the III boundary-value problem (with a conormal derivative) for a general
parabolic equation of the 2nd order in a noncylindrical domain. The method
of these papers makes it possible to obtain a priori estimates in Holder norms
for the solution of the problem with an oblique derivative for a parabolic equa-
tion of the 2nd order and for the solution of general boundary-value problems
for parabolic systems in the sense of 1. G. Petrovskii, satisfying a solvability
condition of the Lopatinskii type.

In the present paper we consider the parabolic equation of the 2nd order

. 0?u . du ou
> aglx,t) 5u,0r, —i-;bi(x,t)a—%—i—c(x,t)u—a = flx,1), (z,1)€Q, (1)

ij=1
with the initial condition

uw(z,0) =vY(z), z€Q=QN{t=0} (2)

and the boundary condition

3 v, 1) 1) | e (e, t) = plat), (2,8) €T, (3)
p ox;

where @ is a domain (possibly unbounded in z;) in the space of variables (z,t) =

(zq,Zq,...,x,;1), lying between the hyperplanes t = 0 and t =T > 0; I is the

lateral surface of the domain Q. If v;(z,t) (i = 1,2, ...,n) are the cosines of the

angles formed by the inward normal to T', (at the point (z,t)) with the axes oz;,

where I'; is the section of the surface I' by the hyperplane ¢ = const, then

n
Zyk(;v,t)’yk(x,t) >1, >0, v, =const.
k=1
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A;. The lateral surface I' has at each point a tangent plane nowhere orthogonal
to the axis ot. For each point P(z,t) € T there exists an (n + 1)-dimensional
sphere S5(P) with center at the point P and radius § > 0 (6 does not depend
on the choice of the point P on I') such that the part of I lying in the sphere
Ss(P) can, for some i (1 < i < n), be represented in the form

Ty =Ty, Ty Ty, Ti b,

where the function h has a first derivative with respect to ¢ and second deriva-
tives with respect to z}, satisfying Holder conditions in « and ¢ with exponents
a and «/2, respectively. Here and below 0 < o < 1. In this case we shall say
that the function h(z,t) belongs to the class C’i;a’Ha/z
|hlysqr cf. (7).

A,. Equation (1) is uniformly parabolic in @, i.e., for any real vector £ and for
all (z,t) € Q

(has bounded norm

n n

M, Z@Q > Z a;;(x,t)§,€; > Mozgf,
: A £

where M, >0 (i = 0,1) are constants.

A,
a9 + 16,]9 + 1@ < My,  |f1€ < +o0.
A,
Vill o + 1lTa < My, [pli1a < +o0, |¢|§+a < +o0.

A;. The functions f,,p, u, and v; are compatible, by virtue of equation (1),
on the edge I' N Q2.

Consider in the strip

Dy ={(z,%), |z;] <400, i=1,2,....,n—1; 0< 2, < 400, 0 <t <T < +o0}

the boundary-value problem for the heat-conduction equation

2oz g =I@0  @0EDr (4)
u(z,0) = Y(z), x€Qy=Dyn{t=0} -
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Ou(zx,t)

Bl = p(z, 1), (z,t) €Ty = Dy N {x, =0}, (6)
0

where [, is a constant direction lying in the plane passing through the point
(z,t) orthogonally to the ot axis and forming an acute angle with the axis oz,,.

Lemma 1. Let the function f(x,t) be defined in Dy and |f|PT < 400, let
the function ¥(z) be defined in €, and |¢|§+Oa < 400, and let the function

o(Xqyy ey Tpy_q,t) be defined on 'y and |g0|1;ia < +o0o, with f,4, and ¢ compat-
ible on the edge I'y N Q. Then there exists a unique (in the class of bounded
functions continuous on D) solution v(z,t) of problem (4)—(6), for which the
inequalities

[W]2r, < C(Mg, My, 1) (If187 + []50 + [0]120)s

D D Q r
[W]p © < C(Mo, My, T, 1) ([flo ™ + [#]0° + [¢]o°)-
It is sufficient to prove Lemma 1 for the one-dimensional heat-conduction equa-
tion with zero initial condition (see (1,%,%)). In this case the solution of the

problem under consideration in D can be represented explicitly in the form
(for brevity of notation we put n = 2)

t +oo
U($7t) = _%/ dT/ H(xl - 51,332,2(3— T)¢<€17T> d£17 (7)
0 —o0

where the half-space kernel H has the form

H(zy = &2t —7) = = exp{_(xl_glm}

_t_aT[ax —a(fc4(i2;]) a5 — ay(zy — &)
- ?t—j)wi : eXp{_ = 4(t2—71-) 1 }
. {‘I’ (al(gl(t—glf));?%%) - \ﬂ |

Here (a;,a,) are the direction cosines of the direction [,

O(z) = /0‘ exp{—y?} dy.

The solution (7) was obtained by us by applying the Fourier transform with
respect to z; (i = 1,2,...,n — 1) and the Laplace transform with respect to t.
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A kernel of the type (8) is also given in the paper (?) for arbitrary cylindrical
domains. By estimating the solution (7) directly, we obtain the estimates of
Lemma 1. The uniqueness of the representation (7) is established with the aid
of the paper (3).

Bearing in mind the interior a priori estimates and the a priori estimates near
the base €, the estimates in the whole noncylindrical domain @ of the solution of
(1)—(3) are established with the aid of Lemma 1 by the method of localization.

Theorem 1. Let Q; C Q be a subdomain of Q (in particular, it may coincide
with Q), with Q; = @1 N, I, = @1 NT. Suppose that conditions A;—A;
are fulfilled in the domains Q,Qq, T, respectively, and that u(z,t) is a solution,
bounded in Q, of problem (1)—(3), where Q in (2) and T in (3) are replaced
respectively by Q0 and I'y. Suppose, finally, that

[l < oo,

Then

‘u|2Q.¢a é C(leQvM07M17M27V075)(‘f|§ + ‘So|lf+a + W)‘&ra + [u]?),

where [u]d = sup, [ul.

Remark. Increasing the requirements on the smoothness of the surface I', the
coefficients of equation (1), the functions appearing in (2), (3), and the order of

compatibility leads to a corresponding increase in the smoothness of the solution
of problem (1)—(3).

Theorem 2. In the case of a bounded domain @, the estimate

[l < CUFIE + 10 0 + [¥13a)

is valid, where the constant C depends on equation (1) and on the domain Q,
but does not depend on the function u(z,t).

Using refined investigations of the properties of heat potentials (see (%)), by the
method of continuation in a parameter, with the aid of Theorem 2 one can prove
the following existence theorem.

Theorem 3. Let the surface T’ be of type Jll’lﬁ’gfﬁ)p (0 < a< f<1), where
B> 0 is arbitrary (see (*)). Suppose that conditions Ay—As are fulfilled.

Then there ezists a solution u(z,t) of problem (1)—(3), having in Qp a first
derivative with respect to t and second derivatives with respect to x,, satisfying
Hélder conditions in x and t with exponents o and «/2, respectively.
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