
Soviet-era science, translated into English

ASYMPTOTICS OF
SOLUTIONS OF
ORDINARY LINEAR
DIFFERENTIAL
EQUATIONS OF THE
\(n\)-TH ORDER
1. Consider the equation

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.36283

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196501.36283


Abstract
Full Text
MATHEMATICS
M. V. FEDORYUK

ASYMPTOTICS OF SOLUTIONS OF ORDI-
NARY LINEAR DIFFERENTIAL EQUATIONS
OF THE 𝑛-TH ORDER
(Presented by Academician I. G. Petrovskii on 12 IV 1965)

1. Consider the equation

𝑙𝑦 =
𝑛

∑
𝑘=0

𝜀𝑘𝑞𝑘(𝑥)𝑦(𝑘) = 0, 𝑞𝑛(𝑥) ≡ 1, (1)

on the interval [0, ∞), where 𝑞𝑘(𝑥) are continuous complex-valued functions of
𝑥. Denote by 𝜆𝑗(𝑥) the roots of the equation

𝑓(𝜆, 𝑥) =
𝑛

∑
𝑘=0

𝑞𝑘(𝑥)𝜆𝑘 = 0

and put

𝜑𝑗(𝑥) = −𝜆′

2
𝜕

𝜕𝜆 (ln 𝜕𝑓(𝜆, 𝑥)
𝜕𝜆 ) ∣

𝜆=𝜆𝑗(𝑥)
, 𝜏0(𝑥) = 𝑞1/𝑛

0 (𝑥).

Let 𝑞𝑘(𝑥) satisfy the conditions:

1) 𝑞0(𝑥) ≠ 0 for sufficiently large 𝑥, the limits

lim
𝑥→∞

𝑞𝑘𝜏−𝑛+𝑘
0 = 𝑐𝑘

exist and are finite;

2) the equation

𝑔(𝜉) =
𝑛

∑
𝑘=0

𝑐𝑘𝜉𝑘 = 0 (2)

has no multiple roots;
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3) 𝑓𝑖𝑗(𝑥) = Re((𝜉𝑖 − 𝜉𝑗)𝜏0(𝑥)) ≠ 0 for 𝑖 ≠ 𝑗 and for sufficiently large 𝑥, and

∫
∞

𝑓𝑖𝑗 𝑑𝑥 = ∞

(here 𝜉𝑗 are the roots of equation (2));

4) the functions 𝑞″
𝑘𝑞−2+(2𝑘−1)/𝑛

0 , 𝑞″
𝑘𝑞−1+(𝑘−1)/𝑛

0 are summable on the interval
[0, ∞);

5)

𝑞′
𝑘𝑞−1+𝑘/𝑛

0 = 𝑜 (min
𝑖≠𝑗

|𝑓𝑖𝑗(𝑥)|) , 𝑥 → ∞.

Theorem 1. Let conditions 1)–5) be satisfied. Then there exists 𝑥0 > 0 such
that for 𝑥0 ≤ 𝑥 < ∞ and 0 < 𝜀 ≤ 1, equation (1) has 𝑛 linearly independent
solutions such that

𝑦𝑗(𝑥) = exp [∫
𝑥

𝑥0

(𝜀−1𝜆𝑗(𝑡) + 𝜑𝑗(𝑡)) 𝑑𝑡] (1 + 𝜀𝜓𝑗(𝑥, 𝜀)), (3)

where |𝜓𝑗(𝑥, 𝜀)| < 𝐶𝜑(𝑥) and 𝜑(𝑥) → 0 as 𝑥 → ∞, 𝐶 does not depend on 𝜀.
Analogous formulas are obtained for 𝑦(𝑘)

𝑗 (𝑥) for 1 ≤ 𝑘 ≤ 𝑛. We also note that
𝜆𝑗(𝑥) ∼ 𝜉𝑗𝜏0(𝑥) as 𝑥 → ∞.

2. Consider the equation

𝐿𝑦 =
𝑛

∑
𝑘=0

(−1)𝑘𝜀2𝑘(𝑝𝑛−𝑘(𝑥)𝑦(𝑘))(𝑘) = 0 (4)

On the interval 𝐼 = [0, ∞], where 𝑝𝑘(𝑥) are continuous complex-valued functions
of 𝑥 and 𝑝0(𝑥) ≠ 0 for 𝑥 ∈ 𝐼 . Let Λ𝑗(𝑥) be the roots of the equation

𝐹(Λ, 𝑥) =
𝑛

∑
𝑘=0

(−1)𝑘𝑝𝑛−𝑘(𝑥)Λ2𝑘 = 0.

Let the 𝑝𝑘(𝑥) satisfy the conditions:

1) 𝑝𝑛(𝑥) ≠ 0 for sufficiently large 𝑥; the limits

lim
∞

𝑝𝑘𝑝−1
0 𝜏−2𝑘 = 𝑐𝑘

exist and are finite, where 𝜏(𝑥) = [𝑝𝑛(𝑥)𝑝−1
0 (𝑥)]1/2𝑛;
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2) the equation

𝐺(𝜉) =
𝑛

∑
𝑘=0

(−1)𝑘𝑐𝑛−𝑘𝜉2𝑘 = 0 (5)

has no multiple roots;

3) condition 3) of item 1 is fulfilled for the functions 𝐹𝑖𝑗(𝑥) = Re((𝜉𝑖 −
𝜉𝑗)𝜏(𝑥)), where 𝜉𝑗 are the roots of equation (5);

4) the functions

𝑝′2
𝑘 𝑝−4

0 𝜏−4𝑘−1, 𝑝″
𝑘𝑝−2

0 𝜏−2𝑘−1

are summable on the interval [0, ∞);
5) 𝑝′

𝑘𝑝−2
0 𝜏−2𝑘−1 = 𝑜(min𝑖≠𝑗 |𝐹𝑖𝑗(𝑥)|), 𝑥 → ∞.

