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A. A. Kirillov in the paper (!) gave a method for describing irreducible unitary
representations of simply connected nilpotent Lie groups, which consists in the
following. Let & be a simply connected nilpotent Lie group, G its Lie algebra,
p the adjoint representation of & in G. Denote by G’ the space dual to G, and
by p’ the representation of & in G’ dual to p. Then the irreducible unitary
representations of & correspond one-to-one to the orbits in G’ with respect to
p'(&).

In the present note the problem of classifying the orbits for the group of unitri-
angular matrices of order n is considered.

1. Let &,, be the group of upper triangular matrices of order n with ones on
the main diagonal, and G,, the Lie algebra of this group. We identify the
space G, dual to G,,, with the space of lower triangular matrices. An
element 2% (i > j) of a matrix x € G, will be called an element belonging
to the k-th oblique row if 4 — j = k. In what follows we shall denote the
elements of the matrix z by z'*%!. The basis B, of the space G/, consists
of the coordinate dyads e;,; (i, k = 1,2,...,n —1; i + k < n), i.e. of
matrices with ones at the intersection of the i-th column with the k-th
oblique row and zeros in the remaining places. In the space G, there is
defined a representation p’(®,,) of the group &,, by the formula

P (g)x = [gzg'],, (1)

where g € &,,. In (1) the symbol [gzg~!], denotes the lower triangular matrix
in which the elements lying below the main diagonal coincide with the corre-
sponding elements of the matrix grg—!.
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Denote g = ||lgosl and g~ = |[h,p4). The elements of the basis B, are trans-
formed according to the following law:

itk itk-1
€i+k,z‘ = P/(9)€i+k,i = Z Z o itk hiB €ap- (2)
a=i+1 [B=1
Let ‘G% be the subspace in G, consisting of matrices 2 = |2®#| for which

% =0 for a >i+kand B <. It follows from (2) that 'G? is invariant with
respect to p’(&,,) and contains an orbit Qf which is a transitive submanifold
in it. In what follows we shall call the subspace 'G} the (;)-th block. The
coordinates £%? of the image 7 of an element x € 'G% under transformations
from p’(®,,) are found by the formula

i+k B

7P =" g2 hsg. (2a)

Y=o §=1

It is not hard to show that the orbit 0, contained in 'G%, is for it an orbit of
general position (see (1), p. 106). We arrive at the following result:

a) By specifying the element e, ; of the basis B of the space G},, one singles
out in the latter the subspace 'Gi, invariant with respect to p’(®,,) and
containing the (})-th class of orbits. The orbit Qi from the (;)-th class is
an algebraic surface defined by the equations:

AL =const £0 (v=1,2,...,[(k+1)/2]), (3)

where , A? is the determinant of the minor of order v of the left lower corner of
the (;)-th block.

dim Qi = k(k+1)/2—[(k+1)/2].

In what follows, the element e, ; of the basis B, defining the (;)-th class of
orbits, will be called the leading vector of the class of orbits.

2. Let m elements of the basis B be taken,

Cisthyyiys  Cigthgyizr =y Gtk i, (4)

where the numbers ¢, and k_ satisfy the conditions:

1< <ip <<y, <n—1,
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bot+k, <iogqt+k (e=12,...,m—-1), i,+k, <n. (5)

From the transformation law for coordinate vectors it follows that m leading
vectors (4) single out in G, a subspace

e SRR I e
lekz‘.,km = ﬂ Gy,

invariant with respect to p’(®,,) and containing the

iy oo dyy
ki ky ... Ky,
-th class of orbits. The orbit

g,
Koy ko ke, 0

as a transitive manifold in

¢ i,
Gy,

is singled out in it by a system of functions of the coordinates x®? of an element
RS /G;cllzlizz?mv
invariant with respect to p’(®,,). Here two systems of such invariant functions

are indicated for m = 2.

We first indicate two special cases, interesting in that these are the only possi-
bilities when the orbits are linear subspaces in G;,. For ky = ky=-- =k, =1
we obtain the class of zero-dimensional orbits (the orbit is a point in G7,).

For the case when the leading vectors (4) satisfy the conditions

hy=ky ==k, =2 i =i+1 (=12 m—1), (6)

m

the following assertion is true:

B) m leading vectors (4) under conditions (6) determine the
iy iy,
kyky .o Kk,
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-th class of orbits. The orbit

gy,
Qi

is:

a) for even m, an m-dimensional plane defined by the equations

T2 —const #0  (a=1,2,...,m),
Alxi1+17i1 + Azxi3+17i3 44 Am/2+1$m+27im+1 _ B, (7)
where Ay, Ay, ..., A, 211, B are constants determined by the choice of the vector

) iy,
re G

b) for odd m, an (m + 1)-dimensional plane defined by the equations

12729 = const # 0 (a=1,2,...,m).

