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Abstract
Full Text
MATHEMATICAL PHYSICS
Corresponding Member of the USSR Academy of Sciences G. I. MARCHUK, U.
M. SULTANGAZIN

ON THE CONVERGENCE OF THE SPLIT-
TING METHOD FOR THE RADIATIVE
TRANSFER EQUATION
In the work (1) an algorithm was proposed for solving the multidimensional
kinetic equation of radiative transfer by means of the splitting method. In the
present work we study questions of justification of this method as applied to the
simplest transfer equation for plane-parallel geometry under the assumption of
isotropic scattering. If 𝜑 is the radiation flux, and 𝜎 and 𝜎𝑠 are the cross sections
for the interaction of radiation with matter, then the transfer equation takes the
form

𝜇𝜕𝜑
𝜕𝑧 + 𝜎𝜑 = 𝜎𝑠

2 ∫
1

−1
𝜑 𝑑𝜇 + 𝑓(𝑧, 𝜇). (1)

The solution of equation (1) is sought in the rectangle 𝐺{0 ≤ 𝑧 ≤ 1, −1 ≤ 𝜇 ≤
1}, taking into account the boundary conditions

𝜑(0, 𝜇) = 𝜉(𝜇), for 𝜇 > 0; (2)

𝜑(1, 𝜇) = 𝜂(𝜇), for 𝜇 < 0, (3)

where 𝜉(𝜇) and 𝜂(𝜇) are prescribed functions.

Let us introduce the operators

ℒ1 = 𝜇 𝜕
𝜕𝑧 , ℒ2 = 𝜎𝐸 − 𝜎𝑠

2 ∫
1

−1
𝑑𝜇 (4)

and write equation (1) in the form

(ℒ1 + ℒ2)𝜑 = 𝑓. (5)
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Construct the grid domain 𝐺𝑙
ℎ{𝑧𝑖 = 𝑖ℎ, 𝜇𝑗 = 𝑗𝑙, ℎ = 1/𝑁, 𝑙 = 1/𝑀, 0 ≤

𝑖 ≤ 𝑁, −𝑀 ≤ 𝑗 ≤ 𝑀} and define in it a vector 𝜑̄ of dimension 2𝑁𝑀 , whose
components are the quantities 𝜑𝑖𝑗 = 𝜑(𝑖ℎ, 𝑗𝑙) for all 𝑖, 𝑗 ∈ 𝐺𝑙

ℎ−Γ𝑙
ℎ−𝑆𝑙

ℎ, where Γ𝑙
ℎ

is the set of points of the grid domain 𝐺𝑙
ℎ for which 𝑖 = 0, 𝑗 = 1, 2, … , 𝑀; 𝑖 =

𝑁, 𝑗 = −1, −2, … , −𝑀 ; 𝑆𝑙
ℎ is the set for 𝑗 = 0, 𝑖 = 1, 2, … , 𝑁 . Now let us

compose a finite-difference approximation of the problem. For this purpose we
approximate the operator ℒ1 by means of a finite-difference operator of first
order of accuracy with respect to ℎ, and ℒ2 by the corresponding expression
using a quadrature formula. Then, taking the boundary conditions into account,
we obtain a system of linear algebraic equations

(Λ1 + Λ2)𝜑̄ = ̄𝑓, (6)

where Λ1 = [Λ(1)
1 , Λ(2)

1 , … , Λ(2𝑀)
1 ] is a block-quasidiagonal matrix whose elements

are

Λ(𝑖)
1 =

∥
∥
∥
∥
∥

𝑑𝑖 0 0 ⋯ 0 0
−𝑑𝑖 𝑑𝑖 0 ⋯ 0 0

0 −𝑑𝑖 𝑑𝑖 ⋯ 0 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅
0 0 0 ⋯ −𝑑𝑖 𝑑𝑖

∥
∥
∥
∥
∥

, 𝑑𝑖 = 𝜇𝑖
ℎ (𝑖 = 1, 2, … , 𝑀);

Λ(2𝑀+1−𝑖)
1 =

∥
∥
∥
∥
∥

𝑑𝑖 −𝑑𝑖 0 … 0 0
0 𝑑𝑖 −𝑑𝑖 … 0 0
0 0 𝑑𝑖 … 0 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅
0 0 0 … 0 𝑑𝑖

∥
∥
∥
∥
∥

(𝑖 = 1, 2, … , 𝑀);

Λ2 is a symmetric matrix of dimension 2𝑁𝑀 .

