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Abstract
Full Text
MATHEMATICS

A. Ya. DUBOVITSKII, A. A. MILYUTIN

SECOND VARIATIONS IN EXTREMUM
PROBLEMS WITH CONSTRAINTS
(Presented by Academician L. S. Pontryagin on 22 VI 1964)

In (1) a general method was proposed for analyzing extremum problems in
the presence of constraints in the linear approximation. In the present work
we supplement it with a theory for the investigation of the same problems in
approximations of higher order. A principal feature of the proposed method
is that in it each constraint and the functional to be minimized are analyzed
independently of one another. All essential connections are taken into account
by the Euler equation obtained as a result of the analysis. As an illustration,
a sufficient condition for a minimum in a constrained extremum problem is
established and the well-known problem of V. A. Markov (2) on the maximum
of the norm of the 𝑘-th derivative of a polynomial is solved.

1∘. Statement of the problem. In a Banach space 𝑈 , find min 𝐹(𝑢) under
the condition 𝑢 ∈ 𝑄1, … , 𝑢 ∈ 𝑄𝑛 and 𝑢 ∈ ℒ. The sets 𝑄1, … , 𝑄𝑛 are called
constraints of inequality type, and ℒ a constraint of equality type. With
respect to 𝐹 , 𝑄𝑖, and ℒ, assumptions 2∘, A, B, C, as well as 3∘, A′, B′, C′, are
assumed to hold.

2∘. Analysis of problem 1∘ in the linear approximation. Let 𝑢0 ∈ 𝑈 . A
variation 𝑢̄ is admissible for 𝑄𝑖 if 𝑢0 + 𝜀(𝑢̄ + 𝑦) ∈ 𝑄𝑖 for all sufficiently small
𝜀 > 0 and 𝑦. The cone Ω𝑖 of such 𝑢̄ is open. A variation 𝑢̄ is admissible for ℒ if

𝜌(ℒ, 𝑢0 + 𝜀𝑢̄) = 𝑜(𝜀).

Such 𝑢̄ form a cone 𝐿. Finally, Ω is the cone of forbidden variations 𝑢̄: 𝐹(𝑢0 +
𝜀(𝑢̄ + 𝑦)) < 𝐹(𝑢0) for all sufficiently small 𝜀 > 0 and 𝑦; Ω is always open.

It is assumed that:

A. The cone Ω is convex and nonempty.
B. All Ω𝑖 are convex and nonempty.
C. 𝐿 is a subspace.

It is obvious that, in order that 𝑢0 give a minimum in problem 1∘, it is necessary
that

Ω ⋅ Ω1 ⋅ … ⋅ Ω𝑛 ⋅ 𝐿 = 𝜃
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(𝜃 is the empty set). According to (1), in order that the open convex cones Ω, Ω𝑖
and the subspace 𝐿 have empty intersection, it is necessary and sufficient that
there exist linear functionals 𝜔, 𝜔𝑖, and 𝜆, nonnegative respectively on Ω, Ω𝑖,
and 𝐿, not all equal to zero, and such that

𝜔 + 𝜔1 + … + 𝜔𝑛 + 𝜆 = 0. (1)

Solutions of the Euler equation (1) are called stationary points of the problem.
The points of minimum are contained among them.

3∘. Analysis of problem 1∘ by means of the second variation. We denote
the order of approximation by 𝜂, 𝜂 = 𝑜(𝜀). Let 𝑢0 be a stationary point, and 𝑢̄
a fixed first variation. We introduce definitions.

The second variation 𝑢̃ is admissible for 𝑄𝑖 if 𝑢0 + 𝜀𝑢̄ + 𝜂(𝑢̃ + 𝑦) ∈ 𝑄𝑖 for all
sufficiently small 𝜀 > 0 and 𝑦. The set Ω′

𝑖 of such 𝑢̃ is open. Let 𝐿′ be the set
of second variations 𝑢̃ for which

𝜌(𝑢0 + 𝜀𝑢̄ + 𝜂𝑢̃, ℒ) = 𝑜(𝜂).

Denote by Ω′ the set of forbidden 𝑢̃:

𝐹(𝑢0 + 𝜀𝑢̄ + 𝜂(𝑢̃ + 𝑦)) < 𝐹(𝑢0)

for all sufficiently small 𝜀 > 0 and 𝑦.

We shall consider only problems for which:

A′. The set Ω′ is convex and nonempty (Ω′ is always open!).
B′. All Ω′

𝑖 are convex and nonempty.
C′. 𝐿′ is a nonempty hyperplane (a translated subspace).

