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Abstract
Full Text

I. I. Bavrin

ON ESTIMATES IN THE THEORY OF REGULAR
FUNCTIONS OF SEVERAL COMPLEX VARIABLES

(Presented by Academician M. A. Lavrent ev, 18 I 1965)

1. The present note contains some new investigations by the author* concerning
estimates in the theory of regular functions of several complex variables. In
addition, a refinement is given here of a theorem of 1. A. Aleksandrov ((3),
Theorem 5) on estimates of Taylor coefficients of typically real functions of
several complex variables. In fact, the investigations are carried out for the
case of two complex variables, since in the case of n complex variables they are
carried out in a completely analogous way.

2. Let D be a bounded complete bicircular domain with center at the point
(0,0); let K be a bounded complete circular domain with center at the point
(0,0). It is known (4) that every function F(w,z), regular in D, besides its
representation in D by the series

o0
F(w,z) = Z Gy W™ 2",
m,n=0
can be represented in this domain by the diagonal series
00 k
F(w,z) = Z ( akl’lwklzl> . (1)
k=0 \ 1=0

3. Theorem 1. If in the domain D the function (1) is regular and Re F'(w, z) >
0, then for k£ > 0 the sharp estimates hold

A(D) < 4(Reag)?, By, (D) < 2Reayy,

where

k
Ai(D) = sup Z|akle|2|w|2(k7”|z|2la
(w,z)eD -9 ’
k
B, (D)= sup Zakfl)lwk_lzl.
(w,z)eD =0
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Proof. Let (wy, z,) be an arbitrary point of the domain D. Since the domain
D is complete, for |[¢| < 1, 0 <t < 27 the points (Cwg, (zge~ ) € D. Therefore,
for any fixed value of ¢, 0 < ¢ < 27, in the disk |¢| < 1 the function

(=) k
F(Cwg, Czoe™™) = Z ( akz,lwlg_lz(l)e_m) ¢k
1=0

k=0

is regular and Re F(Cwy, (2pe~ ") > 0. Consequently (5), for 0 < t < 27 we have

<2Reqy, (k>0). (2)

k

k—l 1 —ilt
E AWy %€
1=0

* Previous investigations of the author, see, for example, (1, 2).

Squaring both parts of inequality (2) and integrating the resulting inequality
with respect to ¢ from 0 to 2w, we obtain the estimate leading to A.(D) <
4(Reagy)? (k > 0). For t = 0, inequality (2) leads to the estimate By(D) <
2Reaqy, (k > 0). Finally, the estimates obtained are sharp, since there exist
functions for which they are attained.

Corollary 1. If in the domain D the function (1) is regular and Re F'(w, z) < U,
then for k > 0 the sharp estimates hold

A(D) < AU —Reay)?, Bi(D) < 2(U — Reag).

Using the known estimates in the case of one variable ((6, Theorem 10; (7,
Theorem A)), as well as Theorem 1, one establishes Theorems 2 and 3.

Theorem 2. If in the domain D the function (1), where ag is prescribed, is
regular and |F(w, z)| <1, then for k£ > 0 the sharp estimates hold

Ap(D) < (1—lagol*)?,  Bi(D) < 1 —lag|*.

Theorem 3. If the function (1) (ay, = 0) is regular in the domain D and
satisfies the condition F(wq, z;)F(wy, 25) # 1, for arbitrary (wy, z;) and (ws, 25)
from D, then for k > 0 the sharp estimates hold

A D)< 1, By(D)<1.

Remark 1. From the first estimates of Theorems 1-3 and Corollary 1 there
follow the previously established (38¢) estimates of the Taylor coefficients of the
indicated functions.*

Remark 2. The second estimates in Theorems 1-3 and in Corollary 1, with
B,,(D) replaced by B, (K), remain valid also under the conditions of Theorems
1-3 and Corollary 1 in the case of the domain K.
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I. A. Aleksandrov obtained the following proposition (see (3, Theorem 5)).
Proposition 1 (I. A. Aleksandrov). Suppose that the function

(oo}

k k
F(zyy.y2,) = Z Chy ok, 21 on"
Ky =0

is typically real in the complete multicircular domain D with center at the
origin.** In this case the inequalities

ek, n, | < (k/’1010...0/A/161...kn(D)) + ot (ke o, /D%, ok, (D)), (3)
ky 44k, > 1,
hold, where

A;;Jl...kn (D)= sup  (|z]" [z [Pz Mtz [Foen o |2, F2)
(21 5ee29)ED

(i=1,..,n).

