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Let TV = SL(2,Z) be the homogeneous modular group, and let G’ C I be
a normal subgroup of finite index; let I',G be the corresponding groups of
fractional-linear transformations. Denote by 9,, (G) the space of all cusp forms
of weight 2k (k an integer, k > 1) with respect to the group G (1).

Then for any element o € T, 0 : z = (az + B)/(yz + §), and any function
F(z) € M, (G), the function

+8

F(z) o0 = (72 + 6)%F (Lz )

()00 = Gz OF (2225

again belongs to the space M, (G). Denote the resulting representation of
the finite group I'/G on the space M, (G) by Q,,(I'/G). A description of the
representation {2y, (I'/G) is important for a number of questions in the theory
of modular forms and, in particular, for the theory of Hecke operators.

Theorem. Let G be a normal subgroup of finite index p > 3 of the inhomoge-
neous modular group I'; let x be a simple nonprincipal character of the group
I'/G; and let r4,(x) be the multiplicity of the irreducible representation of the
group I'/G with character x in the representation Q,,(I'/G) of this group on
the space of all cusp forms of weight 2k (k > 1) with respect to the group G.
Then

) (oo +x((00m )

(1)

where ¥ is the character conjugate to x; 7o : 2+ z+1; 04 : z+> —1/2; N is the
kt1

least natural number such that 7V € G; (T) is the Legendre symbol.

ra a0 = X ST s+ e+ (S

YD(2k—1) 1 (—1) 1 /k+1
6 n mod N 2 <7

Previously formula (1) was obtained by Hecke for k = 1 (?). We outline the
proof of the theorem. Denote by M,, the representation of the group I' on the
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space of homogeneous polynomials of degree n in two variables with complex
coefficients (M, = 1) (3). For even n the representation M, is trivial on the

1
0 (1) ), so that in this case we actually
obtain a representation of the group I', which we shall denote by the same letter.

center of the group I (consisting of +

Lemma 1. Let x,, be the character of the representation M, ; then, in the
notation of the theorem, for any integer k£ > 0,

Xak(0g) = (‘1)k7

Xok(00To) = X2k((0070)2) = - (%) )
k+2

where (T) is the Legendre symbol.

Proof. The assertions of the lemma are easily derived if one takes into ac-
count that o2 = (0y7,)® = 1, and uses the known relations between the proper
numbers of finite-order elements in the representations M; and M,,.

Lemma 2. Let A be a complex matrix of order s such that AN = E, (E, is the
identity matrix of order s). Then the number of linearly independent solutions
X of the system of linear equations

(Eiogs1ys — Moy(19) ® A)X =0 (2)

does not depend on k and is equal to

1 n
~ > tr(An).

n mod N

Proof. The number of linearly independent solutions of system (2) is equal
to the dimension of the space of proper vectors of the operator My, (7)) @ A
in the module U ® V' (where U is the module of the representation My, V
is the complex module of dimension s in which the operator given, in some
basis, by the matrix A acts) belonging to the proper number 1, and is found
by direct computation if, as a basis of U, one takes monomials of the form
u?*~lyl (I = 0,...,2k), as a basis of V the proper vectors w; (i = 1,2,...,5s)
of the operator A, and as a basis of U ® V elements of the form u?* ! ® w,
(1=0,..,2k; i=1,2,...,5).

Let R be a complex representation of the group I'/G with character x. Put
My, ,, = My, ® R and consider the group of parabolic cohomologies H (L', My . )
of the group I' relative to the representation My, | (34). Recall that the group
H is defined analogously to the ordinary one-dimensional cohomology group
of the group I' with coefficients in the representation module My, ,, with the
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sole difference that an additional condition is imposed on cocycles: for every
cocycle r and every parabolic substitution 7 € T' there is a vector a from the
representation module My, | for which

r(r)=a— Mgk,x(r)a.

Lemma 3. For any representation R of the group I'/G with character x, in the
notation introduced above,

_1yk+
dimg H(F’M%,x) > M_% Z X(T(?')‘FLX(UO)'F} <¥

6 n mod N 3 ) (X(OOTO)+X((0070)2)).

Proof. Let H(I', My, ,,7) (where 7 is an arbitrary parabolic substitution from
I') be the group defined in the same way as H(I', My, , ), with the additional
condition that all cocycles and coboundaries vanish on 7. It is easy to see that
H(T, My, ,.,7) and H(T', My, , ) are canonically isomorphic. In particular,

dlmc H(F, MkaX) = dimc H(F, MkaX’ 7-0),

and it is enough to estimate the latter dimension. As is known (1), the group T
is a group with two generators o, 7, and defining relations

g = (0g7)* = L. (3)
Thus, each cocycle from H(T', My, ,, 7)) is uniquely determined by the vector

X =r(0y) (since r(7y) = 0). Denote by V the set of solutions X of the system
of homogeneous equations

[Eors1yy(1) + Moy (00)] X =0, (4)

[Eori1)x(1) + Moy, (0970) + My, , ((0975)*)] X =0 (5)

and by W the set of vectors of the form

[E(2k+1)x(1) - M2k,x(00)]ya

where

[E(2k+1)x(1) - Mzk,X(To)}Y =0. (6)

(Here and below My, , (o), for o € T', denotes the matrix of the operator ¢ in
an arbitrary, but fixed, basis of the representation module M2k7x.) Then, by
virtue of relations (3) and the remark made above,
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dim H (D, My, , ) = dim H(, My, ) = dim V — dim W. (7)

Using Lemma 1 and relation (3), we find that the rank of system (4) is equal to

[(2k + 1)x(1) + (=1)*x(0y)],

DN | =

ry =
and the rank of system (5) is equal to

ra= 3 @+ DX = (552 (xloom) + x((070)%)

Since the rank of the system of equations (4)—(5) does not exceed r; + 1y, we
have

(2k+ 1)x(1) —dimV <7y + 7o,

whence, taking account of relations (7), we obtain

(2k + 1)x(1) — dim H(T', My, ) < dim W + 7y +7y.

Substituting in the last inequality the values of r; and r,, and taking into ac-
count that dim W does not exceed the number of linearly independent solutions
of system (6), which was computed in Lemma 2, we obtain the assertion of the
lemma.

We now pass directly to the proof of the theorem. As follows from a result of
Gunning 4 (a corollary to Theorem 5), in the case when Y is a simple nonprin-
cipal character of the group I'/G,

7o (X) + 79 (X) = dim H(L', My, 5, ).

From this relation, on the basis of Lemma 3, we obtain the inequality

1k
P00+ a0 2 £ DX~ 3 xS o)

m mod N

5 (550) (lowm) + x(om)?), ¥

Multiply both sides of this inequality by x(1) = x(1) and sum over all simple
nonprincipal characters y of the group I'/G. The left-hand side of the resulting
inequality is, evidently,
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2 Z X(D)rgr(x) = 2(dim Ry, (G) — dim Ry, (T'))
x#1

and can be computed explicitly on the basis of the known formulas for the
dimensions of spaces of entire modular forms and spaces of Eisenstein series !, .
The right-hand side of the resulting inequality is easily computed on the basis
of the known orthogonality relations between the characters of a finite group ©.
The corresponding computations show that the left- and right-hand sides are
equal, so that equality holds in the inequalities (8) for each simple x, x # 1.
The theorem is proved.
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