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MATHEMATICS

A. N. ANDRIANOV

ON REPRESENTATIONS OF THE MODULAR
GROUP ON SPACES OF CUSP FORMS
(Presented by Academician Yu. V. Linnik on 15 IV 1965)

Let Γ′ = 𝑆𝐿(2, ℤ) be the homogeneous modular group, and let 𝐺′ ⊂ Γ′ be
a normal subgroup of finite index; let Γ, 𝐺 be the corresponding groups of
fractional-linear transformations. Denote by 𝔐2𝑘(𝐺) the space of all cusp forms
of weight 2𝑘 (𝑘 an integer, 𝑘 ≥ 1) with respect to the group 𝐺 (1).
Then for any element 𝜎 ∈ Γ, 𝜎 ∶ 𝑧 ↦ (𝛼𝑧 + 𝛽)/(𝛾𝑧 + 𝛿), and any function
𝐹(𝑧) ∈ 𝔐2𝑘(𝐺), the function

𝐹(𝑧) ∘ 𝜎 = (𝛾𝑧 + 𝛿)2𝑘𝐹 (𝛼𝑧 + 𝛽
𝛾𝑧 + 𝛿 )

again belongs to the space 𝔐2𝑘(𝐺). Denote the resulting representation of
the finite group Γ/𝐺 on the space 𝔐2𝑘(𝐺) by Ω2𝑘(Γ/𝐺). A description of the
representation Ω2𝑘(Γ/𝐺) is important for a number of questions in the theory
of modular forms and, in particular, for the theory of Hecke operators.

Theorem. Let 𝐺 be a normal subgroup of finite index 𝜇 > 3 of the inhomoge-
neous modular group Γ; let 𝜒 be a simple nonprincipal character of the group
Γ/𝐺; and let 𝑟2𝑘(𝜒) be the multiplicity of the irreducible representation of the
group Γ/𝐺 with character 𝜒 in the representation Ω2𝑘(Γ/𝐺) of this group on
the space of all cusp forms of weight 2𝑘 (𝑘 ≥ 1) with respect to the group 𝐺.
Then

𝑟2𝑘(𝜒)+𝑟2𝑘(𝜒̄) = 𝜒(1)(2𝑘 − 1)
6 − 1

𝑁 ∑
𝑛 mod 𝑁

𝜒(𝜏𝑛
0 )+(−1)𝑘

2 𝜒(𝜎0)+1
3 (𝑘 + 1

3 ) (𝜒(𝜎0𝜏0)+𝜒((𝜎0𝜏0)2)),

(1)

where 𝜒̄ is the character conjugate to 𝜒; 𝜏0 ∶ 𝑧 ↦ 𝑧 + 1; 𝜎0 ∶ 𝑧 ↦ −1/𝑧; 𝑁 is the
least natural number such that 𝜏𝑁

0 ∈ 𝐺; ( 𝑘+1
3 ) is the Legendre symbol.

Previously formula (1) was obtained by Hecke for 𝑘 = 1 (2). We outline the
proof of the theorem. Denote by 𝑀𝑛 the representation of the group Γ′ on the
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space of homogeneous polynomials of degree 𝑛 in two variables with complex
coefficients (𝑀0 ≡ 1) (3). For even 𝑛 the representation 𝑀𝑛 is trivial on the

center of the group Γ′ (consisting of ± (1 0
0 1)), so that in this case we actually

obtain a representation of the group Γ, which we shall denote by the same letter.

Lemma 1. Let 𝜒𝑛 be the character of the representation 𝑀𝑛; then, in the
notation of the theorem, for any integer 𝑘 ≥ 0,

𝜒2𝑘(𝜎0) = (−1)𝑘,

𝜒2𝑘(𝜎0𝜏0) = 𝜒2𝑘((𝜎0𝜏0)2) = − (𝑘 + 2
3 ) ,

where ( 𝑘+2
3 ) is the Legendre symbol.

Proof. The assertions of the lemma are easily derived if one takes into ac-
count that 𝜎2

0 = (𝜎0𝜏0)3 = 1, and uses the known relations between the proper
numbers of finite-order elements in the representations 𝑀1 and 𝑀𝑛.

