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THEORY OF ELASTICITY
G. M. KHATTASHVILI

BENDING BY A TRANSVERSE FORCE OF
COMPOSITE ANISOTROPIC CYLINDRICAL
BODIES WITH A SLIGHTLY CURVED AXIS

(Presented by Academician N. I. Muskhelishvili on 9 X 1964)

The problem of bending by a transverse force of cylindrical bodies with a slightly
curved axis in the case of an isotropic material has been studied in papers (1-3).

1. Consider a rectangular Cartesian coordinate system Oz x,z; and an
anisotropic cylindrical body with a curved axis ¢), bounded by the planes
3 =0, 23 =1 (I > 0) and by the surface

Fs1(xy + /9823, 25) = 0. (1,1)

Let the body ¢ have cavities whose surface equations are of the form

fj(x1+1/2€x§7 1‘2) =0 (.]: 172a-~-am)7 (172)

where € is a small parameter, whose squares and higher powers may be neglected.

Assume that the cavities are filled with other anisotropic materials. The bodies
formed by them shall be denoted by t; (j = 1,2,...,m). Let the bodies
(=1,2,...,m) be bonded to the body t( along the surfaces (1,2). The resulting
body ¢ will be called a composite anisotropic cylindrical body with a slightly
curved axis.

Let each of the anisotropic materials composing the body ¢’ have one plane of
elastic symmetry perpendicular to the axis Ox4. Then the generalized Hooke’ s
law can be written in the form

_ 1
e;; = BT (01,711 + 09iTog + 05,715 — 0;733),
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e1y = E71 (013711 + 0a3Tog + 033719 — 03733), (1,3)

€33 = B~ (T33 — 01711 — 09Tgy — 037T15), iz = (—1)" A, (AsTo3 — AgpTis),
A*:(A44A55—A45)>0 (i=1,2; k=3+1)
or

T = Ajieqn + Agiegn + Agiess + Agieq,

Tio = Ajgeqy + Aggeas + Asgess + Aggea, (1,4)

T3 = Agseqs + Agseas, Tog = Agsers + Aggers (1 =1,2,3),

where 7,; and e;; are the components of stress and strain; F, o

elastic constants.

55> and A;; are

In the problem under consideration, the stress components 7,; and strains e,;
must satisfy the equilibrium equations, the Saint-Venant compatibility condi-
tions, and the boundary conditions

[Z Tik cos(u,a:k)] —lident]y =0 (j=1,2,...,m+1;[],,.1=0) (1,5
=1 p

on the surfaces (1,1) and (1,2), (1,5),

[w;]; = [wlo (1=1,2,...,m; i=1,2,3) on the surfaces (1,2),

where v is the normal to the surfaces (1,1) and (1,2), u; are the displacement
components, and the symbols [ |; and [ |, denote the limiting values on the
indicated surfaces of the expressions enclosed in brackets, taken respectively
from the regions ¢} (j = 1,2,...,m) and ¢;. The end conditions will be discussed

below.

Make the change of variables (%)

£ =y + 1/yea3, §a = To, §3 = 3. (1,6)
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Then equations (1.1) and (1.2), respectively, take the form

fm+1(§1a€2> :07 (17)

fj(§1’§2):0 (.j:1727"'7m)’ (18)

i.e., in the system O&;£,&5 the body " will correspond to a composite anisotropic
cylindrical body ¢.

To within terms of order £? we may write [1]
cos(, ) = cos(m, &), cos(v,y) = ebgcos(n,&y);  (L9)

0/0x; = 0;, 0/0x3 = 03 +e&30, (i=1,2; 0, =0/9¢;),
where n is the normal to the surfaces (1.7) and (1.8).

It is assumed that the origin of the coordinate system O¢;&5¢5 is placed at the
generalized center of inertia of the “lower” base (i.e., for £ = 0) of the composite
anisotropic cylindrical body ¢, while the axes O¢; and O, are directed along
the generalized principal axes of inertia of this base [4, 5].

