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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1965. Volume 162, No. 1

GEOPHYSICS
B. A. TAREEV

QUASI-GEOSTROPHIC INSTABILITY OF
OCEAN CURRENTS
(Presented by Academician V. V. Shuleikin, 17 IX 1964)

Using the approximate methods developed in meteorological works by Go (1, 2)
and Thompson (3), the stability of geostrophic currents in the ocean is investi-
gated with partial allowance for frictional forces.

If the basic current is described by the equations of the dynamical method

𝑓𝑈 = − 1
𝜌0

𝜕𝑃
𝜕𝑦 , 𝑔𝜌0 = −𝜕𝑃

𝜕𝑧 , 𝜌0 = 𝜌0(𝑦, 𝑧), (1)

then the linearized equations of the perturbed motion may be written in the
form

𝐿𝑢′ + 𝑣′𝑈𝑦 + 𝑤′𝑈𝑧 − 𝑓𝑣′ = − ( 𝑝′

𝜌0
)

𝑥
+ 𝜈1𝑢′

𝑧𝑧 + 𝜈∇2𝑢′; (2)

𝐿𝑣′ + 𝑓𝑢′ = − ( 𝑝′

𝜌0
)

𝑦
+ 𝜈1𝑣′

𝑧𝑧 + 𝜈∇2𝑣′; (3)

𝑔 𝜌′

𝜌0
= − ( 𝑝′

𝜌0
)

𝑧
; (4)

𝐿𝜌′ + 𝜕𝜌0
𝜕𝑦 𝑣′ + 𝜕𝜌0

𝜕𝑧 𝑤′ = 0; (5)

𝑢′
𝑥 + 𝑣′

𝑦 + 𝑤′
𝑧 = 0. (6)

Here 𝐿 = 𝜕/𝜕𝑡 + 𝑈𝜕/𝜕𝑥, ∇2 = 𝜕2/𝜕𝑥2 + 𝜕2/𝜕𝑦2; 𝑝′ is pressure; 𝜌′ is the
density perturbation; 𝑔 is the acceleration due to gravity; 𝑓 is the Coriolis
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parameter; 𝑢′, 𝑣′, 𝑤′ are the components of the velocity perturbations of the
basic current 𝑈 along the axes 𝑥, 𝑦, 𝑧, directed eastward, northward, and upward.
Subscripts indicate differentiation with respect to the corresponding variable.
Capital letters denote quantities characterizing the basic (unperturbed) state;
𝜌0 is the density in the unperturbed state; 𝜈1, 𝜈 are the coefficients of vertical
and horizontal turbulent viscosity. Equations (2) and (3) give the vorticity
equation 𝜉 = 𝑣′

𝑥 − 𝑢′
𝑦:

𝐿𝑣′ + 𝑍′
𝑦𝑣 + 𝑍 div(𝑢′, 𝑣′) = 𝜈1𝑣′

𝑧𝑧 + 𝜈∇2𝑣′. (7)

In this equation the small terms 𝑈𝑧𝑤𝑦 and 𝑈𝑧𝑦𝑤 have been omitted, and the
notation

𝑍 = 𝑓 − 𝑈𝑦, 𝑍𝑦 = 𝛽 − 𝑈𝑦𝑦, 𝛽 = 𝑑𝑓/𝑑𝑦. (8)

has been introduced.

We now introduce the assumption of quasi-geostrophy, necessary for filtering out
internal gravity waves. To this end, let us assume that in the vorticity equation
(7) and in the isopycnicity (adiabaticity) equation (5) the velocity perturbations
satisfy the conditions:

𝑓𝜌0𝑣′ = 𝑝′
𝑥, 𝑓𝜌0𝑢′ = −𝑝′

𝑦. (9)

Assuming further that the perturbations have the form of elementary waves

𝑢′ = 𝑢(𝑧) exp{𝑖𝑘(𝑥 − 𝑐𝑡)} (10)

and do not depend on the coordinate 𝑦, transverse with respect to the basic
current (the same relations hold also for 𝑣′, 𝑤′, 𝜌′, 𝑝′), we obtain

equations (5) and (8) to the form

𝜎𝑤 = 𝑓[(𝑈 − 𝑐)𝑣𝑧 − 𝑈𝑧𝑣], 𝜎 = − 𝑔
𝜌0

𝑑𝜌0
𝑑𝑧 ; (11)

(𝑈 − 𝑐)𝑣 − ( 𝛽
𝑘2 + 𝑖𝜈𝑘) 𝑣 + 𝑖𝜈1

𝑘 𝑣𝑧𝑧 = − 𝑓
𝑘2 𝑤𝑧. (12)

