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Abstract
Full Text
I. I. DANILYUK

ON A NONLINEAR PROBLEM WITH A FREE
BOUNDARY
(Presented by Academician I. N. Vekua on 22 XII 1964)

1. Statement of the problem
Let a (sufficiently smooth) function 𝑄(𝑥, 𝑦) > 0 be given inside the unit disk
|𝑧| ⩽ 1, 𝑧 = 𝑥+𝑖𝑦. It is required to determine a smooth curve 𝛾, situated inside
the disk |𝑧| < 1, such that in the doubly connected domain 𝐺𝑧, bounded by 𝛾
and the unit circle Γ ∶ |𝑧| = 1, the following conditions are satisfied: 1∘. There
exists a function 𝜓(𝑥, 𝑦), harmonic inside 𝐺𝑧 and continuous in 𝐺𝑧 + 𝛾 + Γ. 2∘.
𝜓 = 0 on Γ. 3∘. 𝜓 = 𝑐1, 𝑐1 = const ≠ 0, on 𝛾. 4∘. | grad 𝜓| = 𝑄 on 𝛾.

Since the formulation of the problem is invariant with respect to conformal
mapping, the case of an arbitrary curve Γ bounding a simply connected domain
is easily reduced to the one under consideration.

Under particular assumptions on Γ and 𝑄, this problem arises in hydrodynamics
(the theory of waves in a heavy fluid, jet flows), and in these cases considerable
progress has been made in the study of the problem. Thus, A. I. Nekrasov
was the first to prove the existence of periodic waves in a heavy fluid (1921)
(see, for example, (4), p. 358). M. A. Lavrent’ev (3) proved the existence
of a solitary wave (1946). Some contemporary investigations of this range of
questions are collected in the book (5). In the formulation considered by us,
the problem was studied in the work of Beurling (2), where a classification
of possible cases is outlined, some criteria for the existence of a solution are
indicated, as well as sufficient conditions for uniqueness. In the present work an
analytic method for studying the problem is applied; effectively verifiable criteria
for (local) uniqueness of the problem and sufficient conditions for existence are
given.

2. Reduction to an auxiliary problem
Let 𝜑(𝑥, 𝑦) be the harmonic conjugate function to 𝜓 (the potential of the flow).
If one denotes by ̃𝜈 = sign 𝑐1 ∫

𝛾
𝑄 𝑑𝑠 ≠ 0 the (unknown) circulation of the flow

and considers the function

𝜏 ≡ 𝜏(𝑧) ≡ exp {2𝜋𝑖
̃𝜈 𝜒(𝑧)} , 𝜒 = 𝜑 + 𝑖𝜓, ̃𝜈 ≠ 0, (1)
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then it is not difficult to prove that it realizes a conformal and one-to-one map-
ping of the unknown domain 𝐺𝑧 onto the ring 𝐺𝜏 ∶ 𝑟 ⩽ |𝜏| ⩽ 1, where

𝑟 = exp{−(2𝜋/ ̃𝜈)𝑐1} < 1

(the radius 𝑟, of course, is also unknown). We therefore seek the function 𝑧 =
𝑧(𝜏), inverse to the function (1). The last condition of the problem, in terms of
the variable 𝑧(𝜏), takes the form

∣ 𝑑𝑧
𝑑𝜏 ∣ = 𝜆

𝑄(𝑥, 𝑦) for |𝜏 | = 𝑟, where 𝜆 = | ̃𝜈|
2𝜋 exp {2𝜋|𝑐1|

| ̃𝜈| } . (2)

The derivative 𝑑𝑧/𝑑𝜏 has no zeros in 𝐺𝑧. Moreover, the function

𝐹(𝜏) = 𝐿𝑛 𝑑𝑧(𝜏)
𝜆 𝑑𝜏 = ln ∣ 𝑑𝑧(𝜏)

𝜆 𝑑𝜏 ∣ + 𝑖 Arg 𝑑𝑧(𝜏)
𝑑𝜏 (3)

is single-valued, regular and analytic in 𝐺𝜏 . The function 𝑧(𝜏) is easily expressed
through 𝐹(𝜏); with a corresponding normalization in the choice of 𝜑 we obtain
the formula

𝑧(𝜏) = 𝜆 ∫
𝜏

1
exp{𝐹(𝑡)} 𝑑𝑡 + 1. (4)

Thus, the problem has been reduced to determining the function 𝐹(𝜏) for which
the function (4) is univalent in 𝐺𝜏 .

