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Abstract
Full Text

V. K. MELNIKOV

ON SOME CASES OF PRESERVATION OF
CONDITIONALLY PERIODIC MOTIONS UN-
DER A SMALL CHANGE OF THE HAMIL-
TONIAN FUNCTION

(Presented by Academician A. N. Kolmogorov, May 3, 1965)

In the present note there is contained the following theorem, generalizing A.
N. Kolmogorov’ s theorem (1'?) on the preservation of conditionally periodic
motions under a small change of the Hamiltonian function.

Theorem. Consider the Hamiltonian system

z:fﬁH/ﬁy, y:[?H/am (‘T: (‘Tla"-azm)a y= (y17~'~7ym))a

p=—0H/dq, ¢q=0H/dp  (p=(P1,Pn), = (¢15-,4,)) (1)

with Hamiltonian function of the form

H= H0<£L',y,p) + Hl(m7yapaq)a

possessing the following properties:

1. The function H,(x,y,p) depends analytically on x,y,p in the domain

] <h, Jyl<h, peG (h>D0).

2. 0Hy/0x = 0H,/0y =0 for x =y = 0.
3. The functional determinant of the matrix

0?H,/0x 0y —0*H,/0x?

To =021, /092 —0%H, /0y oz

does not vanish in the domain G for z = y = 0*.

4. The functional determinant det |0%H,,/0p?| does not vanish in the domain
G forx =y =0.
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5. In the domain G the conditions

Aoz(p) - i(wa k) 7& 0, /\a(p) + Aﬂ(p) - i(wv k) 7é 0,

are satisfied, where ), (p) and As(p) are arbitrary eigenvalues of the matrix J(
forz =y =0, w = wp) = 9Hy/0ply_yo, (W, k) = Z;.Lzl wjk;, and k; are
arbitrary integers.

6. The function H,(z,y,p,q) is analytic in x,y, p, ¢ in the domain F":
lz| <h, Jyl<h, peG, |[Img|<p

and is periodic in ¢ with period 27 (p > 0).

Then for any x > 0 there exists an M = M(x, p, h,G, Hy) > 0 such that if in
the domain F: |z| < h, |y| < h, p € G, |Img| < p, the inequality

|H1<xayvp7Q>| < M

holds, then there exists a decomposition G = G, UG, of the domain G = Re G**

such that G, is small, i.e. mes G5 < x mes G, and for every p € GG; there exists

a torus T}, invariant with respect to the motions of system (1), possessing the

following properties:

* This condition is superfluous if 0H,/0x = 0H, /0y = 0 for x =y = 0.

#% (7 = ReG is the intersection of the domain G with the subspace Imp = 0;
here the domain G is assumed to be bounded.

1. The invariant tori T,,, are given by the parametric equations

v=[,(Q), y=0,Q), p=p,+th,(Q), ¢=0Q+r,(Q),
where f,(Q),9,(Q),h,(Q), and r,(Q) are analytic functions of @, periodic in
() with period 27.
2. The invariant tori T}, differ little from the unperturbed toriz =y =0, p =

Dy, e,

fo@I<x,  19,(@<x,  |h (@] <x,  [r,(@)] <x.

3. The motion on the torus 7, is conditionally periodic with n frequencies

w=(wy,...,w,), i.e. Q = w, where w = GHO/aplz:yzo S
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The proof of this theorem is based on the possibility of transforming system (1),
by means of a canonical change of variables, into a Hamiltonian system with
Hamiltonian function of the form

H=H(X,Y,P)+ Hy(X,Y,P,Q);

where 0H/0X = 0H/JY =0 for X =Y = 0, and the function H,(X,Y, P, Q)
in the domain F”: |X| < h' < h, [Y| < h’, Pe G CG, |ImQ| <p <p
(W > 0,p" > 0) satisfies the inequality

|Hy(X,Y,P,Q)| < M'*s, (2)

and the measure of the difference G \ G’ is small together with M.

For this purpose put

— ~

H(x,y,p,q) = H(z,y,p) + H(x,y,p,q), (3)
where

H($7y>p) = HO(x7y7p> + Hl(xayap)7

Hy(z,y,p) = (QW)’”le(m,y,p,q) dq

and the contour integral in the last equality is taken over the surface of the n-
dimensional torus. Let, further, = f(p); y = g(p) be the solution of the system
of equations OH /0x = OH/dy = 0, which reduces to the solution z = y = 0
when H,(x,y,p) = 0. We now perform in system (1) the canonical change of
variables (3)

of 99
8p’y ap’

r=z'+f), yv=y—g®), p=p, ¢ =q+

with generating function V = 2’y 4+ p’q + f(p")y — g(p’)z’. As a result of the
change of variables the Hamiltonian function of system (1), according to (3),
takes the form

— ~

H(z',y',p',¢')=H( y,p')+ HE'y,p'.q),

where
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fﬁ(af’,y’,pﬁq’)dq’ =0

and OH /0x’ = OH /9y’ =0 for 2’ =y’ = 0.

