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1. The main result of this note is

Theorem 1*. If 2 = {A} is a continuous decomposition** of a metric space
S into closed sets A, then all these A, with the exception of some o-discrete
subfamily*** have empty kernel and are compact.

First of all we shall prove the following proposition:

Lemma****_ If the closed sets

O, Dy, ..., D, ... (1)

of a metric space X converge*****

of the sets (1), then the set

in X to a set ®;, which does not meet any

Q=0 {[’j @Z_]
i=1

is compact.

The proof is by contradiction: suppose that in @ there exists a divergent se-
quence of points {x,}. Since z, € [UZ ®,], it is easy to conmstruct, for
n=1,2,.., points y,, € ®, such that p(y,,z,) < 1/2" and i; < iy < ig < -
Then the sequence {y,, } also diverges, i.e. the set {y,,} is closed, and its comple-
ment forms a neighborhood O®, of the set ®, containing none of the sets ®,,
which contradicts the convergence {®,} — ®,.

We turn to the proof of Theorem 1. In every spherical neighborhood O(A,1/2™)
take a marked neighborhood, which we denote by O”; (here A runs through the
whole system 2 = {A}, and n through all natural numbers). Denote by =,
the system of all those A which, for the given n, are contained in no 0%, with
A’ #+ A. The system ~,,, for every n, is conservative (and, consequently, being
disjoint, discrete). Indeed, let § C v, [, _sA = B, and x € [B]. The point z is
contained in some A, € A, and Oy NB # A; hence O meets some A € § C 7,
and therefore Of}lw D A, and, by the definition of the system +,,, necessarily

sovietrxiv.org/items/ru-196501.33510 Machine Translation


https://sovietrxiv.org/items/ru-196501.33510

A=A, ie A, €0, whereby conservativeness, and hence discreteness as well,
of the system +,, are proved. It remains to prove that

* Compare this result with Theorem 6 of the work ().

** A decomposition 2 = {A} of a topological space X into disjoint closed sets
A is called continuous (P. S. Aleksandrov) if every neighborhood OA, of any
element A, of this decomposition 2 contains a “marked” neighborhood O’ A,
i.e. a neighborhood that is the sum of some A € .

kA family of closed sets of a given space is called discrete if every point of
the space has a neighborhood meeting no more than one element of the given
family; a o-discrete system is a system which is the union of a countable number
of discrete systems.

% We note that the lemma is true for any paracompacta; moreover, in this
case the set @ turns out to be bicompact.

#HREEE In the sense of V. I. Ponomarev’ s x-topology (i.e. every neighborhood
O, contains all ®,, starting from some index).

every A, € 2 which is not an element of the system v = Uzozl v, is a compactum

without interior points. But the condition A, ¢ v means that for every n there
exists an A, € A such that O NAy # A, ie. Ay C O . From the definition
of 07}‘7 it follows that for every point y € A, we have p(y, 4,) < 1/2", and

0
hence
oo
U A
n=1

By the continuity of the decomposition 2 = {A}, it follows that {A,} — A,
and then, in view of the lemma, the set

Ay C

A (coinciding with the set Ay N

Ja.))
n=1
is a compactum. From the obvious equality™
TAN[X\NA4=A
it follows that
IA,N

U An] = A,
n=1

so that the presence in the set A, of a nonempty kernel would contradict the
inclusion

The theorem is proved.
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2. We shall derive some consequences from the theorem just proved. Let
f S8 — X be a closed mapping of a metric space S onto a 7Tj-space X.
Then the decomposition of the space S into the sets f~!x (where z € X) is
continuous. By Stone’ s theorem (2), the space X has countable character
at all points € X for which the boundary of the set f~'z is a compactum.
Therefore, from Theorem 1 and from the fact that under a closed mapping
f a discrete system of sets f~'z C S goes over into a discrete set of points
z € X, it follows

Theorem 2. If a T;-space X is the image of a metric space S under a closed
mapping f, then X, at all its points except the points of some o-discrete set Z,
satisfies the first axiom of countability.

Denote by Y C X the set of all points of the space X satisfying the first axiom
of countability. From Stone’ s theorem (2) it follows that Y is a metrizable
space.

