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Abstract
Full Text

MECHANICS
Yu. I. Neimark, N. A. Fufaev

On the Stability of Equilibrium States of Non-
holonomic Systems
(Presented by Academician A. Yu. Ishlinskii, July 28, 1964)

In the present paper it is shown that a nonholonomic system possesses the special
feature that its equilibrium states cannot be isolated, but form a manifold whose
dimension is equal to the number of equations of the nonholonomic constraints.
This feature also accounts for the presence of zero roots in the characteristic
equation*. A theorem on the asymptotic stability of a manifold of equilibrium
states is formulated. The theory set forth is illustrated by an example.

1. Let a system with Lagrange function 𝐿 = 𝐿(𝑞1, … , 𝑞𝑛, ̇𝑞1, … , ̇𝑞𝑛) and gen-
eralized forces 𝑄𝛽 = 𝑄𝛽(𝑞, ̇𝑞) (𝛽 = 1, 2, … , 𝑛) be subject to nonholonomic
constraints defined by 𝑚 (𝑚 < 𝑛) equations**:

𝜔𝛼𝛽(𝑞1, … , 𝑞𝑛) ̇𝑞𝛽 = 0 (𝛼 = 1, 2, … , 𝑚; 𝛽 = 1, 2, … , 𝑛). (1)

The equations of motion with undetermined multipliers

𝑑
𝑑𝑡

𝜕𝐿
𝜕 ̇𝑞𝛽

− 𝜕𝐿
𝜕𝑞𝛽

= 𝑄𝛽 + 𝜆𝛼𝜔𝛼𝛽 (2)

together with (1) form a system of (𝑛+𝑚) equations for 𝑞1, 𝑞2, … , 𝑞𝑛, 𝜆1, 𝜆2, … , 𝜆𝑚.
From (1) and (2) it follows that the equilibrium states of a nonholonomic
system are determined by 𝑛 equations

𝜕𝐿
𝜕𝑞𝛽

+ 𝑄𝛽 + 𝜆𝛼𝜔𝛼𝛽 = 0 (3)

with respect to the (𝑛 + 𝑚) unknowns 𝑞1, … , 𝑞𝑛, 𝜆1, … , 𝜆𝑚. Consequently, in
the general case we have a manifold of equilibrium states, forming in the 𝑛-
dimensional configuration space a surface 𝑂𝑚 of dimension 𝑚. Indeed, express-
ing, by means of equations (3), the generalized coordinates 𝑞1, … , 𝑞𝑛 in terms of
𝜆1, … , 𝜆𝑚, we obtain a surface in parametric representation 𝑞0

𝛽 = 𝑞0
𝛽(𝜆1, … , 𝜆𝑚).

We note that in particular problems there may occur a case in which equa-
tions (3) are not independent, which entails an increase in the dimension of the
manifold of equilibrium states.
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Fig. 1

Figure 1: Fig. 1

* The question of the stability of equilibrium states of nonholonomic systems
was considered in the works of Whittaker and others (1−5). The methods of
investigating stability proposed in these works, as well as the viewpoints on the
nature of the zero roots, do not agree with one another. As is known, Whit-
taker considered it possible to integrate the linearized equations of nonholonomic
constraints, after which the distinction between holonomic and nonholonomic
systems disappeared. Bottema, having removed the inaccuracy in Whittaker’
s reasoning, showed that, unlike a holonomic system, the characteristic deter-
minant of a nonholonomic system is nonsymmetric and that the characteristic
equation has zero roots. Bottema concluded that this is a critical case in the
theory of stability of an isolated equilibrium state. M. A. Aizerman and F. R.
Gantmacher showed that this case reduces to the special case studied by A. M.
Lyapunov and I. G. Malkin.

** Here and below, summation is to be performed over repeated indices, and a
dot over a letter denotes differentiation with respect to time.

