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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1965. Volume 162, No. 6

MATHEMATICS
Academician S. L. SOBOLEV

CONVERGENCE OF FORMULAS OF AP-
PROXIMATE INTEGRATION ON FUNC-
TIONS FROM 𝐿(𝑚)

2
In the author’s papers (1,2) it was established that the extremal function 𝑢(𝑥),
i.e., the function on which the error functional attains its greatest value on the
sphere of unit radius in 𝐿(𝑚)

2 , is a solution of the polyharmonic equation with
right-hand side

Δ𝑚𝑢 = (−1)𝑚+1𝑙(𝑥). (1)

We shall consider periodic functions of the variable, defined on a certain torus
Ω, and a system of nodes of a cubature formula of the form

𝑥(𝛾) = ℎ𝐻𝛾, (2)

where 𝑥(𝛾) is a column vector of the coordinates of a point; 𝛾 is an integer
column vector; 𝐻 is a matrix with determinant one; ℎ is a small parameter.
Suppose, moreover, that the periods of the torus Ω, which we do not consider,
are multiples of the columns of the matrix ℎ𝐻, i.e., of the periods of the lattice.

Theorem 1. Among all coefficients 𝐶𝛾 entering into the expression for the
error functional

𝑙(𝑥) = 1 − ∑
𝛾

ℎ𝑛𝛿(𝑥 − 𝑥(𝛾)), (3)

the smallest value of 𝑙(𝑥) in the norm of 𝐿(𝑚)
2 is given by the constants

𝐶𝛾 = 1. (4)
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The proof of this theorem, like its formulation itself, though for other spaces, is
known. As is known, the norm 𝑙(𝑥) is a strictly convex function of 𝐶𝛾, i.e.,

∥ 𝑙1(𝑥) + 𝑙2(𝑥)
2 ∥ < 𝐶, (5)

if

‖𝑙1(𝑥)‖ = ‖𝑙2(𝑥)‖ = 𝐶.

If the coefficients of some functional of the form (3) are not all equal to one
another, then the functionals 𝑙(𝑥) and 𝑙(𝑥 − ℎ𝐻𝛾), with the same nodes, do not
coincide; moreover, their half-sum will be a functional with the same nodes, but
smaller in norm. Consequently, 𝑙(𝑥) cannot be minimal. The theorem is proved.

The Fourier method makes it possible to give an explicit expression for the
extremal function of the extremal functional

𝑙0(𝑥) = 1 − ∑
𝛾

ℎ𝑛𝛿(𝑥 − ℎ𝐻𝛾) (6)

in the form

𝑢(𝑥) = (2𝜋)−2𝑚ℎ2𝑚 ∑
𝛽≠0

𝑒−2𝜋𝑖𝛽ℎ−1𝐻−1𝑥

[𝐴(𝛽)]𝑚 , (7)

where 𝐴(𝛽) is the quadratic form with matrix

𝐴 = 𝐻−1𝐻−1∗. (8)

This expression already makes it possible, in an elementary way, to obtain an
explicit expression for the norm of the extremal functional

‖𝑙0(𝑥)‖ = (2𝜋)−𝑚ℎ𝑚√
Ω√𝜉 (𝐻−1, 2𝑚), (9)

where

𝜉 (𝐻−1, 2𝑚) = ∑
𝛾≠0

1
[𝐴(𝛾)]𝑚 . (10)

From (9) there follows, valid for all 𝐿(𝑚)
2 , the estimate of the magnitude of the

error of the cubature formula
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|(𝑙, 𝜑)| ≤ (ℎ/2𝜋)𝑚√
Ω√𝜉 (𝐻−1, 2𝑚)‖𝜑‖𝐿(𝑚)

2
. (11)

The aim of the present note is the following theorem:

Theorem 2. For each individual function 𝜑(𝑥) ∈ 𝐿(𝑚)
2 , as ℎ → 0, the sharper

estimate holds

|(𝑙, 𝜑)| ≤ (ℎ/2𝜋)𝑚√𝜉 (𝐻−1, 2𝑚)‖𝜑‖𝐿(𝑚)
1

+ 𝑜(ℎ𝑚), (12)

where 𝑜(ℎ(𝑚)) depends on the choice of the function 𝜑(𝑥) and

‖𝜑‖𝐿(𝑚)
2

= ∫ ⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

𝑑𝑥. (13)

As follows from the theorem, estimate (11), while completely sharp for the entire
class of functions in 𝐿(𝑚)

2 periodic on the torus Ω, is not sharp for any single
concrete function. Although equality in (11) is attained for any prescribed ℎ
and corresponding 𝜑(𝑥), since for all functions except solutions of the equation

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2 = const, (14)

the strict inequality holds

‖𝜑‖𝐿(1)
𝑚

<
√

Ω‖𝜑‖𝐿(𝑚)
2

, (15)

and the extremal function (7) does not satisfy this equation, it follows that,
for sufficiently small ℎ, estimate (12) is stronger for any concrete function than
estimate (11).