3. Reduction to integral equations. Represent the function 𝐹(𝜏) by the
Villat formula:

𝐹(𝜏) = 𝑖
𝜋 ∫

2𝜋

0
𝜇(𝑠) 𝜁 (1

𝑖 ln 𝜏 − 𝑠; 𝜋, −𝑖 ln 𝑟) 𝑑𝑠

− 𝑖
𝜋 ∫

2𝜋

0
𝜇1(𝑠) 𝜁 (1

𝑖 ln 𝜏 − 𝑠 + 𝑖 ln 𝑟; 𝜋, −𝑖 ln 𝑟) 𝑑𝑠

− (1
2 + 𝜂(𝑟)

𝜋 ln 𝑟) 1
𝜋 ∫

2𝜋

0
𝜇1(𝑠) 𝑑𝑠 + 𝑖𝐶, 𝜂(𝑟) = 𝜋

12 [1 − 24
∞

∑
𝑘=1

𝑟2𝑘

(1 − 𝑟2𝑘)2 ] ,

(5)

where 𝜁(𝑢; 𝜔, 𝜔′) is the Weierstrass function with half-periods 𝜔 = 𝜋, 𝜔′ =
−𝑖 ln 𝑟; 𝐶 is a real constant (see, for example, (1); we note that in this book
formula (5) is given inaccurately: it lacks the preceding term on the right).
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In formula (5) we have denoted 𝜇(𝑠) = Re 𝐹(𝑒𝑖𝑠), 𝜇1(𝑠) = Re 𝐹(𝑟𝑒𝑖𝑠); the
term 𝑖𝐶 is inessential. Comparing formulas (3) and (2), we see that 𝜇1(𝑠) =
− ln 𝑄(𝑥, 𝑦), where 𝑥(𝑠) + 𝑖𝑦(𝑠) = 𝑧+(𝑟𝑒𝑖𝑠). For the function (5) to be single-
valued it is necessary and sufficient that the condition

𝐴0 ≡ ∫
2𝜋

0
[𝜇(𝑠) − 𝜇1(𝑠)] 𝑑𝑠 = ∫

2𝜋

0
[𝜇(𝑠) + ln 𝑄] 𝑑𝑠 = 0 (6)

be satisfied.

For brevity introduce the notation (𝜁(𝑢) ≡ 𝜁(𝑢; 𝜔, 𝜔′))

𝑆0𝜇(𝜎) ≡ 𝑖
𝜋 ∫

2𝜋

0
𝜇(𝑠)𝜁(𝜎 − 𝑠) 𝑑𝑠, 𝑆𝜇 = 𝜇 + 𝑆0𝜇;

𝑆1𝜇(𝜎) = 𝑖
𝜋 ∫

2𝜋

0
𝜇(𝑠) [𝜁(𝜎 − 𝑠 + 𝑖 ln 𝑟) − 𝑖 (1

2 + 𝜂
𝜋 ln 𝑟)] 𝑑𝑠,

𝑆2𝜇(𝑠) = 𝑖
𝜋 ∫

2𝜋

0
𝜇(𝑠) [𝜁(𝜎 − 𝑠 − 𝑖 ln 𝑟) + 𝑖 (1

𝑟 + 𝜂
𝜋 ln 𝑟)] 𝑑𝑠;

the first integral is understood in the sense of the Cauchy principal value. We
shall regard the functions 𝜇(𝑠), 𝑥(𝑠), 𝑦(𝑠) and the parameter 𝜆 as unknowns.
Substitute (5) into (4) and compute the limiting values 𝑧+(𝑒𝑖𝜎); requiring that
the points of the circle |𝜏 | = 1 be mapped to points of the circle |𝑧| = 1, we
obtain the first equation