Variations 𝑢̄ for which, for some 𝜂 = 𝑜(𝜀), A′, B′, and C′ are satisfied are
called critical. The totality of critical directions can be represented in the form
𝑍 ∪ 𝐿 ⋅ Ω ⋅ Ω1 ⋯ Ω𝑛, where 𝑍 ⊂ 𝐿.

In problems with convex 𝐹 and 𝑄𝑖, 𝑍 = 𝜃.

As in 2°, in order that 𝑢0 give a minimum in problem 1°, it is necessary that

Ω′ ⋅ Ω′
1 ⋯ Ω′

𝑛 ⋅ 𝐿′ = 𝜃. (2)

To make this condition meaningful, it must be formulated in terms of the adjoint
space.

The solution is analogous to condition (1) of item 2°. Namely, let Ω′, Ω′
1, …,

Ω′
𝑛 be open nonempty convex sets, and let 𝐿′ be a hyperplane. In order that

Ω′ ⋅Ω′
1 ⋯ Ω′

𝑛 ⋅𝐿′ = 𝜃, it is necessary and sufficient that there exist linear functions
𝜔, 𝜔1, … , 𝜔𝑛 and 𝜆, nonnegative respectively on Ω′, Ω′

1, …, Ω′
𝑛, and 𝐿′, not all

equal to zero, and such that
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𝜔 + 𝜔1 + ⋯ + 𝜔𝑛 + 𝜆 = 0. (3)

We call (3) the Euler equation for the second problem 1°. Its solutions are
the stationary points of problem 1° in the approximation 𝜂. The derivation of
the Euler equations for the following approximations is entirely analogous. In
items 4° and 5° 𝜂 = 𝜀2.

4°. Minimum conditions for a problem with conditional extremum (3).
Find min 𝑓(𝑥), if 𝜑1(𝑥) = ⋯ = 𝜑𝑠(𝑥) = 0.

The Euler equation for the first variation is

𝑓 ′
𝑥(𝑥) + 𝜆1𝜑′

1𝑥(𝑥) + ⋯ + 𝜆𝑠𝜑′
𝑠𝑥(𝑥) = 0. (4)

(It is assumed that 𝜑′
𝑖𝑥(𝑥) are linearly independent and 𝑓 ′

𝑥(𝑥) is nonzero.)

Let 𝑥0 be a stationary point. A critical direction ̄𝑥 satisfies the conditions
̄𝑥 ⟂ 𝜑′

𝑖𝑥(𝑥). According to (4), 𝑓 ′
𝑥(𝑥0) ⟂ ̄𝑥.

Investigation of problem 4° by means of the second variation. The set
Ω′ of forbidden ̃𝑥 is characterized by the condition

𝑓″
𝑥𝑥(𝑥0) ̄𝑥 ⋅ ̄𝑥 + 2𝑓 ′

𝑥(𝑥0) ⋅ ̃𝑥 < 0.

Ω′ is convex, open, and nonempty. The linear functions nonnegative on Ω′ have
the form −𝑎(𝑓″

𝑥𝑥(𝑥0) ̄𝑥 ⋅ ̄𝑥 + 2𝑓 ′
𝑥(𝑥0) ⋅ ̃𝑥) + 𝑏, where 𝑎 ≥ 0, 𝑏 ≥ 0.

The hyperplane 𝐿′ of variations ̃𝑥 admissible with respect to the constraint
𝜑𝑖(𝑥) = 0 is:

𝜑″
𝑖𝑥𝑥(𝑥0) ̄𝑥 ⋅ ̄𝑥 + 2𝜑′

𝑖𝑥(𝑥0) ⋅ ̃𝑥 = 0.

The linear functions nonnegative on 𝐿′ have the form

∑
𝑖

𝑐𝑖(𝜑″
𝑖𝑥𝑥(𝑥0) ̄𝑥 ⋅ ̄𝑥 + 2𝜑′

𝑖𝑥(𝑥0) ̃𝑥) + 𝑑𝑖, 𝑑𝑖 ≥ 0.

According to (3) and (4),

𝐴 ̄𝑥 ⋅ ̄𝑥 = (𝑓″
𝑖𝑥𝑥(𝑥0) − ∑ 𝜆𝑖𝜑″

𝑖𝑥𝑥(𝑥0)) ̄𝑥 ⋅ ̄𝑥 ≥ 0, (5)

where 𝜆𝑖 are the same as in (4).