3. Let us return again to the case m = 1. From the elements of the matrix
T € ’G?C we find two series of determinants. To this end, in the matrix
x € 'Gi we single out the (i+p)-th row and, from the elements that are not
identically zero, form determinants ;D}; oforderp (p =2,3,...,[(k+1)/2])
(a=i+pi+p+1,..,i+k—p-+1)in the following way: the first row
of the determinant consists of the first p elements of the a-th row of the
matrix x, while the remaining p — 1 rows are the last p — 1 rows of the
matrix z, taken in the same order as in the matrix z, and containing the
first p elements. Thus the determinants SDZ have the form

xoz,i xa,i+1 l.oz,i+p
I’L‘“rk*(pfl),i xi+k7(p71),i+1 l,iJrkf(pfl),ier
;Di — xi+k7(p72),i xi+k—(p,2),i+l :L.i+k7(p72)7i+p (8)
xi+k,i xi+k,i+l xiJrk,ier

Similarly, we define the second series of determinants of order p, g‘Q}; (a =
i+p—1,i+p,..,i+k—p). To do this, in the matrix z € G}, we single out
the last p rows. Then, in the determinant ¢, the p— 1 columns are the first
p — 1 columns of the selected p rows, and the p-th column is the a-th column
in the selected p rows. Thus
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mi-‘rk—p,i xi+k—p,i+1 $i+k—p,i+p—1 xi+k—p,a
i+k—p+1,i i+k—p+1,i+1 i+k—p+1,i+p—1 i+k—p+1,a
apyi | T x . x )
p k e “ee e “ee e :
itk pithiitl pitkyitp—1 itk
It is easy to see that for p = [(k + 1)/2]
apt _ ot i
p Dk = 5 Q% = ((kr1)/2 A%
Moreover, by definition, we put

api ol aMi . itko
‘D, = x™, QL ==z .

For the determinants ¢ D} and $Q, denote by D} and f,‘fQVZ their images under
the transformations from p’(®,,). Then

i+k—p—1

sDi= D 9apyDi (10)
B=«a

SO = Y. PQi s (11)
B=i+p—1

Now one can describe the first type of functions of the coordinates z®° of an
element # € 'Gy!}?, invariant with respect to p’(&,). The subspace 'G,'}
consists of matrices * = |z%?| in which #*# = 0 for all a when i, > §, for
iy + ky < a < iy + ky when i; < 3 < iy, and for all  when a > iy + k,, while
for the remaining values of a and § the z®? are arbitrary.

The subspace ’ ,2222 can be represented as the sum of two subspaces

G =G+ G (12)

If /G,ii N /GZ = 0, then the subspace ’G&K decomposes into the direct sum
of the subspaces ’G,ii and 'G ,Zz, which leads to the decomposition of the orbit
By . i i
Qk1k2 into the orbits le and ka.
Let ’G,il n ’G,i"’ #+ 0. In the matrix z € ' ,i”,f we single out i, — 4y first
1 2 172
columns, beginning with the ,-st, and i3 + ky — %; — k; last rows, beginning

with the (i; + k; + 1)-st, and define two systems of determinants of orders p and
r, respectively:

sovietrxiv.org/items/ru-196501.33328 Machine Translation


https://sovietrxiv.org/items/ru-196501.33328

aD¢ (a=igtp, igtp L, itk —p ), Q2 (o =ytr—1, igtr, ..
(13)
wherep—172, ig— ity if iy —iy <[(ky+1)/2],and p=1,2,...,[(k; +1)/2] if

lg—1y 2 [(k+1)/2] r=1,2, . ig kg —iy —ky if iy +ky—iy —ky < [(ky+1)/2],
and 1= 1,2, .., [(ky +1)/2) if iy + by — iy — ky > [(ky +1)/2].

The following assertion holds:

) The expression

iy +k;—p+1

> 225D, (14)

a=iy+r—1

formed from the determinants O‘Dkl and those determinants an whose order
r, for the given p, satisfies the condition ig +7—1<4; +k —p+1, remains
invariant under all transformations from p’(&,,).

4. For the same case m = 2 we carry out the following constructions: we

complete the subspace ’ G&z to ’ GZ ! gy replacing the elements 2*?
(i1 + Kk < a<iy+ky; i; < B <iy), identically equal to zero, by elements
7% with the same values o and § from the square of the matrix z, and

leaving the remaining ones unchanged. In the subspace ’GZ ' i the

2 1
same subgroup pkllz (&,,) of the group p’(®,,) acts as in the subspace
’G;i%’z. The elements %7 (i, + k; < a < iy + ky; iy < B < iy) under
the action of transformations from ’ plzl;j (8,,) transform according to the
formula

igt+ky

aﬁ = Z Zga'\/w’y héﬁ (15)

Y=o d=i;

From formula (15) it follows directly:

0) In the subspace ’G,ii?jz the functions

%
VAizl-HcQ—il? (16)

where A

oA ki, is the determinant of the minor of order v of the lower left

corner of the block [ . 1 |, are invariant with respect to P (8,,), and
19+ ko — 1
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1,2, ig + kg — iy — Ky, if by < Ky,
V=
1,2, ... iy — iy, if ky > ks,

and always v < [(iy + kg —i; +1)/2].

It is easy to see that in ’G&K, besides invariants of types (14) and (16), there
are invariants of type (3), defined for ’G,ii - ’G,igjz and G,Z - ’G,ii;zz, with the
known restrictions on v.

In conclusion, the author expresses sincere gratitude to G. B. Gurevich for his
constant attention and valuable advice.
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