2. Eliminating from equations (2) the undetermined multipliers 𝜆1, … , 𝜆𝑚,
we write the equations of motion (1), (2) of the nonholonomic system in
normal form

̇𝑥𝑖 = 𝑓𝑖(𝑥1, 𝑥2, … , 𝑥2𝑛−𝑚) (𝑖 = 1, 2, … , 2𝑛 − 𝑚), (4)

where by 𝑥𝑖 we denote the variables 𝑞1, … , 𝑞𝑛, ̇𝑞1, … , ̇𝑞𝑛−𝑚. Suppose that in the
phase space (𝑥1, 𝑥2, … , 𝑥2𝑛−𝑚) the surface 𝑂𝑚 is defined by the equations

𝑥0
𝑖 = 𝑥0

𝑖 (𝑢1, … , 𝑢𝑚) (𝑖 = 1, 2, … , 2𝑛 − 𝑚).

Along with the variables 𝑢1, … , 𝑢𝑚, introduce new variables 𝑣1, … , 𝑣2(𝑛−𝑚) by
means of the relations

𝑥𝑖 = 𝑥0
𝑖 (𝑢1, … , 𝑢𝑚) + 𝛾𝑖𝑗(𝑢1, … , 𝑢𝑚)𝑣𝑗.

Fig. 1

In the new variables, equations (4) will be written in the form

𝑢̇𝑖 = 𝑔𝑖(𝑢, 𝑣), ̇𝑣𝑗 = 𝑔𝑗(𝑢, 𝑣). (5)
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We linearize the equations of motion (5) in a neighborhood of the surface 𝑂𝑚 of
equilibrium states. Expanding the right-hand sides of equations (5) in a series
in the small quantities 𝑣, we obtain:

𝑢̇𝑖 = 𝑎𝑖(𝑢1, … , 𝑢𝑚) + 𝑎𝑖𝑗(𝑢1, … , 𝑢𝑚)𝑣𝑗 + 𝑂(‖𝑣‖2) + ⋯ ,
̇𝑣𝑗 = 𝑏𝑗(𝑢1, … , 𝑢𝑚) + 𝑏𝑗𝑘(𝑢1, … , 𝑢𝑚)𝑣𝑘 + 𝑂(‖𝑣‖2) + ⋯ , (6)

where 𝑎𝑖 and 𝑏𝑗 are equal to zero, since 𝑣 = ̇𝑣 = 𝑢̇ = 0 on the surface 𝑂𝑚.
Accordingly, the characteristic equation of system (6) for any point of the surface
𝑂𝑚 has the form

𝑝𝑚 ∣ 𝑏𝑖𝑗 − 𝑝𝛿𝑖𝑗 ∣ = 0. (7)

3. Let us pass to determining the stability conditions. It follows from the
preceding that studying the stability of equilibrium states of a nonholo-
nomic system is meaningful only with respect to small deviations from
the surface 𝑂𝑚. In this case it is natural to consider the second group of
equations (6) independently of the first group, treating temporarily the
variables 𝑢1, … , 𝑢𝑚 as parameters. The characteristic polynomial of this
auxiliary system differs from determinant (7) only by the absence of the
factor 𝑝𝑚.

Suppose that in some domain 𝐺 of values of 𝑢1, … , 𝑢𝑚 the equilibrium state
𝑣 = 0 of the system of equations

̇𝑣𝑗 = 𝑏𝑗𝑘(𝑢1, … , 𝑢𝑚)𝑣𝑘 (8)

is asymptotically stable, so that ∗ ‖𝑣‖ < 𝑀‖𝑣0‖𝑒−𝜎𝑡, where 𝜎 > 0, and 𝑣0 are
the initial values of the variables 𝑣; then the following holds.

Theorem. Let the initial values 𝑢0
1, … , 𝑢0

𝑚, 𝑣0
1, … , 𝑣0

2(𝑛−𝑚) be such that the val-
ues 𝑢0

1, … , 𝑢0
𝑚 lie inside the domain 𝐺 of asymptotic stability, and 𝑣0

1, … , 𝑣0
2(𝑛−𝑚)

are sufficiently small; then, by virtue of equations (5),

lim
𝑡→+∞

𝑣𝑗(𝑡) = 0, lim
𝑡→+∞

𝑢𝑖(𝑡) = 𝑢∗
𝑖 , (9)

* The symbol 𝑣 denotes the vector with components 𝑣𝑗, and the symbol ‖𝑣‖ = [𝑣2
1 + ⋯ + 𝑣2