5°. The problem of V. A. Markov. In the space 𝑃 of polynomials of degree
𝑛, defined on the interval −1 ≤ 𝑥 ≤ +1, find the maximum of the functional

𝐹(𝑝) = ‖𝑝(𝑘)‖ = max
−1≤𝑥≤+1

|𝑝(𝑘)(𝑥)|,
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if ‖𝑝‖ ≤ 1. Here 𝑘 is a certain integer, 0 < 𝑘 ≤ 𝑛, and 𝑝(𝑘)(𝑥) is the 𝑘-th
derivative of the polynomial 𝑝(𝑥).
As a result of analyzing the Euler equations for the first and second variations,
we shall show that the optimal polynomial 𝑝0(𝑥) of problem 50 is uniquely
determined and is the Chebyshev polynomial 𝐻𝑛(𝑥) = cos 𝑛 arccos 𝑥. This
proof appears to be new.

Let 𝑝0(𝑥) be a solution of problem 50. By 𝑀 denote the set of points where
|𝑝0(𝑥)| = 1, and by 𝑐 the point where |𝑝(𝑘)

0 (𝑐)| = ‖𝑝(𝑘)
0 ‖ (𝑀 and 𝑐 ∈ [−1, 1]).

Investigation of problem 50 by means of the first variation. Variation.
The cone Ω of forbidden ̄𝑝 satisfies the condition

̄𝑝(𝑘)(𝑐)/𝑝(𝑘)
0 (𝑐) > 0.

Ω is a nonempty, convex, open cone. Linear functionals nonnegative on Ω have
the form

𝛼 ̄𝑝(𝑘)(𝑐)/𝑝(𝑘)
0 (𝑐),

where 𝛼 ≥ 0.

The cone Ω1 of variations ̄𝑝 admissible under the restriction ‖𝑝‖ ≤ 1 is deter-
mined by the inequality

̄𝑝(𝑥)/𝑝0(𝑥) < 0, 𝑥 ∈ 𝑀.

Ω1 is also an open, convex, and nonempty cone. Linear functionals nonnegative
on it have the form

− ∫ ̄𝑝(𝑥)
𝑝0(𝑥) 𝑑𝜇,

where 𝜇 is a nonnegative measure concentrated on 𝑀 .

Euler equation for the first variation. According to (1) we have

̄𝑝(𝑘)(𝑐)
𝑝(𝑘)

0 (𝑐)
= ∫ ̄𝑝(𝑥)

𝑝0(𝑥) 𝑑𝜇, (6)

an equality valid for arbitrary ̄𝑝.

It is clear from (6) that 𝑀 contains either 𝑛 or 𝑛+1 points. If 𝑀 contains 𝑛+1
points, then, as is known,

𝑝0(𝑥) = cos 𝑛 arccos 𝑥.

The rest is devoted to proving the contradiction of the assumption that 𝑀
contains 𝑛 points.

Let
𝑀 = {𝑥1, … , 𝑥𝑛}. (7)
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Investigation of equation (6). Consider the polynomial

𝑄(𝑥) = (𝑥 − 𝑥1) ⋯ (𝑥 − 𝑥𝑛).

By virtue of (6), 𝑄(𝑘)(𝑐) = 0. Consequently, 𝑐 is an interior point of [−1, 1].
Hence,

𝑝(𝑘+1)
0 (𝑐) = 0.

It is known that if the roots of polynomials interlace, then the roots of their
derivatives also possess the same property. It follows that all

𝑄(𝑘)
𝑖 (𝑐), 𝑄𝑖 = 𝑄/(𝑥 − 𝑥𝑖),

have one and the same sign.

By virtue of (6),
𝑄(𝑘)

𝑖 (𝑐)
𝑝(𝑘)

0 (𝑐)
= 𝑄𝑖(𝑥𝑖)

𝑝0(𝑥𝑖)
𝜇𝑖. (8)

It follows from (8) that 𝑝0(𝑥) has different signs at neighboring points of 𝑀 .
Consequently, [−1, 1] contains 𝑛 − 1 roots of 𝑝0(𝑥). Without loss of generality
one may assume that −1 ∈ 𝑀 and that to the left of the point −1 there are no
roots of 𝑝0(𝑥). By 𝛽 denote the rightmost root of 𝑝′

0(𝑥). If 𝛽 ≤ 1, then 𝑝0(𝑥) is
obtained by stretching 𝐻𝑛(𝑥). Therefore, for the optimal polynomial 𝑝0(𝑥) one
has 𝛽 > 1. Consequently, 1 is also contained in 𝑀 .

It is easy to show that polynomials 𝑝𝛽(𝑥) of the indicated type exist for all
𝛽 ≥ 1, and

𝑝∞(𝑥) = −𝐻𝑛−1(𝑥).

To complete the proof of the contradiction of (7), we investigate the Euler
equation for the second variation of problem 50.

