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Abstract
Full Text
MATHEMATICS
G. N. BLOKHINA

THEOREMS OF PHRAGMÉN–LINDELÖF
TYPE FOR A LINEAR ELLIPTIC EQUATION
OF SECOND ORDER
(Presented by Academician I. G. Petrovskii, 28 I 1965)

1°. In this note we consider the uniformly elliptic linear equation of second
order

𝐿𝑢 ≡
𝑚

∑
𝑖,𝑘=1

𝑎𝑖𝑘
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑘
+

𝑚
∑
𝑗=1

𝑏𝑗
𝜕𝑢
𝜕𝑥𝑗

+ 𝑐𝑢 = 0. (*)

Under various assumptions on the coefficients, the nature of the growth is stud-
ied for its solution, defined in an unbounded domain and tending to zero on the
boundary of the domain. In other words, uniqueness classes are studied for the
solution of the Dirichlet problem in unbounded domains. Numerous works have
been devoted to theorems of Phragmén–Lindelöf type for equations of elliptic
type, including equations of high order and systems, but for domains of a special
form (2−7). E. M. Landis (2) obtained estimates for the growth of a solution
of equation (∗), defined in an unbounded domain and tending to zero on the
boundary, in terms of volume.

In the present work estimates are obtained in terms of capacity (1). Thanks to
this, it is possible to obtain estimates considerably better than in (2). In (2) the
growth of the solution is estimated as a function of the smallness of the ratio
of the volume of the part of the domain falling inside a ball to the volume of
the ball. If this ratio is small, then the estimate obtained in (2) differs little
from the estimate obtained in terms of capacity. But if this ratio approaches
unity, then the methods of (2) do not allow one to obtain any estimate. This
happens because what is essential is not the ratio of the volumes, but the ratio
of the capacity of the complement of the part of the domain falling into the ball,
relative to the ball, to the capacity of the ball. If the ratio of the volumes is
small, then the complement has large volume and, consequently, large capacity.
But, of course, the capacity of the complement may be large without the volume
of the complement being large, i.e., when the volume of the original domain is
small.
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We introduce the following notation: 𝐷 is a domain of 𝑚-dimensional (𝑚 > 2)
space; 𝐶𝐸 is the complement of the set 𝐸 to the whole space; Γ𝐸 is the boundary
of the set 𝐸; 𝑟𝑛 = 2𝑛; 𝑆𝑛 is the sphere with center at the origin of radius 𝑟𝑛;
𝑉𝑛 is the ball with center at the origin of radius 𝑟𝑛; 𝑅𝑛 is the spherical layer
between the spheres 𝑆𝑛 and 𝑆𝑛+1; 𝐸 is the closure of the set 𝐸; 𝐷𝑛 = 𝐷 ∩ 𝑅𝑛;
𝐷′

𝑛 = 𝐶𝐷 ∩ 𝑅𝑛; 𝑐𝑛 is the capacity of the set 𝐷𝑛; 𝑐′
𝑛 is the capacity of 𝐷′

𝑛;
𝛼𝑛 = 𝑐′

𝑛/𝑟𝑚−2
𝑛 ; 𝛽𝑛 = 𝑐𝑛/𝑟𝑚−2

𝑛 .

2°. Let 𝑎𝑖𝑘(𝑃 ) be continuous together with their first derivatives in 𝐷, 𝑎𝑖𝑘(𝑃 ) →
𝑎0

𝑖𝑘 as |𝑃 | → ∞, 𝜕
𝜕𝑥𝑗

𝑎𝑖𝑘(𝑃 ) → 0 as |𝑃 | → ∞, and, moreover,

𝑎𝑖𝑘(𝑃 ) − 𝑎0
𝑖𝑘 = 𝑂(1/|𝑃 |𝛼), 𝜕

𝜕𝑥𝑗
𝑎𝑖𝑘(𝑃 ) = 𝑂(1/|𝑃 |𝛼).

Let 𝑏𝑗(𝑃 ) ∈ 𝐶(1) in 𝐷, 𝜕
𝜕𝑥𝑘

𝑏𝑗(𝑃 ) and 𝑏𝑗(𝑃 ) = 𝑂(1/|𝑃 |1+𝛼), and let 𝑐(𝑃 ) ≤ 0 be

continuous and bounded in 𝐷. Such an equation will be denoted by (∗′). Let
the domain 𝐷 satisfy

conditions: a) 𝐶𝐷 is an unbounded set; b) 𝐷𝑛 and 𝐷′
𝑛 have a regular boundary.

We shall call such a domain a domain of type I. Then for equation (∗) the
following theorems are valid.