Theorem 2. Let conditions 1)—5) be fulfilled. Then there exists 𝑥0 > 0 such
that, for 𝑥0 ≤ 𝑥 < ∞ and 0 < 𝜀 ≤ 1, equation (4) has 2𝑛 linearly independent
solutions 𝑦𝑗 such that

𝑦𝑗(𝑥) = [𝜕𝐹(Λ, 𝑥)/𝜕Λ]−1/2
Λ=Λ𝑗(𝑥) ×

× exp (𝜀−1 ∫
𝑥

𝑥0

Λ𝑗(𝑡) 𝑑𝑡) (1 + 𝜀Ψ𝑗(𝑥, 𝜀)). (6)

The functions Ψ𝑗 have the same properties as the functions 𝜓𝑗 in Theorem 1.

Analogous formulas hold for the quasi-derivatives 𝑦[𝑘] for 1 ≤ 𝑘 ≤ 2𝑛 − 1. As
𝑥 → ∞ we have Λ𝑗(𝑥) ∼ 𝜉𝑗𝜏(𝑥).
Formula (6) is new also for binomial equations of the form (4) and coincides
with the formulas obtained in (1−3).

3. Let all 𝑝𝑘(𝑥) be real, 𝜀 = 1, and let 𝐿0 be the closed symmetric operator
generated by the operation 𝐿 of the form (4) and considered on the interval
[0, ∞) (see (2), § 17, item 5). Let the 𝑝𝑘(𝑥) satisfy the conditions:

1′) conditions 1), 2), 4) of item 2 are fulfilled;

2′)

lim
𝑥→∞

𝑝0(𝑥) = 1, lim
𝑥→∞

𝑝𝑛(𝑥) = ∞;

3′)
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lim
𝑥→∞

𝑝′
𝑘𝑝−(2𝑘−1)/2𝑛

𝑛 = 0.

Put 𝜉′
𝑖 = 𝜉𝑖, if 𝑝𝑛(𝑥) → +∞ as 𝑥 → ∞, and 𝜉′

𝑖 = 𝑒𝑖𝜋/2𝑛𝜉𝑖, if 𝑝𝑛(𝑥) → −∞ as
𝑥 → ∞.

Theorem 3. Let 𝑝𝑘(𝑥) satisfy conditions 1′)—3′), and suppose that when
Re 𝜉′

𝑖 = 0 and 𝑖 ≠ 𝑗, either Re 𝜉′
𝑖 ≠ Re 𝜉′

𝑗, or 𝜉′
𝑖 = 𝜉′

𝑗. Let Im 𝐺′(𝜉′
𝑖) ≠ 0

in the latter case. Then:

1∘. If Re 𝜉′
𝑖 ≠ 0 for all 𝑖, then the deficiency index of the operator 𝐿0 is equal to

(𝑛, 𝑛).
2°. Let Re 𝜉′

𝑖 = 0; 𝐺′(𝜉′
𝑖) ≠ 𝐺′(𝜉′

𝑗) for 1 ≤ 𝑖, 𝑗 ≤ 2𝑘 and 𝑖 ≠ 𝑗; Re 𝜉′
𝑖 ≠ 0 for the

remaining 𝑖. Then the defect index of the operator 𝐿0 is equal to (𝑛 + 𝑘, 𝑛 + 𝑘)
or (𝑛, 𝑛), depending on whether the integral

𝐽 = ∫
∞

𝑝𝑛 − 1
2𝑛 𝑑𝑥

converges or diverges.

It is known that the defect index of the operator 𝐿0 is equal to (𝑚, 𝑚), where
𝑛 ≤ 𝑚 ≤ 2𝑛. An example of an operator 𝐿0 with any possible defect index
was first constructed by I. M. Glazman (4). For the operators studied in (2),
𝑚 = 𝑛, 𝑛 + 1, or 2𝑛. S. A. Orlov (5) constructed operators 𝐿0 with any possible
defect index; in the case considered by him the equation 𝐿𝑦 = 𝜇𝑦 has a regular
singular point at 𝑥 = +∞.

Theorem 3 gives a new broad class of operators 𝐿0 having any possible defect
number 𝑚, while the point 𝑥 = +∞ is an irregular singular point for the equa-
tion 𝐿𝑦 = 𝜇𝑦. Let us also note that for 𝑝0(𝑥) ≡ 1 the principal restriction on the
order of growth of the function 𝑝𝑛(𝑥) in Theorem 2 is as follows: the integral

∫
∞

𝑝−1/2𝑛
𝑛 𝑑𝑥

diverges.

Theorem 4. Let 𝐿𝑢 be an arbitrary self-adjoint extension of the operator 𝐿0,
and suppose that the conditions of Theorem 3 are satisfied. Then in case 1∘ of
Theorem 3 the spectrum of 𝐿𝑢 is discrete; in case 2∘ and 𝐽 < ∞ the spectrum
of 𝐿𝑢 is discrete and

𝑅𝜇 = (𝐿𝑢 − 𝜇𝐸)−1

is an integral operator with a Hilbert–Schmidt kernel at all regular points 𝜇; in
case 2∘ and 𝐽 = ∞, the continuous part of the spectrum of 𝐿𝑢 fills the entire
real axis.
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