2(𝑛−𝑚)]
1/2 .

where 𝑢∗
𝑖 ∈ 𝑂𝑚, but, in general, 𝑢∗

𝑖 ≠ 𝑢0
𝑖 . In this case, for the variables 𝑣𝑗(𝑡) the

estimate

‖𝑣(𝑡)‖ < 𝑀 ′‖𝑣0‖𝑒−𝜎′𝑡, (10)
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holds, where 𝜎 ≫ 𝜎′ > 0.
Proof. Let us write equations (6) in the form

𝑢̇𝑖 = {𝑎𝑖𝑗(𝑢1, … , 𝑢𝑚) + Δ𝑎𝑖𝑗} 𝑣𝑗, (11)

̇𝑣𝑗 = {𝑏𝑗𝑘(𝑢1, … , 𝑢𝑚) + Δ𝑏𝑗𝑘} 𝑣𝑘,

where |Δ𝑎𝑖𝑗| < 𝜀 and |Δ𝑏𝑗𝑘| < 𝜀, if the condition

‖𝑢 − 𝑢0‖ < 𝛿(𝜀), ‖𝑣‖ < 𝛿(𝜀) [𝛿(𝜀) > 0]. (12)

is satisfied.

As long as the inequalities (12) are satisfied, for sufficiently small 𝛿 = 𝛿∗, for the
solution of equations (11), the estimate (6) holds:

‖𝑣(𝑡)‖ < 𝑀 ′‖𝑣0‖𝑒−𝜎′𝑡, (13)

and therefore

‖𝑢̇‖ < 𝑁‖𝑣0‖𝑒−𝜎′𝑡,

‖𝑢(𝑡)‖ < 𝑁
𝜎 ‖𝑣0‖. (14)

Suppose that, for the chosen value 𝛿 = 𝛿∗, the inequality

‖𝑣0‖ < min( 𝛿∗

2𝑀 ′ , 𝛿∗𝜎
2𝑁 , 𝛿∗

2 ) (15)

is satisfied.

At the initial instant 𝑡 = 0, conditions (12) are satisfied for 𝛿 = 𝛿∗/2; therefore,
by virtue of the continuous dependence of the solution on the time 𝑡, they will
be satisfied over some time interval Δ𝑡0, and consequently, over this interval
the estimates (13) and (14) will hold. After the time Δ𝑡0, by virtue of these
estimates and inequality (15), the quantity 𝑣(Δ𝑡0) satisfies inequalities (12) with
𝛿 = 𝛿∗/2, and therefore these inequalities are satisfied over some time interval
Δ𝑡0 + Δ𝑡1. Continuing these arguments, we establish that estimates (13) and
(14) hold for all 𝑡, since Δ𝑡𝑠 > 𝜏 > 0, because at the instant of time Δ𝑡0 + ⋯ +
Δ𝑡𝑠−1 the inequalities (13) and (14) hold. From the validity of estimates (13)
and (14) for all 𝑡, the assertion of the theorem follows.
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Fig. 2

Figure 2: Fig. 2

As an example, consider the motion of an axisymmetric body, bounded below
by a spherical surface of radius 𝑅, which can roll without slipping in a spherical
cup of radius 𝑅1. The center of mass of the body is located at a distance 𝑙 from
the center of its spherical surface. In accordance with Fig. 1, the generalized
coordinates of the body are the angles 𝜃, 𝜓, 𝜑, 𝜃1, 𝜓1. The Lagrangian function
is

Fig. 2

𝐿 = 1
2𝑚(𝑅1 − 𝑅)2( ̇𝜃1 + ̇𝜓1 sin

2 𝜃1) + 1
2(𝐴 + 𝑚𝑙2)( ̇𝜃2 + ̇𝜓2 sin2 𝜃)

+ 𝑚𝑙(𝑅1 − 𝑅){ ̇𝜓 ̇𝜓1 sin 𝜃 sin 𝜃1 cos(𝜓 − 𝜓1) + ̇𝜃 ̇𝜃1[cos 𝜃 cos 𝜃1 cos(𝜓 − 𝜓1)
+ sin 𝜃 sin 𝜃1] + ̇𝜃 ̇𝜓1 cos 𝜃 sin 𝜃1 sin(𝜓 − 𝜓1) − ̇𝜓 ̇𝜃1 sin 𝜃 cos 𝜃1 sin(𝜓 − 𝜓1)}