To estimate the cardinality of the set Z, note that it is equal to the cardinality
of a certain o-discrete family of sets f~'x lying in the metric space, and that the
cardinality of every discrete family of sets in a metric (indeed in any collectively
normal) space S does not exceed the weight of this space. Thus we have:

Theorem 3**. If a T)-space X is the image of a metric space of weight T
under some closed mapping, then X =Y U Z, where Y is a metrizable subspace
of the space X, and the set Z is o-discrete and has cardinality < T.

3. From what has been proved it follows that points of noncountable charac-
ter are situated in a closed image of a metric space comparatively sparsely.
Nevertheless one can construct an example of a countable regular space X
which is a closed image of a metric space and which at no point satisfies
the first axiom of countability. To construct the space X, denote by P
the set of all dyadic rational points of the interval (0;1), and by @ the
set of all its irrational points. Consider the product P x (). Each number
x € P is represented uniquely in the form m /2", where m is odd. In this
case we shall say that « has rank n. The set of all points € P of rank
< n partitions the set @) into 2™ pairwise disjoint sets

ATAL AL,

each A? is the set of all irrational numbers lying between (i — 1)/2"™ and
i/2". Finally, denoting by AJ; the set (j/2") x A}, we obtain a decompo-
sition 2 of the space

* I A, denotes the open kernel of the set A,.

** This theorem gives an answer to a question of A. V. Arhangel’ skii from (1),
p. 746.

P x @ into disjoint closed sets
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A"

e n=1,2..; i=12,..,2" j=1,2 ..,2""1

We shall prove that the decomposition 2 is continuous. Consider an arbitrary
element AZ;}O and an arbitrary neighborhood OAZ)‘}O of it. Let zy = (py,qp)

be some point of AZ)O].O, and let € be its distance to the set (P x Q) \ OAZ‘;O.

Choose n, so that 1/2™ < ¢/+/2. Choose the number i, so that (i, —1)/2™ <
qp < i1/2™, and consider the set

1 1
Afo = (p0—271,p0+271) X AZI’

where (pg — 1/2"1, p, + 1/2™) is an interval in the set P of dyadic-rational

numbers. Obviously, the set A, is open, contains z, lies in OA;LO» , and
0Jo

includes all elements of the decomposition A?j that intersect it, except, perhaps,
Ano o

i0Jo " 0o’
indicated neighborhood of the element Aﬁ(}o, inscribed in OAZ)UJ})' This proves
the continuity of the decomposition 2.

Taking the union of the sets A, over all z, € A we obtain the

Obviously, every element of the decomposition 2l coincides with its boundary
and is not compact. Consequently, by Stone’ s theorem (?), the space X of the
decomposition 2 has countable character at none of its points, as was required
to prove. Finally, let us prove the assertion:

Theorem 4. Let f: X — Y be a closed mapping of a paracompact X onto
a Fréchet- Urysohn® space Y. Then there exists in X a closed set P such that
fP =Y, and the mapping f is irreducible on the set P.

Proof. Consider the set Z of all isolated points of the space Y, and for each
y € Z choose one point from f~'y, obtaining in this way a set Q C X, fQ = Z.
Now consider the closed subspace

S=QU(fH(Y\2)

of the space X. Suppose that f is not an irreducible mapping on S. Then
there exists an open set U; in S such that f(S \ U;) = Y. Suppose that
for each transfinite number o < 5 an open set U, has been constructed in
such a way that f(S\U,) =Y and U, C U,, for oy < ay. If B is a limit
number, put Uy = Ua<5 U,. We shall show that f(S\ Uz) = Y. Suppose
this is not so. Then some inverse image f~ly, is contained in Ug, but, by
construction, no U, contains any inverse image f~'y. Consider some sequence
of sets f~yy, ..., f1y,, ... converging to f~1y,. By the lemma, the set

T=f"ly,n [U flynl
n=1
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o, @ < . But the sequence
{f Yy, } also converges to the set T. Consequently, beginning with some n, all
'y, are contained in U, D T, contrary to the fact that f(S\U,) =Y. Now
let 8= (3; + 1. In this case we choose arbitrarily such a Uy that f(S\Ug) =Y
and Ug D Up, . This induction terminates at some transfinite stage; as a result,
one obtains a set U such that the mapping f on the set S\ U is irreducible.
The theorem is proved.

is bicompact. Then T is contained in some set U,
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*Y is a Fréchet—Urysohn space if for every set M C Y

and point y, € [M] there exists a countable sequence {y, } of points of M
converging to the point y.
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