𝐴1 ≡ ∣ 𝑖𝜆 ∫
𝜎

0
exp{𝑖𝜎 + 𝑆𝜇(𝜎) + 𝑆1 ln 𝑄(𝑥, 𝑦)(𝜎)} 𝑑𝜎 + 1∣

2
− 1 = 0 (7)

for determining 𝜆, 𝜇(𝑠), 𝑥(𝑠), 𝑦(𝑠). We obtain the two other equations by com-
puting the values 𝑧+(𝑟𝑒𝑖𝜎):

𝑧+(𝑟𝑒𝑖𝜎) = 𝑥(𝜎) + 𝑖𝑦(𝜎) = 1 + 𝜆 ∫
𝑟

1
exp{𝐹(𝑡)} 𝑑𝑡+

+𝑖𝜆𝑟 ∫
𝜎

0
𝑄−1(𝑥(𝜎), 𝑦(𝜎)) exp{𝑖𝜎 + 𝑆0 ln 𝑄(𝑥, 𝑦)(𝜎) + 𝑆2𝜇(𝜎)} 𝑑𝜎. (8)

Thus, the problem under consideration is equivalent to the system of equations
(7), (8) for the unknowns 𝜆, 𝜇(𝑠), 𝑥(𝑠), 𝑦(𝑠), and we must find its solution ensur-
ing the single-valuedness of the functions (4), (5).
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The results given below pertain to the particular case in which 𝑄(𝑥, 𝑦) ≡ 𝑞(𝜌),
where 𝜌2 = 𝑥2 + 𝑦2. In this case the unknowns will be 𝜆, 𝜇(𝑠), and 𝜌(𝑠). To
determine them we obtain equation (7) together with the equation

𝐴2 ≡ 𝜌2(𝜎) − ∣1 + 𝜆𝐿 + 𝑖𝜆𝑟 ∫
𝜎

0

1
𝑞[ 𝜌(𝜎) ] exp{𝑖𝜎 + 𝑆2𝜇 + 𝑆0 ln 𝑞(𝜌)(𝜎)} 𝑑𝜎∣

2
= 0
(8’)

(to obtain this equation, one must take the moduli of both sides of equality (8)
and square them; 𝐿 is the functional corresponding to the first integral in (8)).

4. Spaces and operators. Denote by 𝐸 the set of triples 𝜔 = (𝜆, 𝜇, 𝜌) and
suppose that 𝜇, 𝜌 ∈ Lip 𝛽, 𝛽 > 0, with 𝜇(𝑠) 2𝜋-periodic. Introducing on 𝐸 the
norm

‖𝜔‖𝐸 = |𝜆| + ‖𝜇‖Lip 𝛽 + ‖𝜌‖Lip 𝛽,
we obtain a complete normed linear Banach space. The radius 𝑟 and the param-
eter 𝜆 are related by the equation 𝜆𝑟 ln 𝑟 = −|𝑐1|, whence, in a neighborhood of
any 𝑟 ≠ 𝑒−1, a single-valued branch 𝑟 = 𝑟(𝜆) is determined. Continuing 𝑟(𝜆) and
𝑞(𝜌) to all real 𝜆 and 𝜌 with preservation of sufficient smoothness, we extend the
operators 𝐴0, 𝐴1, 𝐴2 to all of 𝐸. Denote by 𝐸1 the set of triples 𝜔1 = (𝜇0, 𝜇1, 𝜇2),
where 𝜇0 is a number, 𝜇1, 𝜇2 are functions of 𝑠, with 𝜇2 ∈ Lip 𝛽, 𝜇1 ∈ Lip 𝛽,
𝜇′

1 ∈ Lip 𝛽, 𝜇1(0) = 0. Equipped with the norm

‖𝜔1‖𝐸1
= |𝜇0| + ‖𝜇1‖Lip 𝛽 + ‖𝜇′

1‖Lip 𝛽 + ‖𝜇2‖Lip 𝛽,

the set 𝐸1 becomes a Banach space. It is proved that the three operators
𝐴0, 𝐴1, 𝐴2 define a continuous and continuously differentiable mapping 𝜔1 =
𝜑(𝜔)𝐸 into 𝐸1.

