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Abstract
Full Text

D. L. BERMAN
ON THE THEORY OF INTERPOLATION
(Presented by Academician S. N. Bernstein on 4 XII 1964)

MATHEMATICS

1°. We shall say that a system of points

−1 ≤ 𝑥(𝑛)
𝑛 < 𝑥(𝑛)

𝑛−1 < ⋯ < 𝑥(𝑛)
1 ≤ 1, 𝑛 = 1, 2, … , (1)

is quasi-uniformly distributed in the segment [−1, 1] if there exist positive con-
stants 𝐶1 and 𝐶2 such that the inequalities

𝐶1/𝑛 ≤ 𝜃(𝑛)
𝑘+1 − 𝜃(𝑛)

𝑘 ≤ 𝐶2/𝑛, 𝑘 = 0, 1, 2, … , 𝑛; 𝑛 = 1, 2, … ,

hold, where 𝑥(𝑛)
𝑘 = cos 𝜃(𝑛)

𝑘 , 𝜃0 = 0, 𝜃𝑛+1 = 𝜋.

The following general result is known (1). If the 𝑛-th row of matrix (1) consists
of the zeros of an orthogonal polynomial of degree 𝑛, whose weight satisfies the
inequalities 0 < 𝑚 ≤ 𝑝(𝑥)

√
1 − 𝑥2 ≤ 𝑀, −1 ≤ 𝑥 ≤ 1, then the points of such a

matrix are quasi-uniformly distributed in [−1, 1]. The results of the works (1–
3) show that quasi-uniformly distributed nodes are of considerable interest for
the theory of interpolation. Among them a special role is played by the P. L.
Chebyshev nodes

𝑥(𝑛)
𝑘 = cos 2𝑘 − 1

2𝑛 𝜋, 𝑘 = 1, 2, … , 𝑛; 𝑛 = 1, 2, … ,

for which the overwhelming majority of results in interpolation theory have been
proved. It should apparently be regarded as natural to attempt to extend the
results established for Chebyshev nodes to the general case of quasi-uniformly
distributed nodes. The results of this note, in particular, show that such an
extension is not always possible.

2°. As the system of nodes (1) we take the points

𝑥(𝑛+2)
0 = 1, 𝑥(𝑛+2)

𝑛+1 = −1, 𝑥(𝑛+2)
𝑘 = cos 2𝑘 − 1

2𝑛 𝜋, 1 ≤ 𝑘 ≤ 𝑛; 𝑛 = 1, 2, … .
(2)
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Obviously, these points are quasi-uniformly distributed in the segment [−1, 1].
At these nodes we construct the Lagrange and Hermite–Fejér interpolation pro-
cesses for the function 𝑓(𝑥) = |𝑥|. In this connection let us recall the unexpected
result of S. N. Bernstein (5), according to which the Lagrange interpolation pro-
cess constructed for the same function at equidistant nodes of the interval [−1, 1]
diverges at every point 𝑥 ≠ 0 of (−1, 1).
Theorem 1. The Lagrange interpolation process constructed for the function
𝑓(𝑥) = |𝑥| at the nodes (2) diverges at the point 𝑥 = 0.

Let us outline the proof. After simple calculations we obtain that, for an even
function at the nodes (2), the Lagrange interpolation polynomial has the form

𝐿𝑛(𝑓, 𝑥) = 𝑓(1)𝑇𝑛(𝑥) +
2𝑝

∑
𝑗=1

𝑓(𝑥𝑗)
2𝑥𝑗(𝑥2 − 1)𝑇𝑛(𝑥)

(𝑥2
𝑗 − 1)(𝑥2 − 𝑥2

𝑗 )𝑇 ′𝑛(𝑥𝑗)
,

where 𝑇𝑛(𝑥) = cos 𝑛 arccos 𝑥 and 𝑛 = 4𝑝. Hence it follows that, for 𝑓(𝑥) = |𝑥|,

𝐿𝑛(|𝑥|, 0) = 2
2𝑝

∑
𝑗=1

𝑙𝑗(−1), (3)

where {𝑙𝑗(𝑥)} are the fundamental Lagrange polynomials constructed at the
Chebyshev nodes. One can prove that

2𝑝
∑
𝑗=1

𝑙𝑗(−1) > 1
𝜋 − 1

𝑛. (4)

From (3) and (4) it follows that

𝐿𝑛(|𝑥|, 0) > 2
𝜋 − 2

𝑛.

