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Abstract
Full Text

Yu. K. Dem’ yanovich

STABILITY OF THE METHOD OF NETS FOR
ELLIPTIC PROBLEMS

(Presented by Academician V. I. Smirnov on 12 II 1965)

The stability of the method of nets has been studied (!) only with respect to
small changes in the right-hand side of the equation, although the stability of
other approximate methods, for example the Ritz method, has been investigated
(2~%) also with respect to small additions to the operator. Examples of unstable
schemes are given in (10).

The purpose of the present work is to investigate the stability of the method
of nets for elliptic problems with respect to small changes in the net operator.
From the stability considered here there follows stability in the sense of S. G.
Mikhlin (%), studied by him in the Ritz method, as well as stability with
respect to changes of the net operator in certain subspaces of the linear space
of matrices. The possibility of considering stability with respect to a change of
the net operator in a certain subspace was brought to my attention by Prof. S.
G. Mikhlin, to whom I express my sincere gratitude.

We shall use throughout the notation of note (°).
1°. Let the finite n-dimensional domain € satisfy the following condition:

() there exist N unit vectors my, ..., Mg, belonging to n-dimensional Euclidean
space, and also positive numbers k and h, such that for h < h, the boundary
strip (°) of width & lies in the union

N
U (Q \ Qk‘hmi) ’
=1

where by Q,, t = (t1,...,1,), is denoted the result of translating the domain §2
by the vector t.

Remark. Condition (x) is fulfilled if the boundary of the domain § is twice
continuously differentiable, and also in the case of a domain of particular form
Q2| = Q.

By |€2},| we shall denote the greatest union of cubes of the net contained in the
domain €, and by € the set of nodes z;, of the net lying in the interior of |7, ].
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Let X be the set of all net functions v(x,) equal to zero outside €}, and let 1
be the operation of polylinear (7) extension of the net function v: & = .

We construct the net system for the Dirichlet problem, formulated in (°), from
the problem of minimizing the functional F'(u) on the space X of functions of
the form @ = v, v € X:

A =, veE X, (1)

where

A, = Y (-1)D, A5 D}, (2)

a,BeA

— oa—e;, ifo; =1

_ _ if o, =
f= Z(_l)\a\DZfa7 aNe, = {a, 1 a; =0,

Ag($0> / (Z azg a<e; wﬁ>ej + awawﬁ) dl’,

1
f“(a;o):—/ w,, fdx, IT, C|Q|
h™ Jq

A (o) = f* (o) =0, i I, ¢ 2],

With this method of construction, there is unique solvability of system (1) and
the convergence-rate estimates indicated in note (5).

Consider the non-self-adjoint problem:
Agu+ NTu = f, u € W), (3)
where

“~ 0
U=—- Z@x(*@ )+au7

i,k=1

N Ju
TUE;%T%"‘%HU, f € Ly(Q),

a; are measurable and bounded functions in the domain €2, while the assump-
tions of note (5) are retained with respect to the coefficients a;;, and a. We shall
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also assume that the operator A, is extended to a self-adjoint one in the sense
of Friedrichs.

In what follows we shall use L. V. Kantorovich’ s general theory of approximate
methods (8). As the basic space X we take the space H, (9) and consider the
approximate equation

i+ A\PA;'Tu = PAy' f, deX, (4)

where P is the operator of orthogonal projection in H, onto the subspace X.
From the results of note (5) follows the fulfillment of the sufficient conditions I-
III for applicability of the above-mentioned theory ((8), p. 488).

Equation (4) can be written in the form

Agv+ \Tv = f, ve X, (5)
where
T= Y (-DklDgagD}, (6)
a,BeEA

1 n
ag(zg) = h—n/ (Z Wgse Q; + wﬁanH) w,, dz.
m,, \im1

1=

For brevity, henceforth we shall assume that a = a,,,; = 0.

2°. In the linear space X we introduce the scalar product in two ways:

(0,0)g = h™ Y v(ag)v’ (z), (7)

(0,0); =h" ) {v(mo)v’(ﬂfo) + Z Djjv(zg) - D?U’(’Io)} ; (7)

Lo

here the summation is extended over all nodes of the grid. The corresponding
norms will be denoted by the symbols || - ||y and | - |;. The normalized spaces
obtained in this way will be denoted by X, and X, respectively.

We shall not associate the norm of the linear operation A, acting in X, in the
usual way with the norms of the spaces X, and X, but by definition set

|(Av, v')o]

|Al = sup =
¢ ol

v’ e€X
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The space of all linear operations in X, normed in this way, will be denoted by
2.

Alongside system (5), consider the system

(Ag + AT + D)o = f+5, ve X, (57)

where T € 2, § € X.

Suppose that for h < hg there exists a unique solution v, of system (5). We shall
say that the grid method (5) is stable if there exist positive constants e, C;, and
C,, independent of h, such that from the relations T' € A, |T'|| < &, h < h there
follows the existence of a unique solution v} of system (5”) and the estimate

[l = v.lly < CLIT + Caf8]- (®)

Remark. In view of the obvious inequalities

ITI < 1Pl %, - %) < 1T %0 %00

relation (8) implies stability in the sense of S. G. Mikhlin (*4).

Theorem 1. Under the assumptions formulated above concerning the domain
Q and problem (3), the grid method (5) is stable.

We shall represent linear transformations in X in the form of matrices written
in the basis {v, }, cq; of the space X, where

v, () =
y°< o) 1, ifzy =y,

{0, if x # v,

In what follows we shall use the following notation:

anpB= (a8, a,58,), aUf=a+pf—-—ang.

A basis of the linear span B, of all matrices of the form (6) is the collection

of matrices Ezio, i=1,...,n, z, € £y, with elements a;?)’fyo, computed by the
formula
(—1)1=F ) Tg— 2 Yo — 2
CQ\aﬂBUeiF\aUﬁUeiFl if o = 0 0 cA _ 70 0 cA
aio’i/ _J h-3n1 ’ h P h ’
0,90

0 in the remaining cases.
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Introduce in 8, the norm as follows:

I = b gyl T = (0,0, € B
Theorem 2. Under the assumptions of Theorem 1, if h < hy, T € B4, |T|* <
€*, the inequality holds:

[l = vy < CEITI + C50]o.

A basis of the linear space B, of mesh matrices (2) is the collection of matrices

27520

é’zi(’)j (4,5 =1,...,n; IL, C [€,|) with elements az}y,, T, Yy € 2}, computed by
the formula

3 w ﬂ . 9lanpue;Ue;|—|aUpue;Ue;|
4 3n—1h2 ’
idzo - _
ammy(?* ifa:xohzoeA’ BZL}LZOEA’

0 in all other cases,

where

0 fori=yj,
E.. =
Y 1 for i j.
The norm induced by the space 2 in 9B, is equivalent to the norm

IT|** = h? max
Z0,Y0 €,

|7$0;yo|’ Te g%

in the sense that, with positive constants C’ and C” independent of h, the
inequality

C'IT| < T < c”Irl, T e%B,.

holds.

Theorem 3. Under the conditions of Theorem 1, for h < hg, T € B,, |[T|* <
e**, the following estimate is valid:

[o = vl < CTIT + 57610

sovietrxiv.org/items/ru-196501.30479 Machine Translation


https://sovietrxiv.org/items/ru-196501.30479

3°. The results formulated above, with obvious changes, carry over to the case
of the Neumann problem, and also to a strongly elliptic system of second-order
differential equations.
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