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Abstract
Full Text

D. N. ZUBAREV

THE LOCALLY EQUILIBRIUM GIBBS EN-
SEMBLE AND ITS CONNECTION WITH
THE THEORY OF FLUCTUATIONS AND
TRANSPORT PHENOMENA
(Presented by Academician N. N. Bogolyubov, 27 XI 1964)

To determine the thermodynamic functions of nonequilibrium states it is neces-
sary to construct the corresponding statistical ensemble, for example by intro-
ducing an auxiliary field that would make the state thermodynamically equilib-
rium (1). However, the inhomogeneity of the temperature, generally speaking,
cannot be included by means of an auxiliary field; therefore we shall use the
method of locally equilibrium Gibbs ensembles.

Under stationary external conditions (contacts with different thermostats,
semipermeable partitions), a locally equilibrium stationary distribution is
established in the system; it is necessary to determine the corresponding statis-
tical operator. Let the nonequilibrium state be specified by an inhomogeneous
distribution of the energy 𝐸(𝑥). Instead of 𝐸(𝑥) it is convenient to consider
the set of its Fourier components 𝐸𝑞, which form a discrete set. The quantities
𝐸(𝑥) and 𝐸𝑞 correspond to dynamical variables—the energy-density operator
𝐻(𝑥) and its Fourier component 𝐻𝑞 = ∫ 𝑒−𝑖(𝑞𝑥)𝐻(𝑥) 𝑑𝑥. The operator 𝐻(𝑥)
is Hermitian; consequently, 𝐻+

𝑞 = 𝐻−𝑞. The quantity 𝐻𝑞 has the character
of a collective variable. For example, for a system of particles with direct
interaction,

𝐻𝑞 = ∑
𝑘

1
2𝑚(k, k + q) 𝑎+

𝑘 𝑎𝑘+𝑞 + 1
2𝑉 ∑

𝑘′
1+𝑘′

2=𝑘1+𝑘2+𝑞
𝑣(𝑘′

2 − 𝑘2)𝑎+
𝑘1

𝑎+
𝑘2

𝑎𝑘′
2
𝑎𝑘′

1
. (1)

Let us note that for 𝑞 = 0, (1) is the full Hamiltonian of the system 𝐻.

Usually the Gibbs statistical ensemble is introduced with the aid of the eigen-
functions of the operator 𝐻 (2,3 ). To construct the statistical operator for locally
equilibrium systems, we shall use the eigenfunctions of the operator ∑𝑞 𝛽−𝑞𝐻𝑞.
Just as in the equilibrium case the statistical operator is obtained by projection
onto states with specified values of 𝐻, we shall construct the operator
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𝜌 = 𝑄−1 exp (− ∑
𝑞

𝛽−𝑞𝐻𝑞) = 𝑄−1 exp {− ∫ 𝛽(𝑥)𝐻(𝑥) 𝑑𝑥} , (2)

which corresponds to the maximum of the informational entropy (5)

𝑆 = − Sp(𝜌 ln 𝜌) (3)

for prescribed

⟨𝐻𝑞⟩ = Sp(𝜌𝐻𝑞). (4)

The quantity

𝛽(𝑥) = ∑
𝑞

𝛽𝑞𝑒𝑖(𝑞𝑥) (5)

is the local temperature.

For a multicomponent system with a velocity field, it is necessary, in addition to
(1), to take into account the Fourier components of the particle-number density
operators 𝑛𝛼(𝑥)
and momentum p(𝑥):

𝜌 = exp {−Φ[𝐹0(𝑥) … 𝐹𝑛(𝑥)] −
𝑛

∑
0

∫ 𝐹𝑘(𝑥)𝑃𝑘(𝑥) 𝑑𝑥} , (6)

𝐹0(𝑥) = 𝛽(𝑥), 𝐹𝛼(𝑥) = −𝛽(𝑥)(𝜇𝛼(𝑥) − 1/2𝑚𝛼𝑣2(𝑥)),

𝐹𝑛(𝑥) = −𝛽(𝑥)v(𝑥),

𝑃0(𝑥) = 𝐻(𝑥), 𝑃𝛼(𝑥) = 𝑛𝛼(𝑥), 𝑃𝑛(𝑥) = p(𝑥) (𝛼 = 1, 2, … 𝑛 − 1),

𝜇𝛼(𝑥) is the chemical potential, v(𝑥) is the mass velocity.