Denote by Tz(f ) and uf) the stress and displacement components of the plane
auxiliary problem for the composite anisotropic cylindrical body ¢ [4], in which
the external forces on the surface (1.8) are zero, the stress vector in passing
through the surface (1.9) remains continuous, and the displacement components
undergo discontinuities of the form

2 2 1 j 0 0
[?); = [ = =5 [(07 — ")} — (05" —0y”)é3] .
2 2 j 0 L, G 0
[uy); — (45”0 = ~(05 — 0316y — 505" — 033,
(]: 172?"'7m>7 (110)

()

where 0" are the values of the elastic constants in the region t; (j = 0,1,...,m).

Introduce the notation:
E, =FE— A0 — Ayy09 — Ay503, Bjo = AssBj1 + AgaBjo + AysBj3 + 03,

Bij = E_l(aij _Uiaj) ('L,j = 17273>a

2 2 2 12 N
T§3) = 0171<1) + 02752) + 037{2 g o7 = A 01+ Ay 03,
0, = Agul? + Apuy,  di= A0+ A0y (i=1,2 y=6—1i); (1.11)

0= (Ass + A13)81u<12) + (Ayy + A23)82u<22> + (Ays + A36)(81u<22) + 82“32))7
A= A445‘§ +2A,50,05 + A55312,
A% = 3,05 — B3;0,05 + Po;07 (1=0,1,2),
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Ay = Bon0t + (2019 + B3 )0703 — 23,30,05 — 20930705 + 1,03,
2
Tin = ZTU» cos(n, &) (1=1,2,3),
=

where E, 0,;, 0;, and A, are elastic constants.

7

2. Let the external forces applied to the base x5 = [ of the composite
anisotropic cylindrical body ¢" with a slightly curved axis be equivalent to
a bending force W directed along the axis O&;. Taking into account the
relations (1.6), we shall seek the solution of the problem in the form

u = asu,; + g@' —2) [(i —1)x — (WT@, - f) gk} +

+(=1)far2t26¢,+

where

i=1,2,3; k=4—i; a=3—i x:Z@—w
a

a=W LZ; //Qj (B — i3 de] 7 (2.2)

1 is the bending function, ¢ is the torsion function, and 7 is the degree of
twisting of the composite cylindrical body ¢ [4]; € is the above-mentioned
small

parameter; {2, is the region of the lower base of the cylindrical body ¢; u, are

the components of the “additional displacement” to be determined; Ti(f) and u?)

are the solution of the plane auxiliary problem (see (1.1) and (1.2)). As was
said, we shall neglect terms of order £2 and higher.

The stress components TZQj corresponding to the displacements (2.1) will have
the form:

18 = a (- &)l + eAngadix + ey — 2 EG— 1)~ 2)( - &)6].

(i=1,2,3), Ty =a [(l — )73+ eAgefadiX + 5712] ;

1 1
7—7% =a |:diX - 51457(715% — 0583) — A4~, (‘725152 + 5%5%) - ei] -

—7(Ag &y — Ay &y) + €A, TES + aeTiz+ (2.3)
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tas(l — &)&; [As5,0161 + Ay (0265 +036,) + 0,6,] (i=1,2 y=6—1),
where 7;; are the stress components corresponding to the unknown displace-
ments u;, while d;, and 6, are defined by the equalities (1.11).

Substituting the quantities (2.3) and the corresponding strain components €
into the equilibrium equations and the Saint-Venant compatibility conditions,
we obtain that e?j, with respect to the variables ;, must satisfy the Saint-Venant
compatibility conditions, while 7,; in each of the regions ¢; (j = 0, 1,...,m) must
satisfy the following equations:

3
Z 075+ &3 [(Ai?) + A,,)0;01x + (Aze + Ays)0, 01X — 3A5(016, + ,ut?)+
=

-
+34,, (a — 038y — 038, — 81U<22>)] +1 I:A4’y<o-2§2 + 038 + Oyuy) )+

+A5(016 +0u?)] =0, (2.4)