In attempting to find symmetric domains 𝐺𝑧 ∶ |𝑧| = 𝜌0, we obtain

𝜓 = 𝑐1 ln 𝜌/ ln 𝜌0,

where 𝜌0 is determined from the equation

𝜌0𝑞(𝜌0) ln 𝜌0 = −|𝑐1|. (9)

If 𝜌0 is a root of this equation, then the triple

𝜔0 = (𝜆0, 𝜇0, 𝜌0) = (𝑞(𝜌0); ln 𝑞(𝜌0); 𝜌0),

as may be verified, satisfies the equation 𝜑(𝜔0) = 0. The problem consists in
finding a solution of the equation 𝜑(𝜔) = 0 close to 𝜔0.

5. Linearized system. Uniqueness theorem. Denote 𝑋 = (Δ𝜆, ℎ, 𝑙),
𝑋1 = (𝜇0, 𝜇1, 𝜇2) and consider the inhomogeneous equation
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𝜑′(𝜔0; 𝑋) = 𝑋1, 𝑋 ∈ 𝐸, 𝑋1 ∈ 𝐸1, (10)

where 𝜑′(𝜔0; 𝑋) is the Fréchet derivative of the mapping 𝜔1 = 𝜑(𝜔) at the point
𝜔0. Equation (10) is equivalent to a certain linear boundary-value problem in
an annulus for an analytic function, and by expansion in a Laurent series this
problem is investigated completely.

Theorem 1. Suppose that 𝑞(𝜌) has a second derivative continuous in the Hölder
sense and is positive in a neighborhood of the root 𝜌0 of equation (9). Suppose,
moreover, that 𝑞′(𝜌0) ≠ 0, 𝜌0 ≠ 𝑒−1, and that the conditions

𝑞(𝜌0)
𝑞′(𝜌0)𝜌𝑛

0 + 𝑛 − 1
𝑛 + 1

𝑞(𝜌0)
𝑞′(𝜌0)𝜌−𝑛

0 − 𝜌1−𝑛
0

1 + 𝑛 + 𝜌1+𝑛
0

1 + 𝑛 ≠ 0, 𝑛 = 1, 2, … ,

𝑞(𝜌0)
𝑞′(𝜌0) + 𝜌0 − 𝜌0

1 + ln 𝜌0
≠ 0. (11)

In order for equation (10) to be solvable, it is necessary and sufficient that the
right-hand side 𝑋1 satisfy the condition

𝜂(𝜌0)𝜇0 − 𝐻(𝜇1, 𝜇2) = 0, (12)

where 𝐻(𝜇1, 𝜇2) is a certain (explicitly writable) linear functional.

Under the conditions (11), the homogeneous equation (𝑋1 = 0) has only the
trivial solution.

The cases when 𝜌0 = 𝑒−1 or 𝑞′(𝜌0) = 0 have also been considered. If at least one
of the conditions (11) is violated, then the homogeneous equation has nontrivial
solutions, which are written down explicitly.

Theorem 2 (on local uniqueness). Under the conditions of Theorem 1, the
original problem has no nontrivial (i.e., different from circular) solutions in
some (generally speaking, small) neighborhood of the function 𝜌(𝑠) = 𝜌0 (in the
sense of the metric Lip 𝛽, 𝛽 > 0).

The proof is based on the fact that, under the conditions of Theorem 1, the
Fréchet derivative 𝜑′(𝜔0; 𝑋) has a left inverse operator.

6. Existence theorem. The problem considered by us includes the case of
periodic waves in a heavy fluid. The corresponding function 𝑞(𝜌) has the form

𝑞(𝜌) = (2𝜋𝜌)−1√𝐶 + 𝜋−1𝑔𝑙 ln 𝜌,

where 𝑙 is the wavelength and 𝐶 is Bernoulli’s constant. Therefore we shall
assume that 𝑞, in addition to the variable 𝜌, contains a certain number of pa-
rameters 𝜈 = (𝜈1, 𝜈2, … , 𝜈𝑛). The mapping 𝜔1 = 𝜑(𝜔; 𝜈) will also depend on
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𝜈. By 𝜌0 we shall mean the root of equation (9) for some fixed values 𝜈 = 𝜈0.
Under the conditions of Theorem 1 it is proved that, if 𝜂(𝜌0) ≠ 0, there exists
an 𝑛-parameter solution 𝜆 = 𝜆(𝜈), 𝜇 = 𝜇(𝜈, 𝑠), 𝜌 = 𝜌(𝜈, 𝑠) of the system of
equations 𝐴1 = 0, 𝐴2 = 0, defined in a neighborhood of (𝜌0, 𝜈0) and such that
𝜆(𝜈0) = 𝜆0, 𝜇(𝜈0, 𝑠) = 𝜇0, 𝜌(𝜈0, 𝑠) = 𝜌0.