In the proof of this proposition an oversight was made, consisting in the passage
from the inequality

kylzq| € k|2, ¢
< f 111 10...0 nl~nl *“0...01
'C'ﬁwkn'—<zl,.f,‘in>eD<|z1|k1~-zn|kn T e )

ky +-+k, >1, (4)

to estimate (3) (see (3, p. 12). Obviously, this passage, generally speaking, does
not take place.*** In connection with this, Proposition 1 needs clarification,
which is carried out below. Proposition 1, generally speaking, does not hold,****
since for a function satisfying the condition of Proposition 1 (for brevity of
notation we take the case of two variables, and as D the unit hypercone {|z| +
|25 <1}

21+ 2y

F(z,29) = A=z 52
we have

*In (3¢), in Theorems 3.1, 3.2, in the extremal functions ayg, g, are printed; it
should be agy M1, ago M.

** For the definition of a typically real function of many variables, see (3, p. 12).
*41f D is the polycylinder S{|z;| < R;, i = 1,...,n}, then this passage is valid.
*#4% Since in the case S the passage from estimate (4) to estimate (3) is valid,

in the case S under the condition of Proposition 1 the estimate

kICIOH.O . knco.v.m

ot :
R’fﬁlR’gz o RFn R’fl Rfffll Rkn—1

ek, k| < ky 4+ +k, >1
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will be valid.
|7 .,(0,0)] = 4. But, according to estimate (3), [F7 . (0,0)] < 2. At the same

Z1Z
timle,2 the following correction of Proposition 1 is possible. If one excludes from
consideration the transition from estimate (4) to estimate (3), then the proof of
Proposition 1 (see (3), pp. 11, 12) leads to estimate (4). Therefore, under the

conditions of Proposition 1, instead of estimate (3) we shall have estimate (4).

4. Consider the domains D, = rD, K, = rK, where 7 is a positive number
less than one.

Theorem 4. If the function

*

o] k
— k=1 1
F(w,z) = g AWz |,
1=0

k=p

p > 1, is regular in the domain D and |F(w, 2)| < 1in D, thenin D,., |F(w, z)| <
rP.

Proof. Let (w,2,) be an arbitrary point of the domain D,.. Take any number
p satistying the condition r < p < 1, and consider the domain D, = pD. The
point (wy, z5) € D, and, consequently, the point (wep™t,z9p~1) € D. Hence, in
view of the fact that the domain D is complete, it follows that for |£] < 1 the
points (Ewyp !, €zop71) € D. Therefore the function

[eS) k
F(wop™, E2pp™ ") = Z (Z akl,z(wopl)kl(zopl)l> gk
k=p =0

as a function of one variable £ is regular in the disk || < 1, and in it
|F(§wop™t, E29p~ 1) < 1.

At the same time the expression

P
Ay(w,2) = Z a, w2
1=0

is not identically zero in D, for, as was noted above, at least one of the co-
efficients a,, (I =0,1,2,...,p) is different from zero. Consequently, either
A, (wg,29) #F 0, or A,(wg,29) = 0. If A, (wy, 29) # 0, then, according to the
strengthened Schwarz lemma (5),

|F(Ewop™, E20p™ )| < [EP (0 < €] < D).

If A, (wg,z) = 0, then, obviously, the strict inequality

|F(§wop™", E20p™ )] < [P (0 < [€] < 1)
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will hold. Consequently, in the end we have
|F(§wop™, E20p™ ) < [EP (0 < [€] < 1),
whence, in particular, for £ = p,
|F'(wo, z9)| < pP.
Passing in the last inequality to the limit as p — r, we obtain
|F'(wg, 20)| < 1P

Finally, since (wg, zo) is an arbitrary point of the domain D,, the theorem is
proved.

