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In a number of questions of complex analysis (see (1)) one encounters the fol-
lowing problem: let 𝑓(𝑧) be an entire function of refined order 𝜌(𝑡), whose zeros,
lying in the angle | arg 𝑧| < 𝛼 (𝛼 > 0), cluster at the positive axis: arg 𝜆𝑖 → 0
(𝑖 → ∞). In terms of the distribution of the points 𝜆𝑖, find conditions under
which

lim
𝜃→0

𝐻(𝜃) > −∞, (1)

where

𝐻(𝜃) = lim
𝑟→∞

ln |𝑓(𝑟𝑒(𝜃))|
𝑟𝜌(𝑟) .

Denote by 𝑛𝜎(𝑧) the number of points 𝜆𝑖 in the disk {ℎ ∶ |ℎ − 𝑧| ≤ 𝜎|𝑧|}. Then
the following assertion holds:

Theorem 1. In order that (1) hold, it is necessary and sufficient that

lim
𝜀→0

lim
𝑥→∞

1
𝑥𝜌(𝑥) ∫

1

𝜀

𝑛𝜎(𝑥)
𝜎 𝑑𝜎 < ∞.

The indicated condition is more general than the requirement of finiteness of
the maximal density

𝐷 = lim
𝜀→0

lim
𝑟→∞

1
𝑟𝜌(𝑟)

𝑛[𝑟(1 + 𝜀)] − 𝑛[𝑟(1 − 𝜀)]
2𝜀 ,
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where 𝑛[𝑟] is the number of points 𝜆𝑖 whose moduli do not exceed 𝑟. Therefore
the class of sequences 𝜆𝑖 (𝑖 = 1, 2, …) for which (1) holds is broader than the
class of sequences with finite maximal density.

The proof of Theorem 1 is based on the following representation for the loga-
rithm of the modulus of an entire function of refined order 𝜌(𝑡):

ln |𝑓(𝑧)| = − ∫
1

0

𝑛𝜎(𝑧)
𝜎 𝑑𝜎 + 𝑂(1)|𝑧|𝜌(|𝑧|) (𝑧 ≠ 0),

where 𝑂(1) denotes a function bounded outside any disk with center at the
origin, and the integral is understood in the improper sense:

lim
𝜀→0

∫
1

𝜀

𝑛𝜎(𝑧)
𝜎 𝑑𝜎.

A special case of the theorem, obtained for 𝜌(𝑡) ≡ 1, makes it possible to give
a definitive answer to a question on the convergence of Dirichlet polynomials
posed by A. F. Leont’ev (1):
Let 𝐺 be a convex domain, and let the sequence of points 𝜆𝑖 (𝑖 = 1, 2, …) cluster
to the real axis: arg 𝜆𝑖 → 0 (𝑖 → ∞), and let the system {𝑒−𝜆𝑖𝑧} be incomplete
in 𝐺. We shall say that the convergence of Dirichlet polynomials extends inside
the vertical half-plane Re 𝑧 > 𝑎 if every sequence of Dirichlet polynomials

𝑃𝑛(𝑧) =
𝑝𝑛

∑
𝑖=1

𝑎(𝑛)
𝑖 𝑒−𝜆𝑖𝑧 (𝑛 = 1, 2, …), (2)

converging uniformly inside 𝐺, will converge uniformly inside the half-plane
Re 𝑧 > 𝑎 (the same half-plane for all sequences (2)). The question arises: under
what conditions imposed on the sequence 𝜆𝑖 (𝑖 = 1, 2, …) does the convergence
of Dirichlet polynomials extend inside a vertical half-plane?

An exhaustive answer to this question is given by

Theorem 2. In order that the convergence of the Dirichlet polynomials (2)
extend inside some vertical half-plane Re 𝑧 > 𝑎, it is necessary and sufficient
that

lim
𝜀→0

lim𝑥→∞
1
𝑥 ∫

1

𝜀

𝑛𝜎(𝑥)
𝜎 𝑑𝜎 < ∞. (3)

This condition, in particular, will be satisfied if the sequence 𝜆𝑖 (𝑖 = 1, 2, …) is
measurable: 𝑛/|𝜆𝑖| → 𝜎. Therefore Theorem 2 contains the corresponding result
obtained earlier by A. F. Leont’ev (see (2,3 )) and applying only to measurable
sequences.
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The proof of Theorem 2 can be carried out according to the general scheme
developed by J. P. Kahane (4). In doing so, one has to overcome the difficulty
connected with the construction of an entire function of exponential type 𝜓(𝜆)
with the properties: 1) the conjugate diagram of 𝜓(𝜆) is contained in 𝐺; 2)
inside some angle | arg 𝑧| < 𝛼 (𝛼 > 0), the function 𝜓(𝜆) vanishes only at the
points 𝜆𝑖 contained in this angle.

If one restricts oneself to proving only the sufficiency of condition (3), then the
difficulty indicated above can be avoided by basing the proof on the direct rep-
resentation for Dirichlet polynomials through the function 𝜔(𝜇, 𝑃 ), introduced
by A. F. Leont’ev (5).
Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
16 XI 1964

References
1 A. F. Leont’ev, DAN, 108, No. 1 (1956).
2 A. F. Leont’ev, Tr. Matem. inst. im. V. A. Steklova AN SSSR, 39 (1951).
3 A. F. Leont’ev, UMN, 12, No. 3 (1957).
4 J. P. Kahane, Thèses, Paris, 1954.
5 A. F. Leont’ev, DAN, 152, No. 2 (1963).

Note: Figure translations are in progress. See original paper for figures.
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