The quantity

Φ[𝐹0(𝑥) … 𝐹𝑛(𝑥)] = ln 𝑄
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has the meaning of a functional generalizing the Massieu–Planck function to
inhomogeneous systems. It is related to the entropy by the relation

𝑆 = Φ +
𝑛

∑
𝑘=0

∫ 𝐹𝑘(𝑥)⟨𝑃𝑘(𝑥)⟩ 𝑑𝑥 =

= ln Sp exp {−
𝑛

∑
𝑘=0

∫ 𝐹𝑘(𝑥)(𝑃𝑘(𝑥) − ⟨𝑃𝑘(𝑥)⟩) 𝑑𝑥} . (7)

Varying the normalization condition for the operator (6) with respect to 𝐹𝑘(𝑥),
and (7) with respect to ⟨𝑃𝑘(𝑥)⟩, we obtain the thermodynamic equalities

𝛿Φ/𝛿𝐹𝑘(𝑥) = −⟨𝑃𝑘(𝑥)⟩, 𝛿𝑆/𝛿⟨𝑃𝑘(𝑥)⟩ = 𝐹𝑘(𝑥),

whence follows the relation between the variational derivatives of Φ and the
correlation functions

𝛿2Φ/𝛿𝐹𝑘(𝑥′)𝛿𝐹𝑖(𝑥) = −𝛿⟨𝑃𝑖(𝑥)⟩/𝛿𝐹𝑘(𝑥′) = (𝑃𝑖(𝑥), 𝑃𝑘(𝑥′)), (8)

(𝑃𝑖(𝑥), 𝑃𝑘(𝑥′)) = ∫
1

0
⟨𝑃𝑖(𝑥)𝑒−𝐴𝜏(𝑃𝑘(𝑥′) − ⟨𝑃𝑘(𝑥′)⟩)𝑒𝐴𝜏⟩ 𝑑𝜏,

𝐴 = ∑
𝑘

∫ 𝐹𝑘(𝑥)𝑃𝑘(𝑥) 𝑑𝑥.

To investigate fluctuations in an inhomogeneous state, we introduce a macro-
scopic distribution function 𝑊Δ𝑃0𝑞 … Δ𝑃𝑛𝑞, which gives the probability that
the parameters … 𝑃0𝑞 … 𝑃𝑛𝑞 … (Fourier components of 𝑃𝑘(𝑥)) lie in the region
… Δ𝑃0𝑞 … Δ𝑃𝑛𝑞 …

𝑊Δ𝑃0𝑞 … Δ𝑃𝑛𝑞 = ΩΔ𝑃0𝑞 … Δ𝑃𝑛𝑞 exp {−Φ − ∑
𝑘

∫ 𝐹𝑘(𝑥)𝑃𝑘(𝑥) 𝑑𝑥} . (9)

We now regard the quantities 𝑃𝑘𝑞 not as dynamical variables, but as ordinary
functions. The functional (9) is a generalization of Einstein’s macroscopic distri-
bution function (6). The quantity ΩΔ𝑃0𝑞 … Δ𝑃𝑛𝑞 is the number of microstates
in the region … Δ𝑃0𝑞 … Δ𝑃𝑛𝑞 …, which can be estimated through the entropy
of the microcanonical ensemble 𝑠 = ln Ω/Ω0, where Ω0 is a constant inessential
for us. We write (9) in the form
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𝑊 = Ω0 exp {𝑠 − 𝑆 − ∑
𝑘

∫ 𝐹𝑘(𝑥)Δ𝑃𝑘(𝑥) 𝑑𝑥} , (10)

Δ𝑃𝑘(𝑥) = 𝑃𝑘(𝑥) − ⟨𝑃𝑘(𝑥)⟩.

As a consequence of the equivalence of statistical ensembles, the entropy in the
locally equilibrium canonical ensemble is the same function of ⟨𝑃0𝑞⟩ … ⟨𝑃𝑛𝑞⟩ as
the entropy in the locally equilibrium canonical ensemble is of 𝑃0𝑞 … 𝑃𝑛𝑞, i.e., 𝑆
and 𝑠 are identical functions, but of different variables. Expanding 𝑠 − 𝑆 in a
functional series, we obtain

𝑊 = 𝐴 exp {1
2 ∑

𝑖𝑘
∬ 𝛿2𝑆

𝛿⟨𝑃𝑖(𝑥1)⟩𝛿⟨𝑃𝑘(𝑥2)⟩ Δ𝑃𝑖(𝑥1)Δ𝑃𝑘(𝑥2) 𝑑𝑥1 𝑑𝑥2} . (11)

With the aid of (11) one can investigate fluctuations near a critical point both in
a homogeneous and in an inhomogeneous state; for this it is necessary to expand
the Fourier coefficients of the second derivative of the entropy in a series in the
wave number and to retain several terms.