Euler equation for the second variations. Let us find the critical directions
̄𝑝(𝑥). The sets

̄𝑝(𝑘)(𝑐)/𝑝(𝑘)
0 (𝑐) ≥ 0 and max

𝑥∈𝑀
̄𝑝(𝑥)

𝑝0(𝑥) ≤ 0

are convex; therefore the critical variations lie on the boundary of each of them.
Consequently,

̄𝑝(𝑘)(𝑐)/𝑝(𝑘)
0 (𝑐) = 0.

By virtue of (6), ̄𝑝(𝑥) = 0 for all 𝑥 ∈ 𝑀 . Thus, there exists a unique critical
variation

̄𝑝(𝑥) = 𝛾𝑄(𝑥).

Variation. The forbidden variations ̃𝑝(𝑥) form the set Ω′
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̃𝑝(𝑘)(𝑐)
𝑝(𝑘)

0 (𝑐)
− 𝑄(𝑘+1)2(𝑐)

𝑝(𝑘)
0 (𝑐) 𝑝(𝑘+2)

0 (𝑐)
> 0;

Ω′ is convex, open, and nonempty.

The variations ̃𝑝 admissible under the constraint ‖𝑝‖ < 1 form the set Ω′
1:

− ( ̃𝑝(𝑥𝑖)
𝑝0(𝑥𝑖)

− 𝑄′2(𝑥𝑖)
𝑝0(𝑥𝑖) 𝑝″

0 (𝑥𝑖)
) > 0, 𝑥𝑖 ∈ (−1, 1) ⋅ 𝑀;

− ̃𝑝(−1)
𝑝0(−1) > 0, − ̃𝑝(1)

𝑝0(1) > 0.

By virtue of (3), the Euler equation for the second variation is

̃𝑝(𝑘)(𝑐)
𝑝(𝑘)

0 (𝑐)
− 𝑄(𝑘+1)2(𝑐)

𝑝(𝑘)
0 (𝑐) 𝑝(𝑘+2)

0 (𝑐)
+ 𝛿 = ∫ ̃𝑝(𝑥)

𝑝0(𝑥) 𝑑𝜈 − ∫ 𝑄″2(𝑥)
𝑝0(𝑥) 𝑝″

0 (𝑥) 𝑑𝜈vn, (9)

where 𝜈 ≥ 0 is a measure concentrated on 𝑀 , and 𝜈vn is a nonnegative measure
concentrated on (−1, 1) ⋅ 𝑀 and coinciding there with 𝜈. By the arbitrariness
of ̃𝑝, the measure 𝜈 coincides with the measure 𝜇 from equation (6). The new
information, as compared with equation (6), consists in the condition

− 𝑄(𝑘+1)2(𝑐)
𝑝(𝑘)

0 (𝑐) 𝑝(𝑘+2)
0 (𝑐)

− ∫ 𝑄″2(𝑥)
𝑝0(𝑥) 𝑝″

0 (𝑥) 𝑑𝜇vn ≥ 0. (10)

We shall show that (10) is impossible. Since 𝑄(𝑥)(𝑥 − 𝛽) = 𝑝′
0(𝑥)(𝑥2 − 1), using

𝑄(𝑘)(𝑐) = 𝑝(𝑘+1)
0 (𝑐) = 0 and the identity (6), we reduce (10) to the form

1
𝑄(𝑘+1)(𝑐) [(𝑄′(𝛽)𝑄(𝑥) − 𝑄(𝛽)𝑄′(𝑥)

𝑥 − 𝛽 )
(𝑘−1)

]
𝑥=𝑐

+ 𝑘(𝑘 + 1)𝑝(𝑘)
0 (𝑐)𝑄(𝛽)

(𝑐 − 𝛽)𝑝(𝑘+2)
0 (𝑐)(𝛽2 − 1)

≤ 0.

(11)

The last term in (11) is positive. The required contradiction will be obtained if
we show that the first term in (11) is also positive.

Indeed, the roots of the polynomials

Δ(𝑥) = 𝑄′(𝛽)𝑄(𝑥) − 𝑄(𝛽)𝑄′(𝑥)
𝑥 − 𝛽
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and 𝑄(𝑥), as well as the roots of Δ(𝑥) and 𝑄′(𝑥), interlace, and between every
root of 𝑄′(𝑥) and the nearest root of 𝑄(𝑥) on the left there lies a root of
Δ(𝑥). Consequently, the polynomials Δ(𝑘−1)(𝑥), 𝑄(𝑘)(𝑥), and 𝑄(𝑘−1)(𝑥) possess
the same property; hence the required contradiction follows, since all three
polynomials are positive at 𝑥 = ∞.
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