The solution of the system (11), (12) under specified boundary conditions in
principle makes it possible to determine the eigenvalues 𝑐 as functions of the
wave number 𝑘. If these eigenvalues are complex, 𝑐 = 𝑐𝑟 + 𝑖𝑐𝑖 and 𝑐𝑖 > 0, then
instability occurs, and the amplitude of the wave disturbances grows exponen-
tially as they propagate.
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In order to avoid solving the eigenvalue problem, which involves serious math-
ematical difficulties, we use an approximate approach and express the charac-
teristic stability parameters in terms of averaged elements of the basic motion.
Differentiating (12) with respect to 𝑧 and substituting the result into (11), we
obtain a relation connecting 𝑤 and 𝑣 for a given basic current 𝑈(𝑧). This re-
lation, together with the initial vorticity equation (12) (in which 𝑣1 = 0, since
vertical viscosity is significant only in the relatively thin Ekman friction layer),
forms the system

𝑤𝑧𝑧 + 𝑘2𝜎
𝑓2 𝑤 + 2𝑘2

𝑓 𝑈𝑧𝑣 − 𝑘2

𝑓 ( 𝛽
𝑘2 + 𝑖𝜈𝑘) 𝑣𝑧 = 0; (13)

(𝑈 − 𝑐)𝑣 − ( 𝛽
𝑘2 + 𝑖𝜈𝑘) 𝑣 + 𝑓

𝑘2 𝑤𝑧 = 0. (14)

For an approximate determination of the eigenvalues 𝑐, we pass from the dif-
ferential equations (13), (14) to finite-difference relations. Placing the origin of
coordinates at the zero surface 𝑧 = 0 and assuming that within the baroclinic
layer the velocity of the basic current varies linearly with depth, 𝑈(𝑧) = 𝑈𝑧𝑧
(𝑈𝑧 = const, 𝜎 ≈ const), we divide the entire thickness of the baroclinic layer 𝐻
into four layers by the points 𝑧 = 0, 1/4𝐻, 1/2𝐻 = Δ𝐻, 3/4𝐻, 𝐻. Functions
computed at each discrete point will be assigned below the corresponding index
(0, 1, 2, 3, 4). Taking into account the boundary condition 𝑤(0) = 𝑤(𝐻), needed
to exclude forced oscillations, we write equation (14) in finite differences for the
levels 1/4𝐻 and 3/4𝐻 (1 and 3):

(𝑈3 − 𝑐)𝑣3 − ( 𝛽
𝑘2 + 𝑖𝜈𝑘) 𝑣3 − 𝑓

𝑘2
𝑤2

Δ𝐻 = 0,

(𝑈1 − 𝑐)𝑣1 − ( 𝛽
𝑘2 + 𝑖𝜈𝑘) 𝑣1 + 𝑓

𝑘2
𝑤2

Δ𝐻 = 0. (15)

Forming the sum and difference of these equations, and introducing the notation

𝑣 = 𝑣3 + 𝑣1
2 , Δ𝑣 = 𝑣3 − 𝑣1

2 , Δ𝑈 = 𝑈3 − 𝑈1
2 , 𝑈 = 𝑈3 + 𝑈1

2 (16)

and writing equation (13) for the level 1/2𝐻, we obtain the system

(𝑈 − 𝑐)𝑣 − ( 𝛽
𝑘2 + 𝑖𝜈𝑘) 𝑣 + Δ𝑈Δ𝑣 = 0,

(𝑈 − 𝑐)Δ𝑣 − ( 𝛽
𝑘2 + 𝑖𝜈𝑘) Δ𝑣 + Δ𝑈𝑣 − 𝑓

𝑘2Δ𝐻 𝑤2 = 0, (17)
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𝑘2𝜎(Δ𝐻)2 − 2𝑓2

Δ𝐻𝑓 𝑤2 + 4𝑘2Δ𝑈𝑣 − 2𝑘2 ( 𝛽
𝑘2 + 𝑖𝜈𝑘) Δ𝑣 = 0.

In deriving this system, the obvious identities have been used

(𝑈3𝑣3 + 𝑈1𝑣1) = 2(𝑈 𝑣 + Δ𝑈Δ𝑣); (𝑈3𝑣3 − 𝑈1𝑣1) = 2(Δ𝑈 𝑣 + 𝑈Δ𝑣);

𝑈𝑧 = 2Δ𝑈/Δ𝐻, (18)

and it has also been assumed that 𝑣2 ≈ (𝑣3 + 𝑣1)/2 = 𝑣. Equating to zero the
determinant of the system (17), after some transformations we arrive at

to the algebraic equation:

(𝑐 − 𝑈)2 + ( 𝛽
𝑘2 + 𝑖𝜈𝑘) 1 + 2𝛼

1 + 𝛼 (𝑐 − 𝑈) + ( 𝛽
𝑘2 + 𝑖𝜈𝑘)

2 𝛼
1 + 𝛼 + (Δ𝑈)2 1 − 𝛼

1 + 𝛼 = 0.
(19)

Here the notation 𝛼 = −𝑘2𝜎𝐻2/8𝑓2 > 0 has been introduced, since for stable
stratification 𝜎 = 𝑔

𝜌0

𝑑𝜌0
𝑑𝑧 < 0. Also, for convenience expressing Δ𝑈 through

the velocity of the current at the ocean surface 𝑈𝑚 = 𝑈𝑧𝐻 , by the formula
Δ𝑈 = 1