Theorem 1. Let the domain 𝐷 of type I be such that 𝑐′
𝑛/𝑟𝑚−2

𝑛 → 0 as 𝑛 → ∞.
Let 𝑢(𝑃) be a solution of equation (∗), defined in 𝐷 and such that 𝑢(𝑃)|Γ𝐷

= 0.
Then either 𝑢(𝑃) ≡ 0 in 𝐷, or there exist constants 𝑙 and 𝑁 , depending on the
equation and the domain, such that for |𝑃 | ≥ 𝑅 > 2𝑁

max
|𝑃 |≥𝑅

|𝑢(𝑃 )| ≥ 𝑀𝑒𝑐1𝑓[ln 𝑅],

where

𝑓(𝑘) =
𝑘𝑙

∑
𝑛=𝑁

𝑐′
𝑙𝑛+𝑁

𝑟𝑚−2
𝑙𝑛+𝑁

, 𝑀 = max
𝑆𝑁∩𝐷

|𝑢(𝑃 )|, 𝑐1 is an absolute constant.

Theorem 2. Let the domain 𝐷 of type I be such that 𝑐′
𝑛 > 𝛽𝑟𝑚−2

𝑛 (0 < 𝛽 < 1).
Let 𝑢(𝑃) be a solution of equation (∗) in the domain 𝐷 such that 𝑢(𝑃)|Γ𝐷

= 0.
Then either 𝑢(𝑃) ≡ 0 in 𝐷, or there exists a constant 𝑁 , depending on the
equation and the domain, such that for |𝑃 | ≥ 𝑅 > 2𝑁

max
|𝑃 |≥𝑅

|𝑢(𝑃 )| ≥ 𝑀𝑅𝛿1𝛽,

where
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𝑀 = max
𝑆𝑁∩𝐷

|𝑢(𝑃 )|, 𝛿1 is an absolute constant.

Theorem 3. Let the domain 𝐷 of type I be such that 𝑐𝑛 < 𝛼𝑟𝑚−2
𝑛 (0 < 𝛼 < 1).

Let 𝑢(𝑃) be a solution of equation (∗) in the domain 𝐷 such that 𝑢(𝑃)|Γ𝐷
= 0.

Then either 𝑢(𝑃) ≡ 0 in 𝐷, or there exists a constant 𝑁 , depending on the
equation and the domain, such that for |𝑃 | ≥ 𝑅 > 2𝑁

max
|𝑃 |≥𝑅

|𝑢(𝑃 )| ≥ 𝑀𝑅𝛿2 ln(1/𝛼),

where

𝑀 = max
𝑆𝑁∩𝐷

|𝑢(𝑃 )|, 𝛿2 is an absolute constant.

3∘. Analogous theorems can also be obtained under other conditions imposed on
the coefficients 𝑎𝑖𝑘(𝑃 ) and 𝑏𝑗(𝑃 ), namely, if 𝑎𝑖𝑘(𝑃 ) satisfy the Hölder condition
in 𝐷, 𝑎𝑖𝑘(𝑃 ) → 𝑎0

𝑖𝑘 as |𝑃 | → ∞, and 𝑎𝑖𝑘(𝑃 ) − 𝑎0
𝑖𝑘 = 𝑜(1/|𝑃 |2𝑚−2), while

𝑏𝑗(𝑃 ), 𝐶(0,𝜆) in 𝐷 and 𝑏𝑗(𝑃 ) = 𝑜(1/|𝑃 |2𝑚−2). In this case we denote the equation
by (∗)′. Let the domain 𝐷 satisfy the following conditions: a) Γ𝐷 belongs to
the class 𝐴(1) (for the notation see (9)); b) there exists a 𝜌0 such that at each
point 𝑄 ∈ Γ𝐷 one can construct two balls of radius 𝜌0, tangent to Γ𝐷 at the
point 𝑄, and such that one of them belongs entirely to the domain 𝐷, and the
other to its complement 𝐶𝐷; c) there exist sets 𝐷𝑛,1/𝑛 and 𝐷′

𝑛,1/𝑛 such that
𝐷𝑛,1/𝑛 ∩ 𝑅𝑛,1/𝑛 = 𝐷 ∩ 𝑅𝑛,1/𝑛 and 𝐷′

𝑛,1/𝑛 ∩ 𝑅𝑛,1/𝑛 = 𝐶𝐷 ∩ 𝑅𝑛,1/𝑛, where 𝑅𝑛,1/𝑛
is the spherical layer enclosed between the spheres of radii 2𝑛+1/𝑛 and 2𝑛+1−1/𝑛