In exactly the same way one proves**

Theorem 5. If the function

00 k
) =+ 3 (St 4.
k=p \ I=0

p > 1, is regular in the domain D and |F(w, z)| < 1 in D, then in D,
[wF,,(w, 2) + 2F(w, 2)| < prP(1 —r?P) 711 — |F(w, 2)[?).

On the basis of Theorems 4 and 5, one establishes

Theorem 6. Let the function

o0 k
F(w,z) = ayy + Z (Z ak_l,lwklzl) ,
k=p \1=0

p > 1, be regular in the domain D. Then, if Re F(w, z) > 0 in D, then in D,
|wE, (w,2) + 2F.(w, z)| < 2prP(1 —r??)"L Re F(w, 2);
if, moreover, a is real, then in D, the following estimates also hold:
F(0,0)(1+7P)"1(1 —7P) < Re F(w,2) < F(0,0)(1 —rP)~"1(1 +rP),
F(0,0)(1+7?)7H(1 —17) < |F(w, 2)] < F(0,0)(1 —r7) 7 (1 +rP),

| Im F(w, 2)| < 2F(0,0)r?(1 —r?P)~1L.

Further, on the basis of Theorem 4 one establishes

Theorem 7. Let the function

k
Flws) =3 (zw) R
=0

oo
k=p
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* In the presence of such an expansion we shall assume that at least one of the
coefficients a,, ;; (I =0,1,2,...,p) is different from zero.

** In the proof here the well-known estimate is used ((5), p. 364).

regular in the domain D and |Re F(w, z)| < 1 in D. Then in D, the following
estimates hold

|Re F(w, z)| < 47 tarctgr?,
[Flw,2)| <20 In [(147,)/(1=1,)]

| Im F(w,2)| < 2 In[(1 +rP)/(1 —rP)].

Remark 3. Theorems 4-7 and their proofs are completely preserved also in
the case of the domain K.

5. Let on the interval 0 < ¢t < R a single-valued positive function (t) be
continuous and monotonically nonincreasing, with lim p(t) = ¢(0) < oo,
lim, ,p o¢(t) = ¢(R) = 0. Consider, in the space of two complex
variables (w, z), the domain D, > (0,0) bounded by the hypersurface
lz] = ¢(Jw]), 0 < Jw| < R. Obviously, D, is a particular case of the
domain D. It is easy to see that on the interval 0 < ¢ < R the function
I = ®(t), where ®(t) = t/¢(t), is continuous and monotonically increas-
ing. Therefore the inverse function ¢t = ¥(I) is single-valued, continuous,
and monotonically increasing on the interval 0 < I < oo.

On the basis of Theorems 4-7, in the case of the domain D, one obtains, respec-
tively, propositions giving at each point (w,z) € D, estimates similar in form
to the estimates of Theorems 4-7, but with r replaced in them by w(|w|, |z]),
where w(|w|, |z|) is defined by the equality

|w| R, for (w,0) € Dy,
w(lwl, [2]) = 4 [2[/¢(0), for (0,2) € Dy,
|w|/v(|z| 7 |w]), for the remaining points of Dj.

In particular, in the case of the domains C,, {(a|w|)'/® + (b|z|)"/* < 1} (a,b, a >
0, a < 1), w(lw|,|2]) = [(a|w])** + (b]z])*/*]*. Hence®, in the case of the
bicylinder E{|w| < Ry, |2| < Ry},

ol oy = {11 Tor (w2) € [l < [elR5") 0 ),
B |Z|_R1_17 for (’w7z) c [(|’LU|R1_1 > |Z|R2_1> N E]
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All estimates in these propositions, in the case of the domains {a|w| + b|z| < 1},
are sharp®. In the case of C,,(0 < a < 1) and E, these estimates are sharp
respectively on the sets (a|w| = b|z|) N C, and (Jjw|R;! = |z|Ry!) N E**, since
there exist functions for which they can be attained. Such functions may
be obtained from the functions (10), (13), (18), (35) given in (2) by replac-
ing ae’w + be'Pz, respectively, by the expressions (ae®w + bez) - 2971 and
(e “wRt +ePzRy1) - 271
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