4 𝑈𝑚, we write the solution of equation (19) in the form

𝑐 = 𝑈 − 1
2 ( 𝛽

𝑘2 + 𝑖𝜈𝑘) 1 + 2𝛼
1 + 𝛼 ±

± 𝑖 𝑈𝑚
4(1 + 𝛼)√(1 + 4𝜈2𝑘2

𝑈2𝑚
− 4𝛽2

𝑈2𝑚𝑘4 − 𝛼2) − 𝑖 8𝛽𝜈
𝑈2𝑚𝑘 . (20)

Denoting the real and imaginary parts of the expression under the radical by 𝑎
and 𝑖𝑏, we obtain

𝑐𝑖 = −𝜈𝑘
2

1 + 2𝛼
1 + 𝛼 ± Re { 𝑈𝑚

4(1 + 𝛼)
√

𝑎 − 𝑖𝑏} , (21)

𝑐𝑟 = 𝑈 − 𝛽
2𝑘2

1 + 2𝛼
1 + 𝛼 ± Im { 𝑈𝑚

4(1 + 𝛼)
√

𝑎 − 𝑖𝑏} . (22)

One of the two solutions (21), giving 𝑐𝑖 > 0, leads to instability. After simple
transformations of expression (21), the equation of the neutral curve 𝑐𝑖 = 0,
bounding the region of instability, takes the form
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Fig. 1

Figure 1: Fig. 1

[1 − 𝛼2 − 4
𝑈2𝑚

(𝛽2

𝑘4 − 𝜈2𝑘2)] − 4𝜈2𝑘2

𝑈2𝑚
(1 + 2𝛼)2 = 0. (23)

Fig. 1

For definiteness, in the numerical calculations by formulas (20)—(23) it was
assumed that 𝑓 = 0.87 ⋅ 10−4 sec−1 (which corresponds to a latitude of about
40∘), and the depth of the zero surface 𝐻 was taken equal to 1500 m. The
stratification parameter 𝜎 = 1.3 ⋅ 10−5 sec−2, which roughly corresponds to the
mean density gradient in a 1500 m layer in temperate latitudes. In addition,
𝜈 = 1⋅107 cm2/sec, 𝛽 = 1⋅10−13 cm−1 ⋅sec−1. Figure 1 shows the corresponding
stability diagram in the plane 𝑈𝑚, 𝜆 = 2𝜋/𝑘. The heavy line is the neutral
curve 𝑐𝑖 = 0; the thin lines are isolines 𝑐𝑖 = const (in centimeters per second)
inside the instability region. The calculations are somewhat simplified if one uses
tables of roots of complex numbers [4]. Comparison of Fig. 1 with diagrams
calculated for the cases of absence of viscosity and stratification (these diagrams
are not given here) shows that the forces of viscosity stabilize the motion and
reduce the region of instability. The role of stratification (and vertical motions)
reduces to limiting the instability region on the side of short waves, since in
the unstratified case sufficiently short waves become unstable for an arbitrarily
small vertical gradient of the velocity of the basic current. As an example,

Let us estimate the parameters of the most unstable disturbances for the Gulf
Stream below Cape Hatteras (“separation point”). Let us note that the pa-
rameter values chosen by us in constructing the stability diagram correspond
precisely to this region. Take the mean surface velocity across the Gulf Stream
to be 𝑈𝑚 = 100 cm/sec. For this value of 𝑈𝑚, from the diagram in Fig. 1 it is
easy to calculate max |𝜔𝑖| = max |𝑐𝑖𝑘| ≈ 3.84 ⋅ 10−6 sec−1, which corresponds to
𝑐𝑖 ≈ 16.5 cm/sec and to a wavelength of the most unstable disturbance equal
to approximately 280 km. The amplitude of the most unstable wave at this
value doubles in the time 𝑡 = ln 2/𝜔𝑖 ≈ 2.1 days; the phase velocity, calculated
by formula (22), is 𝑐𝑟 = 49 cm/sec. The absence of special observations does
not permit a detailed comparison with the actual picture; however, the few
synchronous surveys of nonstationary meanders in the Gulf Stream (5) indicate
that the example given yields realistic orders of magnitude. As is seen from Fig.
1, for the values of stratification and viscosity chosen by us the critical value of
𝑈𝑚 is approximately 8 cm/sec, which for 𝐻 = 1500 m corresponds to a velocity
gradient of the basic current 𝑈𝑧 = 5.33 ⋅ 10−5 sec−1. The corresponding critical
wavelength is 𝜆𝑐 = 330 km. Consequently, many systems of ocean currents, such
as, for example, the Gulf Stream, Kuroshio, and the North Equatorial Current,
are beyond the stability boundary and cannot have a stationary character even
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at great depths (of the order of 1000 m), which, in particular, is confirmed by
observations made with buoy stations.

Institute of Oceanology
Academy of Sciences of the USSR

Received
17 IX 1964
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