Define the following iterative process:

(𝐸 + 𝜏Λ1)(𝐸 + 𝜏Λ2)𝜑̄𝑘+1 = (𝐸 − 𝜏Λ1)(𝐸 − 𝜏Λ2)𝜑̄𝑘 + 2𝜏 ̄𝑓; (7)

here 𝐸 is the identity matrix, and 𝜏 is a certain relaxation parameter. We
implement scheme (7) in the following way:

𝜑̄𝑘+1/4 = (𝐸 − 𝜏Λ2)𝜑̄𝑘,

𝜑̄𝑘+2/4 = (𝐸 − 𝜏Λ1)𝜑̄𝑘+1/4, (8)

(𝐸 + 𝜏Λ1)𝜑̄𝑘+3/4 = 𝜑̄𝑘+2/4 + 2𝜏 ̄𝑓,
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(𝐸 + 𝜏Λ2)𝜑̄𝑘+1 = 𝜑̄𝑘+3/4.

Introduce the vector

𝑒𝑘 = 𝜑̄𝑘 − 𝜑̄. (9)

Then we arrive at the following homogeneous equation:

𝑒𝑘+1 = 𝑇 𝑒𝑘, (10)

where

𝑇 = (𝐸 + 𝜏Λ2)−1(𝐸 + 𝜏Λ1)−1(𝐸 − 𝜏Λ1)(𝐸 − 𝜏Λ2). (11)

The matrix Λ2 has two distinct eigenvalues: 𝜎, 𝜎𝑐. Therefore, from the symme-
try of the matrix Λ2 there follows the assertion:

Lemma 1. If 𝜎𝑐 ≠ 0, then the matrix Λ2 is positive definite. If 𝜎𝑐 = 0, then
Λ2 is a nonnegative matrix.

Lemma 2. The matrix Λ1 is positive definite.

The assertion of Lemma 2 follows from the identity

(Λ1𝜑̄, 𝜑̄) = (Λ1𝜑̄, 𝜑̄), (12)

where

Λ1 = [Λ(1)
1 , Λ(2)

1 , … , Λ(2𝑀)
1 ] .

The elements of the matrix Λ1 are Jacobi matrices of the form

Λ(𝑖)
1 =

∥
∥
∥
∥
∥

𝑑𝑖 − 1
2 𝑑𝑖 0 … … 0 0

− 1
2 𝑑𝑖 𝑑𝑖 − 1

2 𝑑𝑖 … … 0 0
0 − 1

2 𝑑𝑖 𝑑𝑖 … … 0 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
0 0 0 … − 1

2 𝑑𝑖 𝑑𝑖

∥
∥
∥
∥
∥

. (13)

On the basis of Lemmas 1 and 2, the following holds.

Theorem 1. For any 𝜏 > 0, the iterative process (8) converges to the solution
of system (6) (see 4).

Introduce the spectral norm of a matrix:
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‖Λ‖ = max
‖𝜑̄‖=1

|Λ𝜑̄|.

Then the following lemmas are valid:

Lemma 3.

∥(𝐸 + 𝜏Λ2)−1(𝐸 − 𝜏Λ2)∥ = max
𝑖

∣ 1 − 𝜏𝜆𝑖
1 + 𝜏𝜆𝑖

∣ ,

where 𝜆𝑖 are the eigenvalues of the matrix Λ2.

Lemma 4.

∥(𝐸 + 𝜏Λ1)−1(𝐸 − 𝜏Λ1)∥ ≤

≤ max
𝑖

max
𝑗

[1 + 4𝜏2𝑑 2
𝑖 cos2(𝜃𝑗/2) − 4𝜏𝑑𝑖 cos2(𝜃𝑗/2)]1/2

[1 + 4𝜏2𝑑 2
𝑖 cos2(𝜃𝑗/2) + 4𝜏𝑑𝑖 cos2(𝜃𝑗/2)]1/2 ,

where 𝜃𝑗 = 𝜋𝑗/(𝑁 + 1) (𝑗 = 1, 2, … , 𝑁).
Taking into account that the matrix 𝑄 = (𝐸 + 𝜏Λ2)𝑇 (𝐸 + 𝜏Λ2)−1 is similar to
the matrix 𝑇 , and taking into consideration the estimates of the eigenvalues by
Gershgorin, on the basis of Lemmas 3 and 4 we have the estimate