The statistical operator (6) gives the correct thermodynamic equalities and fluc-
tuations, but does not allow one to study transport processes. Let us note,
however, that the operators 𝑃𝑘(𝑥) are defined nonuniquely, only up to a diver-
gence, and we shall make use of this arbitrariness below. The quantities 𝑃𝑘(𝑥)
satisfy the conservation laws

̇𝑃𝑘(𝑥, 𝑡) + ∇ ⋅ 𝑗𝑘(𝑥, 𝑡) = 0.

All quantities are taken in the Heisenberg representation.

Taking into account the nonuniqueness in the definition of 𝑃𝑘(𝑥), let us choose
in their place the quantities 𝐴𝑘(𝑥)

𝐴𝑘(𝑥) = 𝑃𝑘(𝑥) + ∫
0

−∞
𝑒𝜀𝑡∇ ⋅ 𝑗𝑘(𝑥, 𝑡) 𝑑𝑡 = 𝜀 ∫

0

−∞
𝑒𝜀𝑡𝑃𝑘(𝑥, 𝑡) 𝑑𝑡, (12)

which are local integrals of motion as 𝜀 → 0. Operation (12) means taking
the invariant part of the operator with respect to the motion with Hamiltonian
𝐻. The choice (12) means imposing boundary conditions of the retarded type,
i.e., causality conditions. An analogous situation occurs in the formal theory of
scattering (7). Solutions of the advanced type,

𝜀 ∫
∞

0
𝑒−𝜀𝑡𝑃𝑘(𝑥, 𝑡) 𝑑𝑡,
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are unsuitable, since they would give not an increase but a decrease of the
entropy (8). Instead of (12) one could formally take a smoothing in time,

1
𝑇 ∫

0

−𝑇
𝑃𝑘(𝑥, 𝑡) 𝑑𝑡,

but then it would still be necessary to define the integrals by a displacement
into the complex plane, which is equivalent to (12).

Replacing in (7) 𝑃𝑘(𝑥) by 𝐴𝑘(𝑥) and omitting surface integrals, we obtain the
statistical operator for nonequilibrium stationary processes

𝜌 = 𝑄−1 exp {− ∑
𝑘

∫ (𝐹𝑘(𝑥)𝑃𝑘(𝑥) − ∫
0

−∞
𝑒𝜀𝑡𝑗𝑘(𝑥, 𝑡) ⋅ ∇𝐹𝑘(𝑥) 𝑑𝑡) 𝑑𝑥} .

(13)

This expression was obtained in (8), but now we have clarified the meaning
of the condition used there that the fluxes (or thermodynamic forces) vanish
at 𝑡 → −∞. An expression analogous to (13) was later obtained in (9) by
another method for the nonstationary case. With the aid of (13), averages are
calculated for large systems, i.e., as 𝑉 → ∞, and we shall always assume that
first the limiting transition 𝑉 → ∞ is performed, and only then 𝜀 → 0.

Expanding (13) in small gradients 𝐹𝑘, we obtain linear relations between the
thermodynamic forces and the fluxes and an expression for lo-

of local entropy production

⟨𝑗𝑘(𝑥)⟩ = ⟨𝑗𝑘(𝑥)⟩𝑙 + ∑
𝑚

∫ 𝐿𝑘𝑚(𝑥, 𝑥′) ⋅ ∇𝐹𝑚(𝑥′) 𝑑𝑥′,

𝜎(𝑥) = ∑
𝑘𝑚

∫ ∇𝐹𝑘(𝑥) ⋅ 𝐿𝑘𝑚(𝑥, 𝑥′) ⋅ ∇𝐹𝑚(𝑥′) 𝑑𝑥′, (14)

where

𝐿𝑘𝑚(𝑥, 𝑥′) = ∫
0

−∞
𝑒𝜀𝑡(𝑗𝑘(𝑥), 𝑗𝑚(𝑥′, 𝑡)) 𝑑𝑡

are the kinetic coefficients (see (10–13)).

In conclusion I express my gratitude to N. N. Bogolyubov for a valuable discus-
sion.

Steklov Mathematical Institute
Academy of Sciences of the USSR
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