
Soviet-era science, translated into English

G. M. MAGOMEDOV
In the present paper we study the solution of the singular integral
equation

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.30739

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196501.30739


Abstract
Full Text

G. M. MAGOMEDOV

CONTINUOUS DEPENDENCE OF SOLU-
TIONS OF A SINGULAR INTEGRAL EQUA-
TION WITH SHIFT
(Presented by Academician I. N. Vekua, January 18, 1965)

In the present paper we study the solution of the singular integral equation

𝑢(𝑥) = ∫
𝑏

𝑎

𝐾[𝑥, 𝑠, 𝑢(𝑠)]
𝑠 − 𝛼(𝑥) 𝑑𝑠. (1)

The function 𝑦 = 𝛼(𝑥) maps the segment [𝑎, 𝑏] one-to-one onto itself with preser-
vation of orientation; moreover,

0 < 𝑚 ≤ ∣𝛼(𝑥2) − 𝛼(𝑥1)
𝑥2 − 𝑥1

∣ ≤ 𝑀 < ∞ (2)

for all 𝑎 ≤ 𝑥1, 𝑥2 ≤ 𝑏. Hence 𝛼(𝑥) is a monotone function, 𝛼(𝑎) = 𝑎, 𝛼(𝑏) = 𝑏,
and there exists an inverse function 𝑥 = 𝛽(𝑦) to 𝛼(𝑥), mapping [𝑎, 𝑏] onto itself
with preservation of orientation and

0 < 1
𝑀 ≤ ∣𝛽(𝑦2) − 𝛽(𝑦1)

𝑦2 − 𝑦1
∣ ≤ 1

𝑚 < ∞. (2¹)

The function 𝐾(𝑥, 𝑠, 𝑢) (𝑎 ≤ 𝑥, 𝑠 ≤ 𝑏, |𝑢| ≤ 𝑁) satisfies the conditions

|𝐾(𝑥 + Δ𝑥, 𝑠 + Δ𝑠, 𝑢 + Δ𝑢) − 𝐾(𝑥, 𝑠, 𝑢)| ≤ (1)

≤ 𝑁1𝜓(|Δ𝑥|) + 𝑁2𝜑(|Δ𝑠|) + 𝑁3|Δ𝑢|; (3)

𝐾(𝑎, 𝑎, 𝑢) ≡ 𝐾(𝑏, 𝑏, 𝑢) ≡ 0; (4)

|𝑔(𝑥, 𝑠, 𝑢) − 𝑔(𝑥, 𝑠, 𝑣)| ≤ 𝑁4𝜑1(|𝑥 − 𝑠|)|𝑢 − 𝑣|, (5)
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where 𝑔(𝑥, 𝑠, 𝑢) = 𝐾(𝑥, 𝑠, 𝑢) − 𝐾(𝑠, 𝑠, 𝑢); the functions 𝜓(𝑡), 𝜑(𝑡), 𝜑1(𝑡) belong
to the space Φ for 0 < 𝑡 ≤ 𝑏 − 𝑎. (For the space Φ and the classes 𝐻𝑛(𝜑), see
works (1,3).) The author has proved the existence and uniqueness of a solution
of equation (1) in the class 𝐻𝑛(𝜑), provided the functions 𝛼(𝑥) and 𝐾(𝑥, 𝑠, 𝑢)
satisfy conditions (2), (3), (4), (5).

Theorem. If 𝐾(𝑥, 𝑠, 𝑢) and 𝛼(𝑥) satisfy conditions (2), (3), (4), (5), then the
solution of equation (1), for sufficiently small |𝜆|, depends continuously on the
function 𝛼(𝑥).
We give a scheme of the proof of the theorem. Let 𝑢2(𝑥) and 𝑢1(𝑥) be solutions
of equations (1) corresponding to 𝛼2(𝑥) and 𝛼1(𝑥), and let

max
𝑎≤𝑥≤𝑏

|𝛼2(𝑥) − 𝛼1(𝑥)| < 𝜀.