Lemma 2. Let 𝐴 be a complex matrix of order 𝑠 such that 𝐴𝑁 = 𝐸𝑠 (𝐸𝑠 is the
identity matrix of order 𝑠). Then the number of linearly independent solutions
𝑋 of the system of linear equations

(𝐸(2𝑘+1)𝑠 − 𝑀2𝑘(𝜏0) ⊗ 𝐴)𝑋 = 0 (2)

does not depend on 𝑘 and is equal to

1
𝑁 ∑

𝑛 mod 𝑁
tr(𝐴𝑛).

Proof. The number of linearly independent solutions of system (2) is equal
to the dimension of the space of proper vectors of the operator 𝑀2𝑘(𝜏0) ⊗ 𝐴
in the module 𝑈 ⊗ 𝑉 (where 𝑈 is the module of the representation 𝑀2𝑘, 𝑉
is the complex module of dimension 𝑠 in which the operator given, in some
basis, by the matrix 𝐴 acts) belonging to the proper number 1, and is found
by direct computation if, as a basis of 𝑈 , one takes monomials of the form
𝑢2𝑘−𝑙𝑣𝑙 (𝑙 = 0, … , 2𝑘), as a basis of 𝑉 the proper vectors 𝜔𝑖 (𝑖 = 1, 2, … , 𝑠)
of the operator 𝐴, and as a basis of 𝑈 ⊗ 𝑉 elements of the form 𝑢2𝑘−𝑙𝑣𝑙 ⊗ 𝜔𝑖
(𝑙 = 0, … , 2𝑘; 𝑖 = 1, 2, … , 𝑠).
Let 𝑅 be a complex representation of the group Γ/𝐺 with character 𝜒. Put
𝑀2𝑘,𝜒 = 𝑀2𝑘 ⊗𝑅 and consider the group of parabolic cohomologies 𝐻(Γ, 𝑀2𝑘,𝜒)
of the group Γ relative to the representation 𝑀2𝑘,𝜒 (3,4). Recall that the group
𝐻 is defined analogously to the ordinary one-dimensional cohomology group
of the group Γ with coefficients in the representation module 𝑀2𝑘,𝜒, with the
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sole difference that an additional condition is imposed on cocycles: for every
cocycle r and every parabolic substitution 𝜏 ∈ Γ there is a vector a from the
representation module 𝑀2𝑘,𝜒 for which

r(𝜏) = a − 𝑀2𝑘,𝜒(𝜏)a.

Lemma 3. For any representation 𝑅 of the group Γ/𝐺 with character 𝜒, in the
notation introduced above,

dim𝐶 𝐻(Γ, 𝑀2𝑘,𝜒) ≥ 𝜒(1)(2𝑘 + 1)
6 − 1

𝑁 ∑
𝑛 mod 𝑁

𝜒(𝜏𝑛
0 )+(−1)𝑘+1

2 𝜒(𝜎0)+1
3 (𝑘 + 2

3 ) (𝜒(𝜎0𝜏0)+𝜒((𝜎0𝜏0)2)).

Proof. Let 𝐻(Γ, 𝑀2𝑘,𝜒, 𝜏) (where 𝜏 is an arbitrary parabolic substitution from
Γ) be the group defined in the same way as 𝐻(Γ, 𝑀2𝑘,𝜒), with the additional
condition that all cocycles and coboundaries vanish on 𝜏 . It is easy to see that
𝐻(Γ, 𝑀2𝑘,𝜒, 𝜏) and 𝐻(Γ, 𝑀2𝑘,𝜒) are canonically isomorphic. In particular,

dim𝐶 𝐻(Γ, 𝑀2𝑘,𝜒) = dim𝐶 𝐻(Γ, 𝑀2𝑘,𝜒, 𝜏0),

and it is enough to estimate the latter dimension. As is known (1), the group Γ
is a group with two generators 𝜎0, 𝜏0 and defining relations

𝜎2
0 = (𝜎0𝜏0)3 = 1. (3)

Thus, each cocycle from 𝐻(Γ, 𝑀2𝑘,𝜒, 𝜏0) is uniquely determined by the vector
𝑋 = r(𝜎0) (since r(𝜏0) = 0). Denote by 𝑉 the set of solutions 𝑋 of the system
of homogeneous equations

[𝐸(2𝑘+1)𝜒(1) + 𝑀2𝑘,𝜒(𝜎0)]𝑋 = 0, (4)