+ 1
2𝐶(𝜑̇ + ̇𝜓 cos 𝜃)2 + 𝑚𝑔[(𝑅1 − 𝑅) cos 𝜃1 + 𝑙 cos 𝜃],

where 𝑚 is the mass, 𝐴, 𝐶 are the principal moments of inertia, and 𝑔 is the
acceleration of gravity. The dissipation function is

Φ = 1
2ℎ (𝑅1

𝑅 − 1)
2

( ̇𝜃 2
1 + ̇𝜓 2

1 sin2 𝜃1) + 1
2ℎ1{ ̇𝜓 cos 𝜃1 − ̇𝜃 sin 𝜃1 sin(𝜓 − 𝜓1)+

+𝜑̇[sin 𝜃 sin 𝜃1 cos(𝜓 − 𝜓1) + cos 𝜃 cos 𝜃1]}2,

where ℎ ⩾ 0, ℎ1 ⩾ 0 are the coefficients of viscous rolling and spinning friction.
The condition of rolling without slipping leads to two equations of nonholonomic
constraints

(𝑅1 − 𝑅) ̇𝜓1 sin 𝜃1 + 𝑅 ̇𝜃 cos 𝜃1 sin(𝜓 − 𝜓1) + 𝑅 ̇𝜓 sin 𝜃1+

+𝑅𝜑̇[cos 𝜃 sin 𝜃1 − sin 𝜃 cos 𝜃1 cos(𝜓 − 𝜓1)] = 0;

(𝑅1 − 𝑅) ̇𝜃1 + 𝑅 ̇𝜃 cos(𝜓 − 𝜓1) + 𝑅𝜑̇ sin 𝜃 sin(𝜓 − 𝜓1) = 0.

Forming the equations of motion (2), where the generalized forces will be 𝑄𝛽 =
−𝜕Φ/𝜕 ̇𝑞𝛽, we then obtain the following equilibrium equations:

sovietrxiv.org/items/ru-196501.29547 Machine Translation

https://sovietrxiv.org/items/ru-196501.29547


𝜆1 sin 𝜃1 = 0; 𝑚𝑔 sin 𝜃1 = 𝜆2; 𝜆1 sin 𝜃1 = 0;
𝑚𝑔𝑙 sin 𝜃 = 𝑅𝜆1 cos 𝜃1 sin(𝜓 − 𝜓1) + 𝑅𝜆2 cos(𝜓 − 𝜓1);

𝜆1[cos 𝜃 sin 𝜃1 − sin 𝜃 cos 𝜃1 cos(𝜓 − 𝜓1)] + 𝜆2 sin 𝜃 sin(𝜓 − 𝜓1) = 0,
(16)

where 𝜆1, 𝜆2 are undetermined multipliers. From equations (16) it follows that
the surface 𝑂𝑚 of equilibrium states is determined by the equations 𝜓 = 𝜓1,
𝑙 sin 𝜃 = 𝑅 sin 𝜃1, and is three-dimensional. The characteristic equation is re-
duced to the form

𝑝3(𝑎0𝑝2 + 𝑎1𝑝 + 𝑎2)(𝑏0𝑝3 + 𝑏1𝑝2 + 𝑏2𝑝 + 𝑏3) = 0,

whose coefficients denote certain functions of the system parameters. For values
𝑅1 > 𝑅 > 𝑙 > 0, the stability region of the manifold of equilibrium states of the
system is determined by the inequalities 𝑏3 > 0, 𝑏1𝑏2 − 𝑏0𝑏3 > 0. In Fig. 2 the
boundaries of the stability region are shown for 𝑅1 = 4𝑅 for a homogeneous
hemispherical shell, where 𝛿 = ℎ(𝑚𝑅√𝑔𝑅)−1, 𝛿1 = ℎ1(𝑚𝑅√𝑔𝑅)−1.

Gorky State University
named after N. I. Lobachevsky

Received
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