Let us give the idea of the proof of the main theorem. The magnitude of the
error (𝑙(𝑥), 𝜑(𝑥)) for any function 𝜑(𝑥) ∈ 𝐿(𝑚)

2 is expressed by the formula

(𝑙(𝑥), 𝜑(𝑥)) = (Δ𝑚𝑢, 𝜑) = ∑
|𝛼|=𝑚

(𝐷𝛼𝑢, 𝐷𝛼𝜑) = ∫
Ω

∑
|𝛼|=𝑚

𝐷𝛼𝑢 𝐷𝛼𝜑 𝑑𝑥. (16)

Divide the whole volume Ω into elementary parallelepipeds Ω𝛾 with sides ex-
pressed by the columns of the matrix ℎ𝐻, and with origin at ℎ𝐻𝛾. Applying
Bunyakovsky’s inequality, we shall have, after carrying out the corresponding
calculations,
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(𝑙(𝑥), 𝜑(𝑥)) = ∑
𝛾

∫
Ω𝛾

∑
|𝛼|=𝑚

𝐷𝛼𝜑 𝐷𝛼𝑢 𝑑𝑥 ≤

≤ ∑
𝛾

⎡⎢
⎣

∫
Ω𝛾

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2𝑑𝑥⎤⎥
⎦

1/2
⎡⎢
⎣

∫
Ω𝛾

∑
|𝛼|=𝑚

(𝐷𝛼𝑢)2𝑑𝑥⎤⎥
⎦

1/2

=

= ( ℎ
2𝜋 )

𝑚
√𝜉 (𝐻−1, 2𝑚) ∑

𝛾
ℎ𝑛/2

⎧{
⎨{⎩

∫
Ω𝛾

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2𝑑𝑥
⎫}
⎬}⎭

1/2

. (17)

To prove estimate (12), it remains to show that

∑
𝛾

ℎ𝑛/2
⎧{
⎨{⎩

∫
Ω𝛾

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2 𝑑𝑥
⎫}
⎬}⎭

1/2

= ∫
Ω

⎧{
⎨{⎩

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2
⎫}
⎬}⎭

1/2

𝑑𝑥 + 𝑜(1). (18)

Consider the function

𝑓𝛾(𝜆) = ∫
Ω𝛾

⎛⎜
⎝

⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

− 𝜆⎞⎟
⎠

2

𝑑𝑥. (19)

The expression 𝑓𝛾(𝜆) is a positive quadratic trinomial with respect to 𝜆

𝑓𝛾(𝜆𝛾) = ℎ𝑛𝜆2 − 2𝜆 ∫
Ω𝛾

⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

𝑑𝑥 + ∫
Ω𝛾

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2 𝑑𝑥. (20)

For all positive trinomials of the form 𝑓(𝜆) = 𝑎𝜆2 − 2𝑏𝜆 + 𝑐, the equality

𝑎 min 𝑓(𝜆) = 𝑎𝑐 − 𝑏2 (21)

holds. Let

min 𝑓𝛾(𝜆) = 𝑓𝛾(𝜆𝛾) = 𝜀𝛾. (22)

Since the function [∑|𝛼|=𝑚(𝐷𝛼𝜑)2]
1/2

will obviously be summable with square,
it is possible to approximate it in norm by means of the step function
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𝜓(𝑥) = 𝜆𝛾 (𝑥 ∈ Ω𝛾). (23)

It follows that the expression

∑
𝛾

𝜀𝛾 = 𝜀 = 𝜏 (𝑚)
𝜑 (ℎ) (24)

will tend to zero as ℎ → 0. From (21) and (22), however, it follows that

𝜀𝛾 = ∫
Ω𝛾

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2 𝑑𝑥 − 1
ℎ𝑛

⎛⎜
⎝

∫
Ω𝛾

⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

𝑑𝑥⎞⎟
⎠

2

, (25)

and, consequently,

∑
𝛾

ℎ𝑛/2
⎧{
⎨{⎩

∫
Ω𝛾

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2 𝑑𝑥
⎫}
⎬}⎭

1/2

= ∑
𝛾

ℎ𝑛/2
⎧{
⎨{⎩

1
ℎ𝑛

⎛⎜
⎝

∫
Ω𝛾

⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

𝑑𝑥⎞⎟
⎠

2

+ 𝜀𝛾

⎫}
⎬}⎭

1/2

=

= ∑
𝛾

⎧{
⎨{⎩

⎛⎜
⎝

∫
Ω𝛾

⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

𝑑𝑥⎞⎟
⎠

2

+ ℎ𝑛𝜀𝛾

⎫}
⎬}⎭

1/2

. (26)

Finally, from the triangle inequality it follows that

⎧{
⎨{⎩

⎛⎜
⎝

∫
Ω𝛾

⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

𝑑𝑥⎞⎟
⎠

2

+ ℎ𝑛𝜀𝛾

⎫}
⎬}⎭

1/2

−∫
Ω𝛾

⎡⎢
⎣

∑
|𝛼|=𝑚

(𝐷𝛼𝜑)2⎤⎥
⎦

1/2

𝑑𝑥 ≤ ℎ𝑛/2√𝜀𝛾

(27)

and, further,

∑
𝛾

ℎ𝑛/2√𝜀𝛾 ≤ (∑
𝛾

ℎ𝑛)
1/2

(∑
𝛾

𝜀𝛾)
1/2

=
√

Ω√𝜏 (𝑚)
𝜑 (ℎ). (28)

Summing (27) and using (26) and (28), we obtain (18). The theorem is proved.
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