[𝐸(2𝑘+1)𝜒(1) + 𝑀2𝑘,𝜒(𝜎0𝜏0) + 𝑀2𝑘,𝜒((𝜎0𝜏0)2)]𝑋 = 0 (5)

and by 𝑊 the set of vectors of the form

[𝐸(2𝑘+1)𝜒(1) − 𝑀2𝑘,𝜒(𝜎0)]𝑌 ,

where

[𝐸(2𝑘+1)𝜒(1) − 𝑀2𝑘,𝜒(𝜏0)]𝑌 = 0. (6)

(Here and below 𝑀2𝑘,𝜒(𝜎), for 𝜎 ∈ Γ, denotes the matrix of the operator 𝜎 in
an arbitrary, but fixed, basis of the representation module 𝑀2𝑘,𝜒.) Then, by
virtue of relations (3) and the remark made above,

sovietrxiv.org/items/ru-196501.40219 Machine Translation

https://sovietrxiv.org/items/ru-196501.40219


dim 𝐻(Γ, 𝑀2𝑘,𝜒) = dim 𝐻(Γ, 𝑀2𝑘,𝜒,𝜏0
) = dim 𝑉 − dim 𝑊. (7)

Using Lemma 1 and relation (3), we find that the rank of system (4) is equal to

𝑟1 = 1
2[(2𝑘 + 1)𝜒(1) + (−1)𝑘𝜒(𝜎0)],

and the rank of system (5) is equal to

𝑟2 = 1
3 [(2𝑘 + 1)𝜒(1) − (𝑘 + 2

3 ) (𝜒(𝜎0𝜏0) + 𝜒((𝜎0𝜏0)2))] .

Since the rank of the system of equations (4)—(5) does not exceed 𝑟1 + 𝑟2, we
have

(2𝑘 + 1)𝜒(1) − dim 𝑉 ≤ 𝑟1 + 𝑟2,

whence, taking account of relations (7), we obtain

(2𝑘 + 1)𝜒(1) − dim 𝐻(Γ, 𝑀2𝑘,𝜒) ≤ dim 𝑊 + 𝑟1 + 𝑟2.

Substituting in the last inequality the values of 𝑟1 and 𝑟2, and taking into ac-
count that dim 𝑊 does not exceed the number of linearly independent solutions
of system (6), which was computed in Lemma 2, we obtain the assertion of the
lemma.

We now pass directly to the proof of the theorem. As follows from a result of
Gunning 4 (a corollary to Theorem 5), in the case when 𝜒 is a simple nonprin-
cipal character of the group Γ/𝐺,

𝑟2𝑘(𝜒) + 𝑟2𝑘(𝜒̄) = dim 𝐻(Γ, 𝑀2𝑘−2,𝜒).

From this relation, on the basis of Lemma 3, we obtain the inequality

𝑟2𝑘(𝜒) + 𝑟2𝑘(𝜒̄) ≥ 1
6(2𝑘 − 1)𝜒(1) − 1

𝑁 ∑
𝑚 mod 𝑁

𝜒(𝜏𝑚
0 ) + (−1)𝑘

2 𝜒(𝜎0)+

+1
3 (𝑘 + 1

3 ) (𝜒(𝜎0𝜏0) + 𝜒((𝜎0𝜏0)2)). (8)

Multiply both sides of this inequality by 𝜒(1) = 𝜒̄(1) and sum over all simple
nonprincipal characters 𝜒 of the group Γ/𝐺. The left-hand side of the resulting
inequality is, evidently,
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2 ∑
𝜒≠1

𝜒(1)𝑟2𝑘(𝜒) = 2(dim ℜ2𝑘(𝐺) − dim ℜ2𝑘(Γ))

and can be computed explicitly on the basis of the known formulas for the
dimensions of spaces of entire modular forms and spaces of Eisenstein series 1, 5.
The right-hand side of the resulting inequality is easily computed on the basis
of the known orthogonality relations between the characters of a finite group 6.
The corresponding computations show that the left- and right-hand sides are
equal, so that equality holds in the inequalities (8) for each simple 𝜒, 𝜒 ≠ 1.
The theorem is proved.

Leningrad Branch
of the V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
13 IV 1965
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