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A SINGULAR OPERATOR
IN A SCALE OF BANACH SPACES

1. Let S be a family of Banach spaces B, depending on a real parameter
p > 0. We denote the norm of an element u € B, by |u,. The family S
will be called a scale of Banach spaces*, if the following condition is
satisfied: for any p and p’ < p,

B, > B, lul,, <lul, (ueB,). (1)

We shall call a linear operator L an operator of type D if it “shifts continu-
ously” along the scale S, i.e., if for any p and p’ < p the operator L acts as a
bounded operator from B, into B, . Denote by N(p,p’) the norm of L as an
operator from B, to B, so that for all u € B,

[ Lul,y < N(p, p")ull, (0" < p)- (2)

It is easy to see that the function N(p, p’) is nondecreasing both as p’ increases
and as p decreases (if the value of the other argument is fixed). It is natural to
call the operator L bounded in the scale S if the norm N(p, p’) is bounded
by a number independent of p, p’.

Definition. An operator L of type D is called singular in the scale S if it
is not bounded in the scale S, but there exists a constant w such that for any p
and p’ < p,

(p—p )N(p,p’) < w. (3)

In what follows we shall consider operators L, depending on a parameter ¢ > 0,
which for every ¢ are operators of type D. The operator L, will be called
continuous in ¢t if, for any fixed v € B,, the element L,, € B, depends
continuously on ¢ in the norm [uf,, and if the estimate of the norm of the
operator L, does not depend on .

Consider the following Cauchy problem: find a function u = u(t) € B, such
that
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du

i L,,, u(0) =ug € B, . (4)
Theorem 1. If L, is a singular operator in the scale S and is continuous in t,
then for every p < p, problem (4) has a unique solution u(t) € B,, defined on
the interval

0gt<p°<1—”), (5)

ew s
where w is the constant from estimate (3).

This theorem is proved by the method of successive approximations. The non-
trivial point is the estimate of convergence, which turns out to be power-like.
If, however, problem (4) is considered with an operator L, bounded in the scale
S, then it will have a solution for all ¢ > 0 (thanks to the exponential estimate
of convergence).

* A narrower concept of a normal scale of Banach spaces was considered in
().

2. In applications to differential equations, scales S are important in which the
singular operator is the differentiation operator. An example of such a scale is
the scale of analytically continuable functions. The construction of the scale
of analytically continuable functions is based on some Banach space A, of m-
component vector-functions u(x) (in what follows, for brevity, we shall simply
speak of functions u(x)), defined on some domain G of the Euclidean space
E™(z) of points x = (x!,...,2™). It is assumed that A, contains all functions
u(z) which are analytically continued to functions u(z) (z = z + iy), analytic
in some domain of the space E?"(z,y) containing the closure G. Further, let
D, = 8/9x" (i = 1,...,n). The metric of A, is also required to satisfy the
following condition: if a sequence {u, }$°, u, € Ay, is such that D,u,. € A,, then

from w, U D;u,. i it follows that v, = D,u. (6)
0 0

A function u(z) € A, will be called analytically continuable if it has deriva-
tives of all orders and if there exists p > 0 such that

[Du]y < Kol ple (7)

with a constant K independent of a. In (7) the usual notation is used: the
integer vector a = (ay,...,q,), D* = D{* Dy, |a| = a; + -+, ol =
aq!-a,!. The symbol || - |, denotes the norm in A,.

The linear system of functions u(x) € A, for which (7) is fulfilled for a fixed p
will be denoted by A,. On the set A, we introduce the norm*
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|
p o
lully = sup = D% ulo, (8)

which turns A , into a linear normed space.
Lemma 1. The space A, with norm (8) is complete.

This property follows from the completeness of A, and condition (6). The family
of spaces A, satisfies condition (1) and, consequently, forms a scale of Banach
spaces. This scale, which we shall denote by S(A4,), is the scale of analytically
continuable functions.

Analogously one can construct scales of analytically continuable functions on
manifolds 9t C E™.

Lemma 2. The differentiation operators D, are singular in the scale S(A).

The assertion of Lemma 2 follows at once from the fact that for any p’ < p

/ k 1 1 4 /
sup k(p> </—5<p> P ,
k=12, \P elogp/p’ e \p/)p—p

where (§) - 1as & —1—0.