Thus, the process diverges at 𝑥 = 0. It is curious that this same process,
constructed at the Chebyshev nodes, converges at every point of the interval
[−1, 1], and the convergence is even uniform.

Theorem 2. Let 𝑓(𝑥) = |𝑥|
√

1 − 𝑥2𝜑(|𝑥|), where 𝜑(𝑥) is an arbitrary function
continuous on the segment [−1, 1]. Then the process {𝐿𝑛(𝑓, 𝑥)}∞

𝑛=1, constructed
at the nodes (2), converges at the point 𝑥 = 0.

Denote by 𝐻𝑛(𝑓, 𝑥) the Hermite–Fejér interpolation polynomial of degree (2𝑛−
1), which is uniquely determined by the conditions

𝐻𝑛(𝑓, 𝑥𝑘) = 𝑓(𝑥𝑘), 𝐻′
𝑛(𝑓, 𝑥𝑘) = 0, 𝑘 = 1, 2, … , 𝑛.
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Theorem 3. The Hermite–Fejér interpolation process {𝐻𝑛(𝑓)}∞
𝑛=1, constructed

for the function 𝑓(𝑥) = |𝑥| at the nodes (2), satisfies the equality

lim
𝑛→∞

𝐻𝑛(𝑓, 0) = ∞.

We outline the proof. For the nodes (2),

𝐻𝑛+2(𝑓, 𝑥) = 𝑓(1)
2 [1 − (2𝑛2 + 1)(𝑥 − 1)](𝑥 + 1)𝑇𝑛(𝑥)

− 𝑓(−1)
2 [1 + (2𝑛2 + 1)(𝑥 + 1)](𝑥 − 1)𝑇𝑛(𝑥)

+
𝑛

∑
𝑗=1

𝑓(𝑥𝑗) (1 + 3𝑥𝑗(𝑥 − 𝑥𝑗)
1 − 𝑥2

𝑗
) 4𝑥2

𝑗 (𝑥2 − 1)2𝑇 2
𝑛(𝑥)

(𝑥2 − 𝑥2
𝑗 )2(𝑥2

𝑗 − 1)[𝑇 ′𝑛(𝑥𝑗)]2
.

Therefore, for even 𝑓 ,

𝐻𝑛+2(𝑓, 0) = 𝑓(1)(𝑛2 + 1) + 2
𝑛2

2𝑝
∑
𝑗=1

1 − 4𝑥2
𝑗

𝑥2
𝑗 (1 − 𝑥2

𝑗 )2 , 𝑛 = 4𝑝.

In particular, for 𝑓(𝑥) = |𝑥| we obtain that

𝐻𝑛+2(|𝑥|, 0) = (𝑛2 + 1) + 2
𝑛2

2𝑝
∑
𝑗=1

1
cos 𝜑𝑗

+ 2
𝑛2

2𝑝
∑
𝑗=1

cos 𝜑𝑗
sin2 𝜑𝑗

+ 3
8𝑛2

2𝑝
∑
𝑗=1

1
cos4(𝜑𝑗/2) − 3

8𝑛2

2𝑝
∑
𝑗=1

1
sin4(𝜑𝑗/2)

,

where 𝑥𝑗 = cos 𝜑𝑗 and 𝜑𝑗 = (2𝑗 − 1)𝜋/2𝑛. Therefore

𝐻𝑛+2(|𝑥|, 0) > 𝑛2 + 1 − 3
8𝑛2

2𝑝
∑
𝑗=1

1
sin4(𝜑𝑗/2)

. (5)

To complete the proof a lemma is needed.