𝜌(𝑇 ) ≤ max
𝑖

max
𝑗

[1 + 4𝜏2𝑑 2
𝑖 cos2(𝜃𝑗/2) − 4𝜏𝑑𝑖 cos2(𝜃𝑗/2)]1/2

[1 + 4𝜏2𝑑 2
𝑖 cos2(𝜃𝑗/2) + 4𝜏𝑑𝑖 cos2(𝜃𝑗/2)]1/2 max

𝑖
∣ 1 − 𝜏𝜆𝑖
1 + 𝜏𝜆𝑖

∣ .

(14)

The problem arises of choosing the optimal value of 𝜏 , for which the right-hand
side of inequality (14) is minimized. This problem is difficult in general, since
𝜏 enters nonlinearly. However, one can indicate an approximate value of the
optimal parameter 𝜏 . To this end, taking inequality (14) into account, we write

𝜌(𝑇 ) ≤ max
𝑖

∣ 1 − 𝜏𝜆𝑖
1 + 𝜏𝜆𝑖

∣ . (15)

In this case the minimizing value of the parameter will be [5]

𝜏 = 1/√𝜎𝜎𝑐. (16)
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With the chosen optimal relaxation parameter, the iterative process converges
very rapidly. The denominator of the majorizing progression has the order of
magnitude

𝛾 = (1 − √𝜎𝑐/𝜎)/(1 + √𝜎𝑐/𝜎). (17)

Next we consider an iterative scheme of first order accuracy with respect to 𝜏

(𝐸 + 𝜏Λ1)(𝐸 + 𝜏Λ2)𝜑𝑘+1 = 𝜑𝑘 + 𝜏𝑓. (18)

Putting 𝜑0 = 0, with the aid of scheme (18) we obtain

𝜑𝑛 = [𝐸 − 𝑝𝑛 − 𝜏2(𝑝𝑛 + 𝑝𝑛−1 + ⋯ + 𝑝)Λ1Λ2] 𝜑, (19)

where 𝑝 = (𝐸 + 𝜏Λ2)−1(𝐸 + 𝜏Λ1)−1, 𝜑 is the exact solution of system (6). It is
not difficult to establish the estimates

‖𝑝‖ ≤ 1
1 + 𝜏𝜎𝑐

= 𝛼, ‖Λ1Λ2‖ ≤ 4𝜎
ℎ2 cos2 𝜋

2(𝑁 + 1) = 𝛽. (20)

Let us prescribe some number 𝜀 and require that the inequality hold:

𝛼𝑛 + 𝜏2(𝛼𝑛 + 𝛼𝑛−1 + ⋯ + 𝛼)𝛽 ≤ 𝜀

or

𝛼𝑛 + 𝜏2𝛼1 − 𝛼𝑛

1 − 𝛼 𝛽 ≤ 𝜀. (21)

As 𝑛 → ∞ we have

𝜏2 𝛼
1 − 𝛼 𝛽 ≤ 𝜀. (22)

As a result we arrive at the inequality

𝜏 ≤ 𝜀𝜎𝑐/𝛽. (23)

Thus, if the error is fixed equal to 𝜀, one can indicate an approximate value of
the optimal parameter 𝜏 for which the prescribed accuracy is ensured.

For the case of bounded homogeneous media, it is necessary to introduce the
effective capture cross section. Then, replacing 𝜎𝑐 in (16) by 𝜎𝑐 + (𝜋/𝐻)2, we
obtain
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𝜏 = 1/√𝜎(𝜎𝑐 + (𝜋/𝐻)2). (16’)

It should be expected that the value of 𝜏 computed by formula (16′) will be
more accurate. This assumption follows from elementary considerations, which
make it possible to identify radiation leakage phenomenologically with radiation
absorption in the medium.

The investigation carried out in the present work can be extended to the case
of the radiation transport equation in spherical and cylindrical geometries, as
well as to a scattering indicatrix symmetric with respect to the cosine of the
scattering angle. By an appropriate choice of a difference approximation to
the differential part of the operator of the kinetic equation, one can arrive at
schemes of second-order accuracy with respect to ℎ.

Computing Center
Siberian Branch of the Academy of Sciences of the USSR

Received
21 XI 1964
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