The canonical change of variables

=X+ 08/0y, Y=94"+05/0X, p =P+ 095/9¢,

Q=4q +0S/0P (4)

with generating function V = Xy’ + Pq¢' + S(X,y’, P,q’) brings H(z',y',p",q’)
to the form

H=H(X,Y,P)+ Ry + Ry + Ry + Ry + R;, (5)
where

B n 675 a
- £+ 0q, 0P,

H(X,y,P)+[HX,y ,P,q)|x+

R4:H(Xay/vpaq/)7[ﬁ(Xay/aP7q/)]N
Ry=H(z',y ,p',q) — H(X,y',P,q),

H@\y'p' )= W@y, p)eta),
(k70

HX,y P.q)ly= > h(X,y, Pt
0<|k|<N

and the variables z’,%’,p’, ¢ are expressed in terms of X,Y, P, Q according to
the equalities (4).
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Take the function S(X,y’, P,q’) in the form
S=8y+SxX + 8,y +1/28xxX* + Sxy Xy + 1/253/1/1/2,
where the function S, = Sy(P, ¢’) satisfies the equation
(w0, 080/0") + [Ho(P,q) ]y =0, (6)

the vectors Sy = Sy(P,¢") and S, = S,/ (P, q') satisfy the system of equations

0Sx ~ W O0%H 2T
(Wa 8q/)+[HX(P7q>]N_aXay/SX 8X2Sy/7
S, ~ 0*H 0?’H
Y ’ _ _ ,
(WV 8q/ ) + [Hy(P7q )]N - aylz SX 82// 8Xsy ) (7)
and the matrices Syy = Sxx(P,q'), Sx, = Sx,(P,¢), and S, =

Sy (P, q") satisfy the system of matrix equations

OSxx\ *H  O°H
H P,q
(0% oq ) + [Hxx (P, q')]n SXX&y OX + X0y Sxx—

O?°H 0°H o 0°H o 0°H
—Sxv gx2 T ax2 Xy +Z (Sxaayg X2 _Sy&axa 8X2) ’

0S¢\~ , T °H
<w7 aq,y ) +[Hyy (Pq )|y = SXXW + WSXy

9%H O2H o 0? o 0
SXy 0Xoy' T 9X2 Uy'+z< aay& 0Xoy' _Sy;aXa 8X5'y’>’ (8)

95, \ /  O’H  oH
(w, o ) Uy (Pl = Sy oz ay/QSXy,_

0*H 0’H 0 0°H o 0°
~SvvaXay ~ ayax y’”z( B oy? NN, ay”)'

Here H = H(X,y',P); w = w(P) = 0H /0P|, _ o> the matrices 0?H/0X?2,

82ﬁ/8X8y/7 aQﬁ/ay/z are taken at X = y/ - Oa [HO<P7q )]Na [HX(Paq )]N
etc. denote, respectively, the value of the function [H(X,y’, P,q")]y and of its
partial derivatives at X =gy’ = 0.

Let now in the domain G‘]SV C G — B * the conditions be fulfilled
[(w, k)| > k=0, A —i(w, k)| > 8]k,

Ao+ Ag — i(w, k)| > o|k|~("FD
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for all integral values k = (kq, ..., k,,) such that

k| =>|k;| < N.
J=1

Then, for sufficiently small § > 0, in the domain P € G%, [Imq’| < p — 36,
the system of equations (6), (7), (8) has an analytic solution satisfying in this
domain the inequalities

So(Pyg")| < M&=Cr+3) Sy (P,q'), Sy (P,q')| < M1 (mHDnt2)HL,
|SXX(P,Q/)7 SXy’ (P’q/)ﬂ Sy’y’ (P? q/>| < Mh72573m(n+2>+1'

It follows from this that in the domain F’: |X| < I/, |Y| < I/, P € G — 28,
|ImQ| < p" = p— 3, for
1 2
No il
vy 2M

the inequalities
|R,| < Mh=31'°67,  |Ry, Ry, Ry, Rs| < M2h~25~2",

are valid, where v = 3m(n + 2). A corresponding choice of 8 > 0 makes it
possible to make the measure of the difference G \ G’ small together with M.
Putting further M = 67, h = 6¥, b’ = h'*YS where T = 36v, T’ = 14v, we
obtain that in the domain F inequality (2) is fulfilled; moreover, the partial
derivatives of the function H,(X,Y, P, Q) with respect to X and Y up to and
including second order will be small together with M for X =Y = 0. This
makes it possible to apply the constructed procedure an unlimited number of
times. The convergence of the process is proved analogously to how this is done
in work (2).

In conclusion it is necessary to note that the formulated theorem, with obvious
modifications, remains valid also in the case of the canonical system

& =—0H/dy, @ =0H/0x (x=(xq,....,2,,), ©= (01, Pm))s (9)
with Hamiltonian function of the form
H = Hy(z,p) +e(Hy(z,p, ) + Hy(z,p,9,q)),

apart from the obvious conditions of analyticity in x,p, ¢, ¢ and periodicity in
q, satisfying the following conditions:

1. O0H,/0x = OH,/0x = OH,/0p = 0 for x = p = 0.
2. The functional determinants of the matrices 9%*H,/0p?, 0?H,/0x2,
0%H,/0¢? do not vanish in the domain G for z = ¢ = 0.
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3. The parameter ¢ is sufficiently small.

The finding of conditionally periodic solutions of system (9), close to the solution
x =9 =0,p=p, of system (9) with Hy(x, p, p,q) = 0, plays an important role
in the investigation of the phenomenon of instability in Hamiltonian systems
close to integrable ones (%).
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* The domain G — 3 C G contains those points of the domain G whose distance
to the boundary of the domain G is greater than 8 (5 > 0).
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