Lemma. The identity holds

2𝑛
∑
𝑗=1

1
sin4 𝜑𝑗/2

= 4𝑛4 − 2
3𝑛3 − 8

3𝑛2. (6)
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In proving the lemma we used the well-known identity of M. Riesz (4). It is
clear that from (5) and (6) there follows the inequality

𝐻𝑛+2(|𝑥|, 0) > 𝑛2/4 + 𝑛/8 + 1/2.

Thus, Theorem 3 is proved.

It is known that the same process, constructed at the Chebyshev nodes, con-
verges uniformly on [−1, 1].
3°. We have already mentioned that in the proof of Theorem 3 an identity of
M. Riesz was used, which plays a very important role in the constructive theory
of functions. This identity admits the following generalization.

Denote by Π𝑛 the set of all trigonometric polynomials of order ≤ 𝑛. Let

Φ𝑛(𝑡) =
𝑛

∑
𝑘=0

𝑟𝑘 sin(𝑘𝑡 + 𝛼𝑘).

Put

Φ̃𝑛(𝑡) = 𝑟𝑛 + 2
𝑛−1
∑
𝑘=0

𝑟𝑘 cos[(𝑛 − 𝑘)𝑡 + 𝛼𝑛 − 𝛼𝑘].

Theorem 4. If 𝑡𝑛 ∈ Π𝑛, then the identity holds

∫
2𝜋

0
𝑡𝑛(𝑥 + 𝜃)Φ𝑛(𝜃) 𝑑𝜃 = 𝜋

2𝑛
2𝑛
∑
𝑟=1

𝑡𝑛 (𝑥 + 𝜑𝑟 − 𝛼𝑛
𝑛 ) (−1)𝑟−1Φ̃𝑛 (𝜑𝑟 − 𝛼𝑛

𝑛 ) , (7)

where

𝜑𝑟 = 2𝑟 − 1
2𝑛 𝜋.

Regarding the proof of this identity, let us note that it suffices to verify it only for
each of the functions {cos 𝑘𝑥}𝑛

𝑘=0, {sin 𝑘𝑥}𝑛
𝑘=1. The case is especially interesting

when

Φ𝑛(𝑡) = 1
𝜋 ( sin(𝑛 + 1/2)𝑡

2 sin 𝑡/2 ) , (8)

then
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Φ̃𝑛(𝑡) = sin2 𝑛𝑡/2
𝜋 sin2 𝑡/2

.

Therefore equality (7) passes into the identity of M. Riesz (4)

𝑡′
𝑛(𝑥) = 1

2𝑛
2𝑛
∑
𝑟=1

𝑡𝑛(𝑥 + 𝜑𝑟) (−1)𝑟−1

2 sin2 𝜑𝑟/2
.

With the aid of this identity M. Riesz obtained a very elegant proof of the
classical theorem of S. N. Bernstein, according to which

‖𝑡′
𝑛‖ ≤ 𝑛‖𝑡𝑛‖.

We shall suppose that in Π𝑛 a norm has been introduced possessing the usual
properties of a norm, and also the additional property that

‖𝑡𝛼‖ ≤ ‖𝑡‖, −∞ < 𝛼 < ∞, 𝑡 ∈ Π𝑛,

where 𝑡𝛼(𝑥) = 𝑡(𝑥 + 𝛼). With the aid of Theorem 4 it is not difficult to obtain
Theorem 5.

Theorem 5. If

Φ̃𝑛(𝜑𝑟 − 𝑎𝑛/𝑛) ⩾ 0, 𝑟 = 1, 2, … , 2𝑛,

then for any 𝑡𝑛 ∈ Π𝑛

∥∫
2𝜋

0
𝑡𝑛(𝑥 + 𝜃)Φ𝑛(𝜃) 𝑑𝜃∥ ⩽ 𝜋𝑟𝑛‖𝑡𝑛‖. (9)

Remark. If Φ𝑛(𝑡) is defined according to (8) and 𝑡𝑛(𝑥) = 𝑎 cos 𝑛𝑥 + 𝑏 sin 𝑛𝑥,
then equality holds in (9).

With the aid of Theorem 5 one can obtain various inequalities for trigonometric
polynomials.
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