3
Z8j73j+A3381X+€3<l_53)(E*+519> =0 (i=1,2 y=6—1i; a=3—1),
=

where F, and 6 are defined by the equalities (1.11). Using the results of %) as
a particular solution of equations (2.4) we may take the quantities

1
. 4 1
TS = ng (83‘1’3‘ - QJAW‘IUH) + (35— 1) (502‘61& + Ay, 09858+

+0, / 6.8, ) — [344, 26 + (Aig + A,,)00x] s,

1
Tl = — 253] (8132"I’j + 20 AP0 ) — E3(Agg + Ays)Or X

7=0

2 2
T = Z (017']'1]' + ng?f—1q>i> + 0371y, Tiy = Z (f3di‘bj—
j=1 §=0
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. 3 1 I — * —1 * T —1
*J@Ujaa //9]‘ d&, dfi)*z {31 161€;(0y078 + 3 020252)*36 (2277 Ay 0585+

+27  Ay50161) & + 3271006, (Agg006y + 31 Ays006y)] —
1
-3 {E*/‘bz d&; + (=1)*(E, — A33)0, /ngi + Uz‘/aa‘lﬁ d§;+
+0,0,¥, —040,%,] + (—1)*0, P, (a=3—4vy=6—14; i=1,2), (2.5)

where E,, 0}, 0, and d; are defined by the equalities (1.11), while the functions
D,(&,&) and U, (&, &,) are particular solutions, respectively, of the equations

A = X;(6,6) (i=0,1,2,3); Az‘I’j = Yj(51»§2) (i=0,1),

where

Xo=—A330,X, X, =-l(E, +0,0), Xy =FE, + 0,0,

A A
Xg= {33 [82/( 241473}3_14*6%1) d§1—81/(%7§3+14*6%2> de}} )

§3=0

Yy = Aj®y +1AT0, + 1A3/5192 déy + 1(B1207 — Ba305 — B13A4503),

Y = 3A70, — 3A; /5’192 d€y + AjO1 X + 2458, — 3B15(0] + Ayy0q)+

+3P13A4509 + 302303,
where £, o7, A;, A%, and Tilj are defined by the equalities (1,11) and (2,5); e}j
are the strain components related to 7; by the equalities (1,3).

We shall seek the unknown stress components 7;; entering expressions (2,3) in
the form of a sum:

7'..:7'.1.—|—7'.*. i’j:1,2,37 276
iJ 1] %]
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where T-l- are defined by the equalities (2,5), while 7;; are to be determined.

Substituting expressions (2,3) and the corresponding strain components e . into
the equilibrium equations, the Saint-Venant compatibility conditions, and the
boundary conditions (1,5), and taking (2,6) into account, we obtain that in
each of the regions ¢; (j = 0,1,...,m) the stress components 7;; and strains
e;; must satisfy, with respect to the variables §;, the equilibrium equations and
the Saint-Venant compatibility conditions, as well as the following boundary
conditions:

[T, + T + 771; — [ident]y = 0 on the surfaces (1,7) and (1,8),
(i,j=1,2,...,m+1; [],,.q =0); (2,7)

— [ident], =0 on the surfaces (1,8)

where 7,, are defined by the equalities (1,11); u} are the displacement compo-
nents corresponding to the particular solution Tllj, and 7, are defined by the
equalities

1
7 = | (516 — A — & (dix— 5018 — Aot
1 2
+§A5702§2 — 97>:| cos(n, &) — &5( Az + Asg)0yx cos(n, &)

(i=1,2, y=6—1),

2
Z E3(l— &) (078 + Ayy02&s + 0,0,)+
i1

1 44,88] cos(n, &) + B(I — )¢ cos(n,€,).

Thus, 7;; is the solution of Almanzi’ s problem, for the composite anisotropic
cylindrical body ¢, given in work (5).

To satisfy the end conditions, as in the case of an isotropic body (1), it is
sufficient to superpose on expressions (2,6) the corresponding solution of the
Saint-Venant problem for the composite anisotropic cylindrical body ¢ (4).
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