Set 𝛼1(𝑥) = 𝑦 (𝑎 ≤ 𝑥 ≤ 𝑏). Then 𝑥 = 𝛽(𝑦) (𝑎 ≤ 𝑦 ≤ 𝑏);

𝛼2(𝑥) = 𝛼1(𝑥) + [𝛼2(𝑥) − 𝛼1(𝑥)] = 𝑦 + 𝛾(𝑦),

𝛾(𝑎) = 𝛾(𝑏) = 0, |𝛾(𝑦)| < 𝜀 (𝑎 ≤ 𝑦 ≤ 𝑏).

The function

𝐾∗(𝑦, 𝑠, 𝑢) = 𝐾[𝛽(𝑦), 𝑠, 𝑢]

satisfies conditions (3), (4), (5), only 𝑁1 and 𝑁4 change.

We shall have

𝑢2[𝛽(𝑦)] − 𝑢1[𝛽(𝑦)] = 𝜆 ∫
𝑏

𝑎

𝐾∗[𝑦, 𝑠, 𝑢2(𝑠)]
𝑠 − 𝑦 − 𝛾(𝑦) 𝑑𝑠 − 𝜆 ∫

𝑏

𝑎

𝐾∗[𝑦, 𝑠, 𝑢1(𝑠)]
𝑠 − 𝑦 𝑑𝑠 =

= 𝜆(𝐵𝑢2 − 𝐵𝑢1) + 𝜆𝐼∗, (6)

where

𝐵𝑢 = ∫
𝑏

𝑎

𝐾∗[𝑦, 𝑠, 𝑢(𝑠)]
𝑠 − 𝑦 𝑑𝑠,

𝐼∗ = ∫
𝑏

𝑎

𝐾∗[𝑦 + 𝛾(𝑦), 𝑠, 𝑢2(𝑠)]
𝑠 − 𝑦 − 𝛾(𝑦) 𝑑𝑠 − ∫

𝑏

𝑎

𝐾[𝑦, 𝑠, 𝑢2(𝑠)]
𝑠 − 𝑦 𝑑𝑠+
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+ ∫
𝑏

𝑎

𝐾∗[𝑦, 𝑠, 𝑢2(𝑠)] − 𝐾∗[𝑦 + 𝛾(𝑦), 𝑠, 𝑢2(𝑠)]
𝑠 − 𝑦 − 𝛾(𝑦) 𝑑𝑠 = 𝐵𝑢2 − 𝐵𝑢1 + 𝐼. (7)

If we make the substitution 𝑦 = 𝛼(𝑥), we obtain

𝐼 = ∫
𝑏

𝑎

𝑓(𝑥, 𝑠) − 𝑓[𝑥, 𝛼2(𝑥)]
𝑠 − 𝛼2(𝑥) 𝑑𝑠 + 𝑓[𝑥, 𝛼2(𝑥)] ∫

𝑏

𝑎

𝑑𝑠
𝑠 − 𝛼2(𝑥) = 𝐼1 + 𝐼2,

where 𝑓(𝑥, 𝑠) = 𝐾∗[𝛼1(𝑥), 𝑠, 𝑢2(𝑠)] − 𝐾∗[𝛼2(𝑥), 𝑠, 𝑢2(𝑠)].
The function 𝑓(𝑥, 𝑠) satisfies the conditions

|𝑓(𝑥 + Δ𝑥, 𝑠 + Δ𝑠) − 𝑓(𝑥, 𝑠)| ≤ 𝑁5{𝜓(|Δ𝑥|) + 𝜑(|Δ𝑠|)}; (3’)

𝑓(𝑎, 𝑎) = 𝑓(𝑏, 𝑏) = 0; (4’)

|𝑓(𝑥, 𝑠)| ≤ 𝑁 ′
1𝜓[|𝛼2(𝑥) − 𝛼1(𝑥)|] ≤ 𝑁 ′

1𝜓(𝜀) (8)

for 𝑎 ≤ 𝑥, 𝑥 + Δ𝑥, 𝑠, 𝑠 + Δ𝑠 ≤ 𝑏.