(one may assume that 𝜌0 ≤ 1); moreover, for 𝐷𝑛,1/𝑛 and 𝐷′
𝑛,1/𝑛 conditions a)

and b) are satisfied if 𝜌0 is replaced by 𝜌1 ≤ 𝜌0 ≤ 1. We shall call such a domain
a domain of type II. A domain of type II is, for example, a domain for which
conditions a) and b) are fulfilled and the spheres 𝑆𝑛 intersect Γ𝐷 in such a way
that the angle between the tangent planes drawn to the sphere 𝑆𝑛 and to Γ𝐷
at the points of intersection of 𝑆𝑛 with 𝐶𝐷 is bounded below by some quantity
𝛼 > 0. In this case, for 𝐷𝑛,1/𝑛 and 𝐷′

𝑛,1/𝑛 one may take the set-theoretic sum
of all balls of radius 𝜌0 contained entirely in 𝐷𝑛 or 𝐷′

𝑛, respectively.

We note that in all the theorems considered it would have been possible to
impose the corresponding conditions not on all 𝐷𝑛 or 𝐷′

𝑛. It is sufficient that
the required conditions be fulfilled for an infinite sequence of sets 𝐷𝑛𝑖

or 𝐷′
𝑛𝑗
.

However, in this case the estimates will depend not

only on the capacity 𝑐𝑛 or 𝑐′
𝑛, and also on the form of the sequence {𝑛𝑖}, {𝑛𝑗},

respectively.

4∘. For the Laplace equation and a domain 𝐷 of type I, as well as for equation
(∗) and a domain of type II, one can indicate necessary and sufficient conditions
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for uniqueness of the solution of the Dirichlet problem in the class of bounded
functions.

Theorem 4. In order that in an unbounded domain 𝐷 of type I there exist a
unique bounded solution of the Dirichlet problem for the Laplace equation, it is
necessary and sufficient that the series

∞
∑
𝑖=1

𝛼𝑖

diverge,
𝛼𝑖 = 𝑐′

𝑖/𝑟𝑚−2
𝑖 .

Theorem 5. In order that in an unbounded domain 𝐷 of type II there exist a
unique bounded solution of equation (∗), it is necessary and sufficient that the
series ∞

∑
𝑖=1

𝛼𝑖, 𝛼𝑖 = 𝑐(𝐷𝑖,1/𝑖′)/𝑟𝑚−2
𝑖 .

diverge.

It is interesting to note that a domain of type II for which there is no uniqueness
of the solution of the Dirichlet problem in the class of bounded functions is such
that its complement has no unbounded connected component.

Theorem 6. Let the domain 𝐷 of type II be such that there exists a connected
component of the complement 𝐶𝐷 of the domain 𝐷 which is also an unbounded
set. Let 𝑢(𝑃) be a solution of the Dirichlet problem for equation (∗″) in the
domain 𝐷 such that 𝑢(𝑃)|Γ𝐷

= 0. Then either 𝑢(𝑃) ≡ 0 in 𝐷, or there exist
constants 𝑁 and 𝛽, depending on the equation and the domain, such that for
|𝑃 | ≥ 𝑅 > 2𝑁

max
|𝑃 |≥𝑅

|𝑢(𝑃 )| ≥ 𝑀(ln𝑅)𝛽,

where
𝑀 = max

𝑆𝑁∩𝐷
|𝑢(𝑃 )|.

5∘. Let 𝑎𝑖𝑘(𝑃 ) and 𝑏𝑗(𝑃 ) satisfy the Hölder condition and be bounded in 𝐷, and
let 𝑐(𝑃 ) be continuous and bounded in 𝐷. In this case we denote the equation
by (∗‴). Suppose that the domain 𝐷 satisfies the following conditions: a) there
exist constant numbers 𝜌 and 𝛼 such that, for an arbitrary point 𝑄 ∈ 𝐷, the
capacity of the set 𝐷 ∩ 𝑉 𝑄

2𝜌, where 𝑉 𝑄
2𝜌 is the ball of radius 2𝜌 with center at 𝑄,

is less than 𝛾𝜌 (0 < 𝛾 < 1); b) let 𝑆𝑛 be spheres of radius 𝑛𝜌 with center at
the origin of coordinates; then, for any point 𝑄 ∈ 𝐷 ∩ 𝑆𝑛, the set 𝐷 ∩ 𝑅𝑄

𝑛 has a
regular boundary, 𝑅𝑄

𝑛 being the spherical layer contained between the spheres
of radii 2𝜌 and 𝜌 with center at the point 𝑄. We shall call such a domain a
domain of cylinder type. In this case the following theorem is valid.
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Theorem 7. Let 𝐷 be a domain of cylinder type. Let 𝑢(𝑃) be a solution of
the Dirichlet problem for equation (∗‴) such that 𝑢(𝑃)|Γ𝐷

= 0. Then either
𝑢(𝑃) ≡ 0 in 𝐷, or

max
|𝑃 |≥𝑅

|𝑢(𝑃 )| ≥ 𝑀𝑒𝛿3𝑅,

where
𝑀 = max

𝑆0∩𝐷
|𝑢(𝑃 )|, 𝛿3 = 1

𝜌 ln( 1
2𝛼) .