Let us note that condition (6) is fulfilled for the usual spaces A,: the space
C(G) of continuous functions or the space LP(G) of functions integrable to the
power p > 1. This gives concrete scales S(C') and S(LP). The spaces 4, in
these scales will be denoted respectively by C, and L. Tt can be shown that

the strict embedding C', C LL holds.

As an example of an application of Theorem 1, consider the following Cauchy
problem:

ou o
ot Z a'Dyu + a%u, uli—o = ug(x). ©)
i=1

* This norm was also considered in (2).

for an m-dimensional vector function v = wu(x,t), where a/ = a/(x,t) (j =
0,1,...,n) are given square matrices of order m, and uy(z) is a given vector
function, regarded as functions of the point z € G and of the parameter ¢ > 0.

Theorem 2. If the row vectors of the matrices a/ and the vector u, belong to
C,, and are continuous in ¢ (as elements of C', ) for ¢ > 0, then problem (9) has
a unique solution u(z,t) € C, for every p < py, defined on the interval

2
o<t = (1——| , 10
M( Po) (10)
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where the constant g depends only on p,, while M is proportional to the norm
of the matrices a’ in C,-

This theorem is in fact a consequence of Theorem 1. The difference between
the estimates (10) and (5) arises from the fact that in (9), in addition to the
singular operators D,, there are also operators of multiplication by the matrices
a’.

Remark 1. Applying Holmgren’ s method, one can prove that the uniqueness
of the solution of problem (9) under the assumptions of Theorem 2 is guaran-
teed in a broader class, namely in the class of functions u(x,t) continuously
differentiable once with respect to x,t.

Remark 2. If in problem (9) the coefficients a’/ are holomorphic functions of
t, then the method based on considering this problem in the scale S(C) also
makes it possible to prove an existence theorem for a solution holomorphic in ¢.

Of course, in the case of problem (9), Remark 2 gives no new result, since this
is the classical Cauchy theorem on holomorphic solutions. In the next section
another problem is considered, for which the analogue of the Cauchy theorem,
apparently, was not previously known.

3. The following problem served as the source for the theory set forth above.

In the unit disk it is required to find a harmonic function u = u(r, 6,t) (r,0 are
polar coordinates) of class C! (r < 1, t > 0), depending on the parameter ¢ and
satisfying the conditions

Ou/ot = aug + bu, +cu  (r=1), u(1,6,0) = uy(0), (11)

the second of which is the initial condition. Here a,b, ¢, u, are given functions
of the variables 0, t.

This problem, in contrast to problem (9), is already essentially nonlocal. As
simple examples show, it is ill-posed in the sense that its solution, generally
speaking, does not exist. For example, if the first condition (11) has the form
u, = u,, then the solution can only be the function u = uy(z + ¢,y). In order
that this solution be a harmonic function in the disk r < 1, it is necessary that
the initial harmonic function ug(z,y) admit an analytic continuation beyond the
unit disk. However, in the class of analytically continuable functions a, b, ¢, u),
problem (11) turns out to be posed correctly.

Let us introduce the scales S(C), S(L?) of analytically continuable functions
u(0), defined and 27-periodic on E'(), with the norm in L? understood as the

norm of L?(0,2). We denote the norm in the corresponding space C, by | - |-

Theorem 3. If a,b, ¢, u, € C, and are continuous in ¢ (as elements of C, ) for

t > 0, then problem (11) has a unique solution u(1,0,t) € LIQ) for every p < pg,
defined on the interval
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2
q p
0<t<(1—> , 12

where the constant g depends only on p,, and
M = supmax{lal,,, bl lel,,}

The use of the scale S(L?) here is more convenient owing to the fact that for a
harmonic function u(r, 6) the equality

lug(L,0)l L2 = [lu,(1,6)] 2
holds.

Remarks 1 and 2 made in connection with Theorem 2 are also valid for Theorem
3. Tt is interesting that the estimate (10) in the local problem (9) and the
estimate (12) in the nonlocal problem (11) are essentially identical.

In conclusion, let us note that among possible generalizations of Theorem 3, of
interest is its extension to problems analogous to (11), but not for harmonic
functions; rather, for solutions of an arbitrary elliptic equation with analytic
coefficients.
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