Using (8), (3′), and the properties of the functions of the space Φ, we obtain

|𝐼1| ≤ {2𝑁 ′
1𝜓(𝜀)}1−𝜇𝑁𝜇

5 ∫
𝑏

𝑎

[𝜑(|𝑠 − 𝛼2(𝑥)|)]𝜇
|𝑠 − 𝛼2(𝑥)| 𝑑𝑠 ≤ 𝑀1[𝜓(𝜀)]1−𝜇,

|𝐼2| ≤ 𝑀2[𝜓(𝜀)]1−𝜇,

|𝐼| ≤ 𝑀3[𝜓(𝜀)]1−𝜇,

where 0 < 𝜇 < 1 is arbitrary.

In proving the existence of a solution of equation (1), the estimate obtained is

|𝐵𝑢2 − 𝐵𝑢1| ≤ 𝑀4[𝛾(𝑦)] ≤ 𝑀4𝜑(𝜀).

Combining the last two inequalities, according to (7), we have

|𝐼∗| ≤ 𝑀5[𝜑(𝜀)]1−𝜇.

According to (6), we have
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|𝑢2(𝛽(𝑦)) − 𝑢1[𝛽(𝑦)]| ≤ |𝜆| |𝐵𝑢2 − 𝐵𝑢1| + |𝜆|𝑀5[𝜑(𝜀)]1−𝜇.

Hence it follows that

‖𝑢2 − 𝑢1‖𝐿𝑝
≤ |𝜆| ‖𝐵𝑢2 − 𝐵𝑢1‖𝐿𝑝

+ |𝜆|𝑀5[𝜑(𝜀)]1−𝜇(𝑏 − 𝑎)1/𝑝.

In the proof of the uniqueness theorem for the solution of equation (1) (analo-
gously to (2)), one obtains the inequality

‖𝐵𝑢2 − 𝐵𝑢1‖𝐿𝑝
⩽ 𝑐 ‖𝑢2 − 𝑢1‖𝐿𝑝

,

where 𝑐 > 0 is some constant.

If 𝜆 is chosen so that |𝜆|𝑐 < 1 (this is the condition for uniqueness of the solution
of equation (1)), we obtain

‖𝑢2 − 𝑢1‖𝐿𝑝
⩽ 𝑀6[𝜑(𝜀)]1−𝜇. (9)

Kh. Sh. Mukhtarov has established that for any 𝑢(𝑥) ∈ 𝐻𝑁(𝜑) one has

max
𝑎⩽𝑥⩽𝑏

|𝑢(𝑥)| ⩽ 𝐷𝑁𝛼/𝑝 {‖𝑢‖𝐿𝑝
}

(𝑝−𝛼)/𝑝2

, (10)

where 𝑝 ⩾ 1 is arbitrary, and 0 < 𝛼 < 𝑝 is a certain definite number; 𝐷 is a
constant independent of 𝑁 .

If (10) is applied to inequality (9), we finally obtain

max
𝑎⩽𝑥⩽𝑏

|𝑢2(𝑥) − 𝑢1(𝑥)| ⩽ 𝑀7[𝜑(𝜀)](𝑝−𝛼)(1−𝜇)/𝑝2 ,

where 𝑀7 is a constant depending only on 𝑁1, 𝑁2, 𝑁3, 𝑁0, 𝜑(𝑡), 𝜑1(𝑡), 𝑚, 𝑀, (𝑏−
𝑎).
In conclusion we report that, for equation (1), the author has proved the contin-
uous dependence of the solutions on 𝐾(𝑥, 𝑠, 𝑢) (stability of solutions), and also
that the solution of equation (1) with respect to the parameter 𝜆 (for small 𝜆)
belongs to the Hölder class.

Dagestan State University
named after V. I. Lenin
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