6∘. Let 𝑎𝑖𝑘(𝑃 ) and 𝑏𝑗(𝑃 ) satisfy the Hölder condition and be bounded in 𝐷, and
let 𝑐(𝑃 ) be continuous and bounded in 𝐷. Nothing is assumed about the sign
of 𝑐(𝑃 ). We shall denote the equation in this case by (∗∗). Then the following
theorems are valid.

Theorem 8. Let 𝐷 be a closed bounded domain. Let 𝑢(𝑃) be a solution of
equation (∗∗) such that 𝑢(𝑃)|Γ𝐷

= 0. Then there exist constants 𝜌0 and 𝛼 < 𝜌0,
depending on the equation and the domain, such that if, for an arbitrary point
𝑄 ∈ 𝐷, the set

𝑇 𝑄 = 𝐶𝐷 ∩ 𝑉 𝑄
𝜌0

,
where

𝑉 𝑄
𝜌0

is the ball of radius 𝜌0 with center at the point 𝑄, has a regular boundary
and 𝑐(𝑇 𝑄) > 𝛼, then 𝑢(𝑃) ≡ 0 in the domain 𝐷.

Theorem 9. Let 𝐷 be an unbounded domain. Let 𝑢(𝑃) be a solution of equa-
tion (∗∗) in the domain 𝐷 such that 𝑢(𝑃)|Γ𝐷

= 0. Then there exist constants
𝜌0 and 𝛼 < 𝜌0, depending on the equation and the domain, such that, if for an
arbitrary point 𝑄 ∈ 𝐷 the set

𝑇 𝑄 = 𝐶𝐷 ∩ 𝑉 𝑄
𝜌0

,

where 𝑉 𝑄
𝜌0

is the ball of radius 𝜌0 with center at the point 𝑄, has a regular
boundary and 𝑐(𝑇 𝑄) > 𝛼, then either 𝑢(𝑃) ≡ 0 in the domain 𝐷, or

max
|𝑃 |≥𝑅

|𝑢(𝑃 )| ≥ 𝑀𝑒𝛾𝑅,

where
𝑀 = max

𝐷∩𝑉𝜌0
|𝑢(𝑃 )|,

and 𝛾 depends on 𝛼.
Theorem 10. Let 𝐷 be a bounded closed domain. Let 𝑢(𝑃) be a solution of
(∗∗) in the domain 𝐷 such that 𝑢(𝑃)|Γ𝐷

= 0. Then there exist constants 𝜌0
and 𝛽 < 𝜌0, depending on the equation and the domain, such that, if for an
arbitrary point 𝑄 ∈ 𝐷 the set

𝑇 𝑄 = 𝐷 ∩ 𝑅𝑄

sovietrxiv.org/items/ru-196501.29109 Machine Translation

https://sovietrxiv.org/items/ru-196501.29109


(𝑅𝑄 = 𝑉𝑃 𝑄 ∖ 𝑉 𝑄
𝜌/2)

has a regular boundary and 0 < 𝑐(𝑇 𝑄) < 𝛽, then 𝑢(𝑃) ≡ 0 in 𝐷.

Theorem 11. Let 𝐷 be an unbounded domain. Let 𝑢(𝑃) be a solution of equa-
tion (∗∗) in the domain 𝐷 such that 𝑢(𝑃)|Γ𝐷

= 0. Then there exist constants
𝜌0 and 𝛽 < 𝜌0, depending on the equation and the domain, such that, if for an
arbitrary point 𝑄 ∈ 𝐷 the set

𝑇 𝑄 = 𝐷 ∩ 𝑅𝑄

(𝑅𝑄 = 𝑉𝑃 𝑄 ∖ 𝑉 𝑄
𝜌/2)

has a regular boundary and 0 < 𝑐(𝑇 𝑄) < 𝛽, then either 𝑢(𝑃) ≡ 0 in 𝐷, or

max
|𝑃 |≥𝑅

|𝑢(𝑃 )| ≥ 𝑀𝑒𝛿𝑅,

𝑀 = max
𝐷∩𝑉 0

𝜌/2

|𝑢(𝑃 )|,

and 𝛿 depends on 𝛽.
In conclusion the author expresses deep gratitude to E. M. Landis for his guid-
ance and constant attention.
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