In order that the function (4) be single-valued, it is obviously necessary that

𝑓1(𝜈1, 𝜈2, … , 𝜈𝑛) = Im ∫
|𝑡|=1

exp{𝐹(𝑡, 𝜈)} 𝑑𝑡 = 0, (13)

where 𝐹(𝑡, 𝜈) is the function constructed by a formula of the form (5) for the
given solution. We note that 𝑓1(𝜈0

1 , 𝜈0
2 , … , 𝜈0

𝑛) = 0, for in this case the function
(1) coincides with 𝑧. Direct calculations show that

𝜕𝑓1
𝜕𝜈1

∣
𝜈=𝜈0

=
[4𝜂(𝜌0)𝑞𝜈1

(𝜌0, 𝜈0)
𝜌0𝑞2(𝜌0, 𝜈0)

1 − 𝜌0
𝜌0𝑞(𝜌0, 𝜈0)/𝑞𝜌(𝜌0𝜈0) + 1

2 (𝜌2
0 − 1)×

× [ 1
1 − 𝜌2

0
+ 2𝜂(𝜌0)

𝜋 (𝜌0 − 1)] . (14)

Hence it follows that if

𝑞′
𝜌(𝜌0, 𝜈0) ≠ 0, 𝑞′

𝜈1
(𝜌0, 𝜈0) ≠ 0, 𝜂(𝜌0) ≠ 0, (15)

then the partial derivative of the function (13) with respect to 𝜈1 at the initial
point 𝜈 = 𝜈0 is nonzero. Consequently, there exists a function 𝜈1 = 𝜈1(𝜈2, … , 𝜈𝑛)
on which the functional (13) vanishes identically. It is also proved that on this
function the functional 𝑓2(𝜈) ≡ 𝐴0(𝜇(𝑠, 𝜈), 𝜌(𝑠, 𝜈)) also vanishes, and that the
function (4) is single-valued.

Theorem 3 (existence theorem). Let the function 𝑞 depend on 𝜌 and on
𝑛 (essential) parameters 𝜈1, 𝜈2, … , 𝜈𝑛, and suppose that at the point (𝜌0, 𝜈0) the
conditions of Theorem 1 are satisfied. If 𝑞 is continuously differentiable with
respect to the parameters 𝜈 and the conditions (15) are satisfied, then, in some
neighborhood of 𝜌 = 𝜌0, the original problem has an (𝑛 − 1)-parameter family of
solutions different from the trivial solution 𝜌 = 𝜌0.

We note that the variable 𝑐1 from the third condition can also be regarded as
a parameter of the problem. In this case there exists an 𝑛-parameter family
of solutions. As a corollary we obtain from this an existence theorem for a
two-parameter family of periodic waves.

Novosibirsk State
University

Received
18 XII 1964

sovietrxiv.org/items/ru-196501.30098 Machine Translation

https://sovietrxiv.org/items/ru-196501.30098


REFERENCES
1. N. I. Akhiezer, Elements of the Theory of Elliptic Functions, Moscow,

1948.

2. A. Beurling, Sem. Analyt. Funct., Princeton, 1, N. Y., 1958, p. 248.

3. M. A. Lavrent’ev, Collected Works of the Institute of Mathematics,
Academy of Sciences of the Ukrainian SSR, No. 8, 13 (1946).

4. A. I. Nekrasov, Collected Works, 1, Publishing House of the Academy of
Sciences of the USSR, 1961.

5. Theory of Surface Waves, IL, 1959.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196501.30098 Machine Translation

https://sovietrxiv.org/items/ru-196501.30098

	Abstract
	Full Text
	ON A NONLINEAR PROBLEM WITH A FREE BOUNDARY
	1. Statement of the problem
	2. Reduction to an auxiliary problem
	REFERENCES


